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Theta lifting of the trivial representation
and the associated nilpotent orbit
— the case of U(p, q) x U(n,n) — *
Kyo Nishiyama Chen-bo Zhu
Introduction

In [10], Ochiai, Taniguchi and one of the authors calculate the associated cycles and Bernstein
degrees for certain singular unitary representations. Their method uses the theory of dual
pairs (or theta correspondence), though it is only applicable to pairs of compact type (i.e.,
one member of the pair is a compact group). In this note, we consider representations arising
from a dual pair of non-compact type, and our purpose is to establish a generalization of the
results in [10].

One problem we encounter here is that the theta correspondence for a non-compact pair is
not completely understood, in spite of the pioneer work of Howe, and subsequently excellent
works of many people such as Adams, Li, Moeglin, Przebinda. Another problem here is
the lack of information on the unitary representations of non-compact groups which we try
to lift. In the case of compact Lie groups, unitary representations are well-understood and
we can do many computations in full details thanks to Cartan-Weyl theory and Frobenius
reciprocity. For non-compact groups, such information on unitary representations are not
readily available, let alone their classifications.

Therefore, in this note, we shall restrict ourselves to theta lifts of well-known unitary
representations such as the trivial representation and holomorphic discrete series represen-
tations. To present the ideas clearly, we shall also fix our dual pair as

U(p,q) xU(n,n) (p+q<n).

The condition p+¢ < n ensures that the pair is in the stable range with U(p, ¢) as the smaller
member. We take an irreducible unitary representation of the smaller group U(p, q) (to be
more precise, the metaplectic covering group of U(p, q)), and investigate its theta lift. In the
cases we consider, it turns out that the associated variety of the theta lift corresponds to that
of the original representation through a “complex moment map”, as expected. Moreover, the
associated cycles seem to behave well under this correspondence. These examples strongly
suggest that the conjectured formula of associated cycles in [10] is true in general.

*A note for “Proceedings of Symposium on Representation Theory 1999” in Tateyama, Chiba.
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1 Some small nilpotent orbits in U(n,n)

Let G = U(n,n) D K = U(n) x U(n), with G¢ = GL,, and K¢ = GL, x GL,. We denote
by g and € the complexified Lie algebras of G and K respectively. Let g =€®s be a Cartan
decomposition, and s = st @ s~ be the K¢-stable decomposition of s.

We begin with some elementary linear algebra. Write a typical element of s as

x= gt es

where A € st = M, (C), B € s~ = M,(C).
Since

X? =

[AB BA]’

we see that X is nilpotent if and only if AB and BA are both nilpotent. In fact, this is
equivalent to say that AB or BA is nilpotent.
Note that for (g,h) € K¢ = GL, x GL,, we have

st [32]- 4] 1.

Thus the Kc-orbit through X, denoted by Oy, has invariants rank A and rank B. Further
we have

A'B' = gABg™!,
B'A' = hBAh™!.

Therefore AB and BA naturally define GL,-conjugacy classes in M, (C).
Let X,u1 be the cone consisting of those nilpotent elements X in s such that X2 = 0,

namely
xnull:{X: [g 61} €5'AB=0,BA=0}.
Put
"
0
Zpq = 0 € xnull (P+ qg< n) (11)
]'q

Denote by O, = K¢ - 2,4 the adjoint Kc-orbit through z,,.
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Lemma 1.1 (1) We have

Op,q C xnulla

where O, , denotes the closure of the orbit Op 4. Moreover, we have the decomposition

xnull = H Op,q-

p+q<n

(2) O,4 and Oy, generate the same Gc-orbit if and only if p+q = r +s. Moreover, we have

dimOyy=(p+q)(2n—(P+9)), Opg= H Op -

P'<p,¢<q

PRrOOF. (1) It is clear that O,, C X, and X,y is closed. Hence we have O, , C Xyu.
Now take an arbitrary element of X,,;. By replacing it by a Kc-conjugate, we can assume
that the element is of the form

0]A T,
] e 4[]

By the assumption that AB = 0, BA = 0, we must have

0
B= [ . ] |
Since elements of the form

an= ([ ¢ [ e

fix A, we can conjugate B by some (g, h) to obtain B’ = diag (0, 1,).

