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Abstract

M. G. Cowling and J. F. Price showed a kind of uncertainty principle on
Fourier analysis: lf $v$ and $\iota v$ grow very rapidly then the finiteness of $||vf||_{p}$ and
$||w\hat{f}||_{q}$ inlplies that $f=0$ , where $\hat{f}$ denotes the Fourier $transfor\ln$ of $f$ . We give
an analogue of this theorem for $SU(1,1)$ .

1 Introduction
The Hardy theorenl asserts that if a llleasurable function. $f$

. on $R$ satisfies $|.f(x)|\leq$

$C\epsilon^{-(J.\}}’ 2$ and $|.\hat{f}(y)|\leq Ce^{-by^{2}}$ and $ab> \frac{1}{4}$ then.f $=0(a.e.)$ . Here we use the Fourier

transforlll defined $by.\hat{f}(y)=(1/\sqrt{2\pi})\int_{-(\infty}^{\iota\lambda^{\hat{\mathfrak{l}}}}f(x)e^{\sqrt{-1}x\cdot y}dx$ . M. G. Cowling and J. F. Price
[3] generalized the Hardy theorem as follows: Suppose $tha,t1\leq p,$ $q\leq$ oo and one of
thelll is finite. lf a lneasurable function. $f$

. on $R$ satisfies $||\exp\{ax^{2}\}.f(x)||_{L^{p}(R)}<\infty$ and
$||\exp\{by^{2}\}.f\hat(y)||_{L^{q}(R)}<\infty$ and $ab\geq 1/4$ then.f

$\cdot$

$=0(a.e.)$ . The case where $p=q=\infty$

and $ab>1/4$ is covered by the Hardy theorem. S. C. Bagchi and S. K. Ray [1] showed
that if $ab>1/4$ , then the Hardy theorelIl is equivalent to the Cowling-Price theorem.

A.Sitaralll and M.Sundari [10] obtained the Hardy theorem in the case of noncom-
pact $se111isi_{l11}ple$ Lie groups with one conjugacy class of $C^{I}a\downarrow rtal1$ subgroups, ,$b^{\gamma}L(2, R)$ and
Rienlannian synnnetric spaces of the noncompact type. Recently.J. Sengupta [8] a,nd

M. Eba,ta et al. [5] obtained the Hardy theorelll for a,ll Lie groups of $Harish- C^{t}/handra$

class and all connected selnisilnple Lie $groul$) $s$ with finite center respectively. Also,
M. $C^{I}owling$ , A. Sitaraln a,nd M. Sundari [4] gave another $si_{111ple}$ proof of the Hardy
theorelll for connected real $se111isi_{111}ple$ Lie groups with finite center. On the other
hand, S. C. Bagchi and S. K. Ray [1] obtained the $C^{t}\prime owling$-Price theorelll for sonle $Lie_{p}$

groups and M. Eguchi, S. Koizullli and K. $K^{r}ul11aluara[6]$ also obtained the Cowling-
Price theorelll for lllotion groups. Further, .I. Sengupta [9] obtained the $C^{t}owli_{1l}g$-Price
theorelll on Riemannian $sy_{111111}etric$ spaces of the noncolllpact type. In this note, we
prove the Cowling-Price theorelll for $SI’(1,1)$ under the assulllption that $1\leq p,$ $q\leq\infty$

and $ab>1/4$ .

2 Notation and preliminaries
lf $\mathcal{H}$ is a colllplex separable Hilbert space, $B(\mathcal{H})$ denotes the Banach space colll-

prised of all bounded opera,tors on $\mathcal{H}$ with operator norll] $||\cdot||_{\infty}$ . For $T\in B(\mathcal{H})$ and
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I $\leq p<\infty$ , we $il\perp dicate$ its Scha,tten norlll by $||T||_{p}$ , that is, $||T||_{p}=(tr(T^{*}T)^{T^{)}/2})^{1/\iota)},$ $T^{*}$

being tlle $adjoint$ operator of $T$ . For a colnplex separable Hilbert space $\mathcal{H}$ and a $\sigma$-finite
llleasure space (-Y, $\mu$ ), we denote by $L^{p}(\lrcorner\lambda^{7}, B(\mathcal{H}))$ the Banach space colllprised of all
$B(\mathcal{H})$ -valued $L^{\mathfrak{l})}$ functions on $X$ . Here the $L^{p}- norll1||F||_{L^{p}(X.B(H))}$ of $F\in L^{p}(X, B(\mathcal{H}))$

is given by tlle fo.ollowing:

$||F||_{L^{p}(X.B(H))}$ $=$ $(\cdot/\lambda’.||F(i\iota\cdot)||_{p}^{p}d\mu(x))^{1/p},$ $(\perp\leq p<\infty)$ ,

$||F||_{L^{\infty}(X.B(\mathcal{H}))}$ $=$
$ess..,\sup_{1\in X}||F(x)||_{\infty}$ .

Here $G$ dellotes the lllatrix group SU $(1, 1)$ , that is.

$G= \{g=(\frac{O’}{\beta}\beta\overline{o})$ ; $|\alpha|^{2}-|\beta|^{2}=1,$
$\alpha,$ $\beta\in C\}$ .

For $\epsilon=0,1$ and $l/\in R$ , let

$\mathcal{H}_{\epsilon.;/}=\{\varphi\in L^{2}(K) ; \varphi(k(\pm I))=(\pm 1)’-\varphi(k), k\in K\}$ .

We define the a,ction $\pi_{\epsilon.l/}$ on $\mathcal{H}_{\epsilon.\iota/}$ by

$(\pi_{\vee}\sim.;/(g)\varphi)(k)=\epsilon^{(\sqrt{-1}\iota/-1/2)t(c^{-1}k)},‘\varphi(/k_{\theta(g^{-1}k)})$ .

Then $\pi_{\vee}c.\nu$ is a unitary representation on $\mathcal{H}\epsilon_{l/}\vee\cdot$ and is called a principal series represen-
tation. Let $I_{\Xi.l/}$ be the standard $intert_{cwining}$ operator defined by Knapp and Stein.
For each $\overline{c}=0,$ $\perp$ , it is satisfied that

$I_{\epsilon}.’/\pi.r.\mu(g)=\pi_{\epsilon.-l/}(g)I_{\Xi.l/}$

for all $lJ\in R$ and $g\in(_{J}^{\gamma}$ . ]$/Vc\lrcorner$ also need another representation. For $\lambda\in Z\backslash \{0\}$ , we put
the discrete series $rel$) $resentation(\pi_{\lambda}, \mathcal{H}_{\backslash },)$ .

For.$f\cdot\in L^{1}(G)$ , its Fourier transforlll on $G$ is defined by

(2.1) $\mathcal{F}^{c}.f\cdot(\overline{\circ}, l/)=\int_{G}.f\cdot(g)\pi_{c.\nu}(g)dg$,

(2.2) $\mathcal{F}^{rl}.f\cdot(\lambda)=\int_{G}.f\cdot(g)\pi_{\lambda}(yc)dg$ .

We write $\mathcal{F}=(\mathcal{F}^{\llcorner}, \mathcal{F}’().$ If.$f\in C_{0}^{\infty}(G)$ , then the following inversion forlllula holds

(2.3) .$f(g)$ $=$ $. \sum_{\Leftrightarrow=U^{c}}^{1}/_{U}^{\infty}tr(\mathcal{F}^{c}.f(_{\overline{c},lJ})\pi_{\Xi.l/}(g^{-1}))\mu(\epsilon i, l/)dlJ$

$+$
$/ \backslash \in Z\backslash \{0\}\sum_{\backslash }d(\lambda)\{tr(\mathcal{F}^{d}.f\cdot(\lambda)\pi_{\lambda}(g^{-1}))\}$

,
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where $\mu(0, l/)=\pi \mathfrak{l}/tanll\pi lJ$ , $\mu(1.|/)=\pi\}\nearrow\coth\pi\dagger/ancld(\lambda)=|\lambda|/(4\pi)$ . For collve-

$1\rfloor ience$ we write $\mathcal{L}_{c,\llcorner}^{1)}(a^{*})=L_{\xi j}^{p}(a^{*}, B(\mathcal{H}..\nu)\vee\cdot\mu(c^{-}, |J)dl/)$ and $L_{\epsilon,\vee}^{\prime J}(a^{*})=L_{\epsilon,\vee}^{\rho}(a^{*}, \mu(\overline{c}, l’,)dl/)$.