(2) It is obvious that the Jordan form of z,, depends only on p + ¢. This implies that
O, and O, ; generate the same G¢ = GLy,-orbit if and only if p+ ¢ = 7 + 5. To calculate
the dimension of O, 4, we consider the fixed subgroup of z,, in K¢, denoted by K,,. We
have

Ky, ={(9,h) € Kc | g and h are of the following form}, (1.2)
a * x a 00

g=10 x x|, h=]x% % 0[|; a€GLyceGL,
0 0 ¢ *x *x C

The dimension formula then follows. Finally we observe that an orbit in X, is determined
by rank A and rank B (see the proof of (1)), we therefore conclude that the closure O,,
contains all the low rank matrices. Q.E.D.
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Proposition 1.2 Assume that p+ q < n.
(1) The variety O, , is normal.
(2) The ring of regular functions on O,, and O, coincide:
ClOp,) = COpg] (p+g <)
Remark 1.3 If p + ¢ = n, we will see that C[0, 4] # C[O,,] afterwards (see Lemma 1.4).

PROOF. We postpone the proof of the normality of O, to §4 (Cﬂ(lllary 4.7).
(2) We calculate the codimension of the boundary component O, ,\ O, ,. Put r = p+g¢.
Then this is equal to

r2n—r)—(r—1)2n— (r — 1)) ;——2(n—r)+1.

Therefore, if 7 < n, the codimension is > 2. This implies (2) under the statement (1).
Q.E.D.

We denote by A;f the set of all dominant integral weights of GL,,, namely
A::{(/\b 7/\n) EZn'/\l Z/\Z Z .>. )‘n}a
and

Pn,:{(Al,...,)\n)GZn|)\12/\22"'2/\n20},

the set of all partitions of length < n. For A € A}, Tin) denotes the irreducible finite
dimensional representation of GL, of highest weight A (with respect to the upper triangular
Borel subgroup B of GL,).
For p+ q < n, we put

A*(p,q) = {(0,0,...,0,7*) € Z" | @ € Pp,y € P,}, (1.3)
where v* = (=7, ..., =72, =), for v = (71,72, ... ,7,).- We denote A = (,0,...,0,7*) by
a®y.
Lemma 1.4 The ring of regular functions on Op 4 (or O, ), denoted by C[O, 4] (or C[O,,]),
inherits the action of K¢ = GL,, x GL,.
(1) If p+ ¢ < n, then we have

ClO,,4] = ClO, 4] =~ Z® (T R7™  (as Kc-module).
AeAt(p,q)
(2) If p+ g = n, then we have
& n)\%x n
ClOpa] = D7 (") &Y,
AeAt
while
Nl ® niyx g7
ClO,,4] ~ Z (7’,& )) Tin)'
AeA*t (p.g)
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PROOF. Recall the fixed subgroup K, , of z,, in K¢ (cf. (1.2)). We have
Cl0,,4] ~ C[Kc]*Pe ~ Ind ﬁ:‘ql Kpq-

By the Frobenius reciprocity of algebraic groups (or from the second term of the above
expression), T = 7" ® T/{") € Irr(K¢) occurs in C[O,,] if and only if

Hom g, ,(7,1) # 0.

We consider intermediate parabolic P x P D Kp,q, where

GL, * * .
P = 0 GLui_(p+qy * |, P = (oppositeof P)
0 0  GIL,

with the Levi-decompositions P = MN and P = MN.

We can write Kp g = Ly 4Npq, where Ly g ~ GL, X GLy X GLy x GLy (n' =n— (p+q))
and N, , = N x N. Here the subgroup GL, X GL, of L, ; embeds in M x M diagonally. We
have :

Hom g, (7, 1) ~ Hom (7, 1),
where
=7 nr(M ® ™ /ar{™,

and n, 0 are the Lie algebras of N, N, respectively.
Note that 7 is irreducible under the action of M x M. since GL, x GL, embeds in M x M
diagonally, we see that

Hom,, (7,1) #0
if and only if 7 is of the form
(P = lgr, X T[gq)) X (Ti’,’) Kig,, X T},’,’))

with o/ = o* and ' = *, and with the obvious notations.