lf a function. $f$

. satisfies $||\epsilon^{rJ\sigma(r)^{-}}’.f\lrcorner(\backslash c/)||_{L^{p}(G^{})}\leq C$ for $c\iota>0d’$ lld $1\leq l^{j}\leq\infty_{1}$. we call
that. $f$

.
is very rapidly decreasing. Such $funct_{io}11S$ belong to $L^{1}(G)$ . The Schwartz space

($11G$ is def\’ined by

$C(G)=$ { $c^{1}o\in(^{\urcornerX}((_{7}^{-}’)$ ; $||\phi||,..D.E<\infty$ $fo1^{\cdot}$ a11 $?\cdot\in Z_{\geq U}$ , D. $E\in \mathfrak{x}^{r},(g\llcorner)$ }

where $||\varphi’||_{r.D.E}=s^{\backslash }upy(\in G‘|(1+\sigma(c/))^{r}--(\cup yc)^{-1}\varphi^{f}(D;g;b^{\urcorner})|$
.

As is well known, $t_{}1_{1}es.vst_{1}el11$
, of selllinor]lls $||\cdot||,..D.E$ lllakes $C(G)$ into a $Fr\acute{e}_{\lrcorner}chet$ space.

$I_{\lrcorner}etC_{c}(\hat{C}_{7}’)$ be the set of $oI$) $e1^{\backslash }ator$ valued $ft11ctio11_{k}^{c\backslash },F$ : $\{(). 1\}\cross Rarrow\oplus_{c,\vee=U}^{1}B(\mathcal{H}c_{l/}\llcorner\cdot)$

such $tllat$

(i) $F(\overline{\subset}, l/)\in B(\mathcal{H}_{\vee},.l/)$ for each $\hat{c}=0,1$ , $lJ\in R$

(i) $\nu\ulcornerarrow F(5, l/)$ is slllooth $0\iota lR$

$(1-\mathbb{I})$ $I_{\underline{c}_{1/}},F(\hat{c}, l/)=F(--\llcorner l’,J)I.c.\mu$ for each $\overline{c}=0.1$ , $l/\in R$

$(i\iota^{\gamma})$

$\epsilon=0‘ 1U\in Rt_{12}\in^{r}/_{\lrcorner}(\epsilon)S^{t}.t11)|(\frac{d}{(^{-}l_{lJ}})^{r}\langle F(\subset’, l/)\epsilon_{(_{2}}, \epsilon_{(_{1}’}\rangle|(1+|l’,|)^{r_{1}}(1+|^{(/}1|)^{r_{2}}(1+|l_{2}’|)^{r*}<\infty$

$f()1^{\backslash }$ all $?_{1}..\gamma_{2}..\uparrow\cdot;,$ $?\cdot\in z_{\geq U}$ .

The systelll of $se111ino1^{\backslash }111s$ given by $(i\backslash r)111dlt^{r}esC\llcorner(\subset_{x^{\tau}})\wedge$ illto a Fr\’echet $S1)’d$ ce.
Let $C,,(\hat{G}^{Y})$ be the set of all $F:Z\backslash \{0\}arrow\vdash\dagger\urcorner\lambda\in Z\backslash \{U\}B(\mathcal{H}_{\backslash },)$ stlcll that

(i) $F(\lambda)\in B(\mathcal{H}_{\backslash },)$ for each $\lambda\in Z\backslash \{0\}$

(i)
$(_{12\in 7_{\lambda}}\lambda\in z\backslash \{0_{1}^{1}s_{I}\iota\iota p\lrcorner|(F(\lambda)\iota j_{l_{\underline{?}}’}"\sqrt{})\ell_{1}’)_{\lambda}|(1+|\lambda|)^{r_{1}}(1+|\parallel_{1}|)^{r_{2}}(1+|^{(_{2}^{)}}|)^{r_{3}}<\infty$

for all $?_{1},$ $\prime_{2},$ $?_{3}\cdot\in Z_{\underline{>}U}$ .