The highest weight of 7\ with respect to B is A = (,0,...,0,8), and the highest
weight of T)(\") with respect to B is (a*,0,...,0, B*). Thus A = u*, and it is dominant. If
p+q < n, this means that o € P, and = v* for some y € P,. If p+qg=n, A = (a,B) is
a dominant weight if a; > --- > a, > 61 2 --- > By (ap > By is the essential restriction).
This proves (1) and the first half of (2) (cf. Proposition 1.2).

Next we assume that p + ¢ = n, and consider the second half of (2). We shall prove this
by explicitly constructing a highest weight vector for (Ti"))* X T)(‘n) (A € A}) which should
be unique up to a scalar. For
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put
{ df(X) = (upper principal minor of A of size k)

di (X) = (lower principal minor of B of size k)
Then a highest weight vector of (’ri"))* X Tﬁ") (A= a©®7) is given by
p—1 g—1
d(a,v) = (H(d}:’)ak"ak+l) (d;)ap . (H(dj—)w—wn) (d‘;)“rq.
k=1 j=1
This function extends to O, if and only if a, > 0 and v, > 0. Q.E.D.
We shall give an alternative proof of the above lemma (at least for C[0,,]) in §4 (see
Theorem 4.6).
2 Theta lift of the trivial representation of U(p, q)

We reinterpret one of the results of Lee and Zhu [5] in a naive and intuitive way. First
consider a seesaw pair:

M' = U(p,q) xU(p,q) Uln,n) =G
diagonal U X U
G' = U(p,q) Umn)xUn) =K

We still keep to the condition p+¢ < n. We consider the dual pair U (p,q) x U(n) of compact
type in Sp(2n(p + ¢), R). By the U(p,q) x U(n) duality, we have the decomposition of the
Weil representation w of the metaplectic double cover Mp(2n(p + q), R):

® n n ~ —~
w o~ Z L(T)(\ )R (T§ '® Xpq) (asaU(p,q) x U(n)-module), (2.1)
A€A+(p,9) ‘

where H~ denotes the inverse image of H in the metaplectic cover Mp(2n(p + q),R), and
Xpq = det®=9/2 [t p+q < n, the irreducible representation L(Tﬁ")) is a holomorphic discrete
series of U(p, ¢)” with minimal K-type (" ® det™ 'R (’I’Asq) ® det™?)* where A\=a®y €

At(p, q).
Now consider two U(p,q) x U(n)-dualities, one holomorphic and the other anti-

holomorphic (or contragredient), and make a tensor product on them:

* (&) < n @ n)\x *
wew | YT LB EP @x) | @ Y LE) R M @ xp,)

AeAt(p,q) uEAt(p,g)

® n )\ * n n *
= Z (L(Tz{ )) ® L(T;S )) ) lAU(p,q)"'E ((T§ )® Xp,q) 02 (T,S ) ® Xp,q) )- (2.2)

Au
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The last decomposition is the one as a representation of U(p, q)”x (U(n)”x U(n)"). For the
above decompositions, we refer the readers to [3] and [4]. Also the reference to [10] will be
helpful.

Lemma 2.1 There ezists a non-zero quotient map

L(72) ® L(7,)" = Ly(pq-: surjective

if and only if A = p. In that case,

dimHom g, z/ (L(7x) ® L(13)", lypqy-) = 1,

where g' = u(p, q) and K' = U(p) x U(q).

PROOF. We shall prove this in a more general setting afterwards. See Lemma 5.1. Q.E.D.

Corollary 2.2 Howe’s mazimal quotient QP9(1y, 4~) has the K-type decomposition

| ® n n *
Qp'q(lU(p,q)”)lk = Z (T,s ) ® Xp,q) & (7')(\ ) ® Xpqg)*-
AeA*(p,g)

PROOF. Howe’s maximal quotient is canonically isomorphic to the dual of

Hom (gI’RI) (w ® w*a 1U(p,q)~)'
Then the above Lemma 2.1 and (2.2) give the K-type decomposition. Q.E.D.
In the following, we write QP9(1) instead of P91y (p,gy)-

Theorem 2.3 (Lee-Zhu) The mazimal quotient QP9(1) is irreducible and gives the theta-
lift 79(1). Thus we get

GB n n *
D)z~ Y (1" ®Xpe) B (1 ® Xp0)"-
AeAt(p,g)

PROOF. It is known that, in the stable range, the maximal quotient of the trivial repre-
sentation is irreducible, and coincides with the theta lift ([13, Proposition 2.1]; see also [6]).