The systelll of senlinorllls given by (1-1) lllakes $C(j(\hat{C}_{7}^{Y})$ illto a $Fre’c1\tau$ et $sI)’d$ ce. Put $C(\hat{G})=$

$C_{C}(\hat{G})d9C_{d}(\hat{C}_{7}’)$ . Then $C(\hat{G}’)$ is a $F\{r\acute{e}cl\tau et$ space in an obvious llldnner.

We $p$ ut $S^{\llcorner}=(\mathcal{F}^{\llcorner})^{-1}$ and $S^{d}=(\mathcal{F}^{d})^{-1}.$ Thel] $tlle.\backslash ,\gamma$ are given by

$S^{\iota}F(yc)$ $=$ $./0^{\cdot}Lxt_{1}\cdot(F(\overline{\subset}_{1}.l/I^{\pi r_{l/}}..(\backslash q^{-1}))\mu(\overline{\subset}, l/)d_{lJ_{1}}.f()1^{\backslash }F\in C_{\iota}(\hat{G}^{Y})$,

$S^{(l}F(g)$ $=$

,

$\sum_{\backslash \in z\backslash \{0\}}d(\lambda)tr(F(\lambda)\pi_{\lambda}(g^{-1}))$
, for $F\in C_{(/}(\hat{C_{7}}’)$ .

PROPOSITION 2.1 (cf. [7]) $\prime I^{\urcorner}l1eFot1^{\cdot}iel\cdot t\iota\cdot\partial 11_{}^{C},f\dot{o}1^{\cdot}m\mathcal{F}$ is a $t,ol$) $olo_{O}^{\circ}ical$ isomorphism
$f\cdot l\cdot omC$ ( $(_{7}^{\prime v})$ onto $C(\hat{G}^{Y})$ . And its ill $ve1^{\zeta},;etl\cdot an6’ t()1^{\cdot}n^{-}1$ is given by $(arrow.\cdot;)$ ).

Let,

$C_{\llcorner}(C_{7}’)$ $=$ $\{\psi\in C(G)’.\cdot \mathcal{F}^{d}\varphi’(\lambda)=0, \lambda\in Z\backslash \{0\}\}$ .
$C_{d}(G)$ $=$ $\{\phi\in C(G) ; \mathcal{F}^{c}\phi(\overline{c}, l/)=0,\overline{\circ}=0,1, l/\in R\}$ ,
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and $C_{C771’ L}.(G)$ (resp. $C_{(l.,\}L\mathcal{T}\iota}(G)$ ) denote the subset of $C_{c}(G)$ (resl). $C_{(l}(\subset,|))$ consisting of
the $(\uparrow n, \uparrow\iota)$ -spherical fun $(tiolls$ .

$I_{\lrcorner}etm,$ $n\in Z$ . lf $m-n\in 2Z+1$ , we set $C_{c.nxn}(\hat{G})=\emptyset$ . If $m-n\in 2Z$ , we choose $\in$

so $t_{Q}11at77|_{I},$ $n\in Z(\epsilon:)$ and let $C_{C.,?t’\iota}(\hat{C_{i}})$ be the set of $C^{\infty}$ functions $F:Rarrow C$ such that

(i) $F(-l/)=c_{n}(l/)^{-1}c_{\iota},,(|/)F(\mathfrak{l}J)$ for each $lJ\in R$ ,

$(\overline{n})$ $\sup_{l/\in R}|(L+|l/|)’(\frac{d}{cl\nu})^{s}\Gamma\forall(l/)|<\infty$ for all $\uparrow,$ $\llcorner q\in Z_{\underline{>}U}$ .

The $s)^{rstel11}$ of selninorllls givell by (ii) lllakes $C_{C.,?\iota’\iota}(\hat{G}^{\gamma})$ illto a $Fre’c11et$ space.
Let $C_{d.,\}_{\dot{L}}’\iota}(\hat{G})$ be $t1_{1}e$ set of all functions $F:Z\backslash \{0\}arrow C$ such that

$F(\lambda)=0$ for all $\lambda\not\in L(m, n)$ .