Then the theorem follows from the above consideration. This proof is an alternative of that
of Lee and Zhu ([5]). Q.E.D.

Recall the identification of nilpotent orbits in g with the nilpotent coadjoint orbits in g
Note that the associated variety is by definition an object in the dual space g*. Therefore, to
consider the associated variety of #77(1), we should take the dual orbit of (’)_,,; with respect
to the Killing form, which is O, as a result. Since the Kc-module structure on C[O, ] is the
contragredient of that of C[O, 4], Theorem 2.3 together with Lemma 1.4 strongly suggests
that the associated variety of the theta lift 679(1) coincides with O, ,- This is in fact true.
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Theorem 2.4 The associated cycle of 6079(1) is [O,,] without multiplicity. In particular,
we have Deg 071(1) = deg Oy, where Deg 0P9(1) denotes the Bernstein degree of 079(1).

Remark 2.5 The result of Przebinda et al. [2], [11], [12] determines the asymptotic support
of 6»(1). From the result of Schmid and Vilonen, the asymptotic support and the associated
variety correspond to each other through Kostant-Sekiguchi correspondence. Therefore in
principle we can compute the associated variety of #79(1) from the known result of Przebinda
et al.

We shall give the proof in section 4.
Similar method can be used to compute the K -type decomposition of the theta lift of
unitary characters of U(p, ¢), and their associated cycles.

3 Degree of orbits O,

In this section, we derive an explicit formula for deg O,, = deg O,, = Deg §74(1).
Consider A € A*(p, q). Then

t
A=(01,...,05,0,...,0,—7,...  —Yq) P a®y (aePp,ny’Pq).

From the explicit description of the highest weight vector for (7\)* ® ™ (cf. (1)), we
conclude that the homogeneous degree of (T)(‘"))* Ti") is

Al = lal + 1.

Note that [|A]| # |a| — |y|. Therefore, to get the degree of the projective variety Op. g, We
consider the following Hilbert-Samuel function

Hk)= Y  dim(r")®Rr"= Y (dimn) (3.1)

IXI<k,AeAF(p,q) IXI<k,AeA(pq)

By Weyl’s dimension formula, we have

dimT)\ = H <)\+p’€i_6j>,

1§i<j§n (p7 E’L - 5])

where (A, ;) = ); and

_ n—1 n+1 K 1—-n
p= 5 g ey )
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The result is the following rather complicated formula (here n' =n — (p + q)):

Hp+15i<j§p+n'(j - Z) .
H1§i<j§n(j — 1)

[ @-0+i-9) JI (@+i-9x

1<i<j<p 1<i<p<j<p+n’

Il  (+ % +i—19) %
ISi<ppn’'<j<n

H ('Yj—(p+n’) = Yi—(p+n’) +7 - 2) H ('Yj-(p+n’) +7j- 7')

pHn/<i<j<n p<i<p+n’'<j<n

dim7, =

From this formula, H (k) becomes, for a sufficiently large k,

!

H(k) = kd v)sz(ﬁ“"ny") [T (@i+v)*x

n—-1 - . .
plg! (I]j:,,, 7! =1 1<i<p,1<5<q

14 q
A@1,- - 2 PG, - - o) 2 [ [ da: [ [ dys + O+,

=1 ji=1

where A denotes the difference product, and

14 q
W={(zy) 220y 20> z+) y <1}, (3.2)

=1 j=1
d=(p+q)(2n—(p+4q)) =n’—(n)°.
We therefore have the following
Theorem 3.1 Putn' =n— (p+q). Then

deg Oy, = (n? — (n')?)! /W (H xiHyj) H (@ + ;) X

2
n—1 . . . R .
plq! (l |j=n,]!) =1 j=1 1<i<p,1<5<q

p q
|A(.’L'1, s ,fpr)PlA(yl, <. )yq)|2 dez de]7
i=1 7=1

where W is the region given in (3.2).

We expect that we can calculate this integral by the similar method as in [9].

Example 3.2 Let us consider the simplest case which is non-trivial, i.e., the case where
p=¢q = 1. Then we get

a (4(n — 1))! 2(n—2 2
deg0r = o - DY / (29)*" "z + y)’dady. (3:3)

z+y<1, ,y>0
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Lemma 3.3 We have
Bla+1,8+1)

2%y’(z +y)dady = at+Bry+2’

z+y<l1, z,y>0

where B(s,t) denotes the Beta function.

From this lemma, we get

(n-1)  _ {em-2)Y  _ (4n-5@E@n-1)
{(n=2)(n - )P4 - DER -2+ 1! 2(2n-3)(T()"

deg_@l_,l =

4 Nullcone and the geometry of nilpotent orbits

In this section, we consider a dual pair (G',G) = (U(p, q), U(r, s)). Afterwards we will take
r = s =n and assume that p + ¢ < n; but we do not assume any restriction on the pair for

the moment.
Let K¢ = GL, x GL, and K¢ = GL, x GL,, which are the complexifications of maximal
compact subgroups K' = U(p) x U(g) C G’ and K = U(r) x U(s) C G. We define a

K¢ x Kc-action on
W = Mpiqr+5(C)

as follows:

r S

X | Z
MP+q,r+s 5T = I:AY_'*W] Iq) , k= (av b) X (gah’) € Ké! x Kc,

aXtg |ta_th—1
B TYg T W

=8

We define two K¢ X Kc-equivariant maps

(2 Mp+q,r+s — Mr,s S Ms,r =85,
21 Mpigris —> Mpga® My, =5

oi1(T) = ('XZ, 'WY),
{ 0o(T) = (XY, W1Z).

Here K¢ (resp., K¢) acts on s (resp., ') by the restriction of the Adjoint action, and K%
(resp., K¢) acts on &' (resp., s) trivially.

For D € s and D' € ¢/, we say that D corresponds to D’ if there exists T € My grss
such that ¢;(T') = D, and ¢2(T) = D'. Further we say a K¢ orbit @ corresponds to a K¢
orbit O if there exists D € O and D' € O’ such that D and D' correspond.

Now put r = s = n, and assume that p + q < n.
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Lemma 4.1 By the maps, we get

Opq = ¢1(937(0) C My & My =35,
i.e., the nilpotent Kc-orbit O, 4 C s corresponds to the trivial orbit {0} C ' = M, , ® M,,.
PROOF. Take T € ;'(0). Then we immediately have

tXZ7Z
‘pl(T) = I: WY I ] € Xnun

by the definition of ;. Moreover, it is easy to see that rank *XZ < p and rank ‘WY < q.
Thus we conclude that ¢;(¢5'(0)) C Op4-

To see the reversed inclusion, let X = Z =1, 0)and W =Y = [0 1,]. Then ¢1(T) = z,,
and @,(T) = 0. Thus x,, € ¢1(p;'(0)). Since p; and ¢, are K& x Kc-equivariant, we have
0,4 C 1(p3'(0)). Taking the closure, we conclude that O, , C ¢;(p5(0)). Q.E.D.

Next we consider the null cone defined by

m:sogl(()):{li‘g If/]GWlXtY:O’WtZZO}, W:Mp+q,2n*

It is K¢ x Kc-stable.

Let I = C[W]¥c be the algebra of Kc-invariant polynomials on W. By the classical
invariant theory, the matrix elements of X 'Y and W !Z generate I. Thus O is the variety
of zeros of all the invariants without constant term.

Proposition 4.2 Assume that p + q < n. Then the null cone M is an irreducible variety
of complete intersections. Its defining ideal is generated by Kc-invariants of degree two.
Moreover, if p+ q < n, it is normal.

PROOF. We apply [1, Theorem 2.2.11]. For details, see [8]. Q.E.D.

Let $) be the space of K¢-harmonic polynomials, and J, the ideal generated by Kc-
invariants in C[W)] which vanish at the origin. The following lemma is well-known.

Lemma 4.3 We have
C[WJ = ﬁ oD J+.
Remark 4.4 If p+ g < n, then C(W] ~ $ ® C[W]¥¢c holds.