We equip $C_{d_{7’ 1’ 1}}.(\hat{G}^{t})$ with the topology induced by tlze systelll of selllinorllls $||F||l’=$

$\sup_{\lambda\in L(,1\iota./\iota)}|\sqrt{}^{\urcorner}(\lambda)|(1+|\lambda|)^{t}$ for ($/\in Z_{\underline{>}U}.$ Tllen $C(’.,\}l’ L(\hat{G})$ becollles a $Fre’c1\tau et$ space. It is
also known that $C(G)\subseteq L^{2}(G)$ and $C_{(./)1’ L}(\hat{\zeta}j)\subseteq L_{r}^{I)}.(\alpha^{*})$ for all $p\in[1, \infty]$ .

For $cf\cdot\in L^{1}(G)$ , we define its $(m, n)- s^{1}1Jherical$ transforllls $\mathcal{F}^{c_{l’ l}},,.f$

.
and $\mathcal{F}_{7’\iota’\iota}(\oint.f\cdot$ by

$(\mathcal{F}_{r}^{c_{ll1L}}.f\cdot)(\in, lJ)=./G^{\cdot}.f(g)\Phi_{n\tau\prime\iota}^{r_{i/}}..(g)dg$,

$( \mathcal{F}_{?l\prime\iota}’,(.f)(\lambda)=\int_{G}.f.(g)\Psi_{7’ t?l}^{\lambda}(g)dg$ .

For $\phi\in L_{c}^{1}.(\sigma^{*})$ and $m,$ $7?\in Z(\epsilon)$ , we $sef_{(}$

$(S^{c_{l1\prime b}},\phi)(g)$ $=$ $.[_{0}^{\infty}.\varphi(l/)\Phi_{17l1}^{c_{l/}},\vee\cdot(Lc/-1)\mu(c, l’/)d_{\mathfrak{l}/}$ .

For an arbitrary function $\phi$ : $Z\backslash \{0\}arrow C$ , we put

$(S_{r1\iota\prime\iota}( 1\phi)(g) = \sum_{\lambda\in L(\prime 1\iota r1)}.d(\lambda)\phi(\lambda)\Psi_{?\tau n}^{\lambda}.,(g^{-1})$

PROPOSITION 2.2 (cf. [7]) The $(m, \uparrow\iota)- spl1el\cdot icalt1^{\cdot}ansf\dot{o}l’ m\mathcal{F}^{t},,\iota’\iota(l\cdot esp. \mathcal{F}_{?\iota’\iota}^{(f},)$ is a
topological is $omol\cdot p11ism$ of $C_{c.,,\iota’\iota}(C_{7}’)(J^{\cdot}cs_{f^{)}}$ . $C_{(1./’\iota’\iota}((_{y^{t}}))ol3$ to $C_{\iota./l\iota’\iota}(\hat{G})(l\cdot es_{l}’. C_{(1.,,\iota’\iota}(\hat{(_{J}}^{t}))$ .
And inverse $tl\cdot\partial$ nsfo $l\cdot mof\cdot \mathcal{F}^{c_{1’ I}},,(1^{\cdot}\Leftrightarrow sp$ . $\mathcal{F}_{/’)’\}}(/)$ is given $b_{j^{\gamma}}S_{1\iota’\}}^{\grave{c}},(l\cdot e\mathfrak{l}sl^{3}\cdot S^{(i},)|\iota/\iota$ .

For $c\beta\in C(G)$ , we define the wave $pac1_{\backslash }’ets\acute{\varphi}_{c.,,\iota/l}\in C_{C.,li/1}(G)$ and $\phi_{rl.,,\iota’\iota}\in C_{(l.r’\iota’\iota}(G)$

by

$\acute{\varphi}_{c.mn}(g)$ $=$ $S^{c_{17i}},,(\mathcal{F}_{mn}^{c}\varphi’)(g)=./0^{\cdot}\infty(\mathcal{F}_{\iota/x}^{c},,\phi)(\epsilon:, l/)\Phi_{rlm}^{\Xi.l/}(g^{-1})\mu(6, l/)d_{l/}$ ,

$\phi_{d./\}\iota l\iota}(j\subset)$ $=$
$S_{1\iota l\}}^{(l},( \mathcal{F}_{71\iota\prime\iota}^{d}.\phi)(g)=\sum_{7\lambda\in L(1\iota\prime 1)}d(\lambda)(\mathcal{F}_{71\iota\prime\iota}^{(/}\phi)(\lambda)\Psi_{7L?i1}^{\lambda}(g^{-1})$

.
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PROPOSITION 2.3 (cf. [2]) For each $\phi\in C(G^{\mathfrak{l}})$ . there is a unique expansion

$\phi=\sum_{\prime 1\iota.n\in Z}\phi_{C.7l\iota n}+\sum_{/)l.l\iota\in Z}\phi_{d.\tau\iota n},$
.