Since J; = I(M) is the defining ideal of M by Proposition 4.2, the function ring on N
coincides with §). Note that ) carries the action of K¢ = GL, x GLy and K¢ = GL, X GLy,.
We record this as

Lemma 4.5 The function ring on the null cone M = ;'(0) coincides with the Kc-harmonic
polynomials on W = My qon:

CN] ~9H (as a K¢ x Kc-module).

198



Now we describe the K¢ x Kc-module structure of §). Consider the two halves of the
matrix 7"

X

Y

+
7= | z

] S Mp+q,n = W+, T = [ 4 ] € Mp-l—q,n - W_.

Then by Ul(p, q) x U(n)-duality, we know
& n * n)\x
CWH = 3 L) B (),
AEAt(p,q)

as a U(p, q) x U(n)-module. Note that C)W™] is the dual of the symmetric algebra S(W+).
Therefore, we take the dual on the right hand side. In this setting, the space of GL,-

harmonics of type (Ti”))* has the form ((Tép N @ T,§Q)) X (T,s"))*, where ((TC(MP))* ® Tv(q)) is
the lowest K' = U(p) x U(q)-type of L(7x)* tensored xj,, ( Xpn = det™? ® det™/2 ) and
A=a0 (cf (1.3)).
Let
at=9nCWt], H =HnCW].

Then we have

gte 37 (@) er@) ' (M),

AEA* (p,g)

where A = a ® 7y (cf. (1.3)). Similarly (but conjugated), we have

D
Cwl~ Y LEM R,

1EAt(p,q)
and
®
H ~ Z (rg”’ ® (Téq))*) =7,
HEAT(p,q)
where = 3 ©® 4.

Theorem 4.6 Put 91 = ;' (0), the null cone defined by K¢-invariants. Then we have
2
CN ~H=H"2H
® * * n)\x* n
~ 3 (@) er?)RE0e ())& () rM),

Au€EAT(p,g)

as K¢ x Kc-module. Furthermore the map ¢} induces a ring isomorphism:

o} : C[O,,] = C[o)Ke, (4.1)

199



PRroOOF. We have to show that (4.1) is an isomorphism.
Look at the original map ¢, : W —> s. Then the induced map ¢} : Cl[s] — C[W] is
given by

g
A;)(T) = ZX’"Z’CJ’ 01(By)(T) = Y _ WY,

where T' = [ ))f If/ € W and {(A4i,Bij) | 1 < 4,5 < n} is the set of coordinates on

s = M, ® M,. By the classical invariant theory, the right hand side of the above equations
generate the ring of K-invariants in C[W], so that Image ¢} = C[W]¥c.

Now consider the restriction ¢, : 9t — s, which we denote by the same notation. By
the above consideration, we know that the induced map actually gives an algebra morphism

ot : Cls] — C[N]¥c c CN] = CIW]/I(N),

and it is surjective. Now, since C[s]/ Ker ¢} = C[O, ;] by Lemma 4.1, we conclude the result.
Q.E.D.

Corollary 4.7 If p + q < n, the nilpotent orbit O, 4 is an irreducible normal variety.

Finally we are ready to prove the following proposition, which implies Theorem 2.4.

Proposition 4.8 The associated variety of 79(1) is Oy p.

PROOF. We identify the nilpotent orbit O, , with a coadjoint orbit via Killing form. Then
the corresponding orbit is O, ,. In this proof, we always consider O, as a coadjoint nilpotent
orbit. (See also the remark before Theorem 2.4.)

We take a coordinate system on s = M, & M,, 5 (A, B) as {A;;,Bij | 1 <i,j < n}, as
before. Note that we regard A;; as a linear function on s which extracts the (4, j)-element of
A. So A;j, B;j € Cl[s]. Take one of the homogeneous defining equations f(A, B) = 0 of Op -
Then we have

P q
Pi(f(A4,B)) = f(S,T); Sij=i(Ay) =Y _ XiiZuj» Ty = 0i(Byj) = Y _ Wiy,
k=1 =1

By Theorem 4.6 and its proof, we know that f(S,T) € I(UI)K'C. In particular, there exist
polynomials e € C[W] such that