The series collvelges absol $ut,e1.V$ to $\oint$) in $C(G)’$. and the ma,ppings $\phiarrow\phi_{C.7t\iota n}$ a $1ldc\acute{p}arrow$

$cb_{d.7’ lr\iota}\partial,1^{\cdot}ecol1t,i1l$uous.

For a telnpered distribution $T\in C’(G)$ , we define $T_{c,n\iota r\iota},$ $T_{d.r’\iota n}.\in C’(G’)$ by

$T_{c.n\overline{t}n}[\phi]=T[\phi_{c.\gamma t\iota n}],$ $T_{d,n\iota n}[\phi]=T[\phi_{d,mn}]$ $(\phi\in C(G))$ .

Silllila,rly, we a,lso define $T_{7\}\iota n}\in C’(G)$ by

$T_{1\iota n},[\phi]=T[\phi_{r)1\prime\iota}]$ ,

where $\phi_{\gamma)\iota n}$ is $(7n, rt)$-spherical function in $C(G)$ .

PROPOSITION 2.4 (cf. [2]) Retain the above notation.

$T= \sum_{m.r\iota\in Z}T_{c.n\iota n}+\sum_{m.n\in Z}T_{d.n\iota n}$
,

$wl1ere$ the $sel\cdot ies$ converges absolutely to $T$ in the we$aA^{rt}opolog_{V}$. of $C’(G)$ .

Here we give sollle lelllmas.

LEMMA 2.5 (cf. $\lfloor\lceil 2]$ ) Let $T\in C’(G).$ Tllell

$\mathcal{F}^{c}T_{c.\prime\prime\iota r\iota}=\mathcal{F}_{1\iota\tau\iota}^{\grave{C}},T,$ $\mathcal{F}^{d}?_{C,7171}\urcorner,=0,$ $\mathcal{F}^{c}.T_{d_{l)1l1}}.=0,$ $\mathcal{F}^{d}T_{d.;\}1(\iota}=\mathcal{F}^{d},T|17l$.

LEMMA 2.6 Let.f be very $1^{\cdot}a$pidly $decl\cdot ea,si_{ll}g$ $a$ 11 $d(??l, ?l)- sp1le1^{\cdot}ica.l$ . Th en

$(T_{f})_{\llcorner}..\Gamma S$ $=$ $\delta_{r.-J)\downarrow}\delta_{s.-\prime l}(T_{f})_{\dot{\iota}.(-\prime\iota)(-\prime\iota)},$ ,

$(T_{f})_{rl.;\cdot s}$ $=$ $\delta_{r\cdot.-ll},\delta_{s.-7l}(T_{f})_{rl.(-lt\iota)\langle-\prime\iota)}$ ,

$f\cdot()1^{\cdot}\uparrow$” $c\sigma\in Z$ .

Let $F\in L_{\epsilon}^{p}.(\alpha^{*})$ and fix $m,$ $n\in Z(_{c}’)$ . If we set

$T_{F}[ \Phi]=\int_{U}^{\infty}F(l/)\Phi(\nu)\mu(\epsilon, l/)d\nu$ , for $\Phi\in C_{c.,,,\iota n}(\hat{G}^{\gamma})$ ,

thell $T_{F}\in C_{c.7’\iota n}’(\hat{G}^{Y})$ .
For an arbitra,ry function $F:Z\backslash \{0\}arrow C$ . we put

$T_{F}[ \Phi]=,\sum_{\backslash \in L(,?\iota’\iota)}.d(\lambda)F(\lambda)\Phi(\lambda)$
, for $\Phi\in C_{d.,\}lr\iota}(\hat{G}^{\gamma})$ .
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Then $\prime l_{F}^{\urcorner}\in C_{d.\gamma)1\uparrow\iota}’(\hat{G})$ .

LEMMA 2.7 Let $cf$ be very rapidly $dec1^{\cdot}e$asing a$nd(\uparrow n, 7\downarrow)$ -spheric $al,\cdot$ an $d\mathcal{F}_{\uparrow’\iota r\iota}^{c}f\in$

$L_{\epsilon}^{1}(\alpha^{*})$ . Then

$\mathcal{F}^{-1}\mathcal{F}_{(-7\iota)(-7\iota)}^{c},T_{f}$ $=$
$T_{(S^{c_{-}}\mathcal{F}^{r}\overline{f})(-n)(-m)(-1)(-m)},v$ ,

$\mathcal{F}^{-1}\mathcal{F}_{(-\prime f\iota)(-\prime l)}^{d}T_{f}$ $=$
$T_{(^{f_{(-\}\})(-rn\rangle^{\mathcal{F}_{(-n)(-,?7)}^{d}}}^{(\prime}}J^{-})}v$ ,

$w11e1^{\cdot}e.f\check{\cdot}(g)=.f\cdot(cy^{-l})$ .

PROPOSITION 2.8 $Lef_{}.f$
. be very $l\cdot apidly$ decreasing and $(m, \gamma\},)-,\underline{\sigma}_{i}phel\cdot ical’$. and

$\mathcal{F}_{r’\iota}^{c}.f\in L_{\epsilon}^{1}(\alpha^{*})$ . Then

.$f.(g)=(S_{m\prime n}^{c}\mathcal{F}_{77l\prime\iota}^{c}..f.)(g)+(S_{l\tau n}^{d},\mathcal{F}_{7\}\iota n}^{d}.f)(g)$ $(a.e.)$ .

3 The main theorem
We need $f_{}1\rfloor e$ following lelllllla of Cowling-Price [3].

LEMMA 3.1 Let $1\leq p\leq\infty$ a$ndA>0$ . Let 9 be an entire function $sucl_{l}$ that

$|g(.\iota\cdot+\sqrt{-1}\iota/)|$ $\leq$

$A\epsilon^{\pi.\}j^{\underline{9}}}$ ,

$(.[_{R}|g(x)|^{p}dx)^{1/p}$ $\leq$ $A$ .

Then $yc$ is a const ant $ft1lc\cdot tion$ on C. $f\backslash /Iol\cdot eovel\cdot$. $if\cdot p<\infty$ then $g=0$ .

By using Propositioll 2.8, Lelllllla 3.1 and a silnilar argulllent of [6], we obtain tlle
following proposition.

PROPOSITION 3.2 Let $1\leq p,$ $q\leq\infty.$ Lef.f be a $(77\iota, n)$ -spheric$al$ measura $ble$

function on $G$ such $f_{}l_{l\partial)}t$

$||\epsilon\cdot f(\iota\sigma(q)^{2}.\cdot(g)||_{L^{r^{j}}(G)}$ $\leq$
$C^{\gamma}$ ,

$||\epsilon^{b_{l/}^{2}}(\mathcal{F}_{L\prime l}^{\llcorner},,.f\cdot)(\mathcal{E}, l/)||_{L_{\epsilon}^{q}(a*})$ $\leq$
$(^{\gamma}$ ,

$f()1^{\cdot}C>0$ . $a>0$ a$l1db>0.$ If
$\cdot$

$ab>1/4$ then.$f\cdot=0(a.e.)$ .

The following lllain $theorelJl$ is an easy consequence of Proposition 3.2.
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THEOREM 3.3 (the Cowlilug-Price tlueorem for $SU(1,1)$ )
Let. $f$

. be a $measu1^{\cdot}able$ full ction on $Gsu(h$ th $\partial_{!}t$

Let $1\leq p,$ $q\leq\infty$ .

$||c^{(\ddagger\sigma(g|^{\underline{0}}}.f\cdot(g)||_{L(G)}l^{J}$ $\leq$
$(^{\gamma}’$ ,

$||\epsilon^{bl/^{\vee}}’ \mathcal{F}^{\llcorner}.f\cdot(\overline{c}, l/)||_{\mathcal{L}_{\epsilon}^{q}(a^{*})}$ $\leq$ $C_{,\vee},$ ,

for $C>0$ . $a>0$ and $b>0$ . If $ab>1/4t_{I}he11.f\cdot=0(\prime d.e.)$ .
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