F8,T) =Y ef-o5(Cu)+ Y e #5(Dr),
1<k<p 1<k<q
1<1Zq 1<13p

where (C,D) € M, ,® M,, = s’ and {Cr, Dn:} is a system of coordinate functions on s'.
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The Weil representation associated to the dual pair U(p, q) x U(n, n) is realized on C[W)
by the Fock model. Let A” be the operator of the Weil representation of the matrix

007,
E;l0]%™

Define Eij, (NZ'kl, Bk, similarly. Then we have

1N,
22 anzasz 52::‘4/111/(17

~ 02
Bji=-= ZX,“Z;CJ +2 Z
WY

up to non-zero constant multiplication.
If we take the K-stable good filtration of #79(1) induced from the total degree filtration

of C[W)], A;; and B;; will act on the graded module gr#P4(1) as

~ 1< ~
Bji = _"2‘ ;inzkj; ijg = T35 ZVVlz lj-

These formulas coincide with S;; and 7T;; above up to constant multiplication. Therefore we
have

(=278 f (B, Ay) = > el o C)+ D eq93(Di)

1<k<p,1<1<g 1<k<q,1<I<p

on gr69(1). Note that

©5(Chi) ZXm iy P3(Dri) ZZqu

i=1

On the other hand, the operators 5“ and Ekl are given by

Ciu = 22 anzaYZz EWIC]ZIJ = %ZWMZU:
j ;

Dy =—-= ZXIMYE@ + 22 3Wl]32kj = - Zsz li>

which should vanish on gr##4(1) because 67(1) is associated to the trivial representation
of U(p,q)". Hence we conclude ¢3(Cy;) and @}(Dy) act trivially on gr8”9(1). From this we
see that f (Eji, Zw) = 0 on gr6™9(1). This means that the associated variety of 67%(1) is
contained in O, ,. Comparing dimension, we conclude that they must coincide. Q.E.D.
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5 Generalities on Harish-Chandra modules

In this section, we consider general (g, K)-modules, where g is the complexification of the
Lie algebra of a semisimple Lie group G and K is a maximal compact subgroup of G.

Let H be a (g, K)-module which is K-admissible, i.e., dimHom x(H,7) < oo for any
7 € Irr(K). We also assume that H is locally K-finite, which means that H = Hg where
Hpy denotes the space of K-finite vectors in H. Then, H* = Hom¢(H,C)k is also K-
admissible and we have a canonical isomorphism H ~ (H*)*. Note that H* does not denote
the algebraic dual of H.

Lemma 5.1 Let H, be a (g, K)-module which is locally K-finite. Then, for any K-
admissible (g, K)-module Hy which is locally K-finite, we have

Hom (5 x)(H, ® H;,1) ~ Hom (g x)(Hy, Ha).
We shall omit the proof, as it is straightforward.
Corollary 5.2 Let o be a finite dimensional (g, K)-module. Then we have
Hom (g, x)(Hy ® H3,0) ~ Hom (g k) (Hy, Hy ® 0),

under the same assumption on H; and H, as in Lemma 5.1.
PRrOOF. Since H; ® H; is locally K-finite, we can apply Lemma 5.1 and get
Hom (4 x)(H; ® H;,0) ~ Hom (4 )(H; ® H; ® 0™, 1).
Note that H; ® 0* ~ (H,®0)* because o is finite dimensional. Now apply Lemma 5.1 again.

Q.ED.

Corollary 5.3 Letw be the Harish-Chandra module of the Weil representation of Mp(2n(p+
q),R). We consider a dual pair G x G' =U(p,q) x U(n) in Mp(2n(p+q),R), and regard w
as a (g, K)-module. Then for any irreducible Harish-Chandra module L of (g, K), we have

Hom (, (v ® w*, L*) ~ Hom ( /(L ® w,w),

PROOF. Note that w ® w* is locally K-finite. Also we note that w is K-admissible. Now
we can apply Lemma 5.1 twice and get the desired formula. Q.E.D.

6 Theta lift of a holomorphic discrete series

We keep to the notation in §2. In particular L(ry) denotes the holomorphic discrete series

representation of U(p,q)” which corresponds to 7, = T/Sn) € Irr(U(n)). Note that A €
At (p,q), since p + ¢ < n. We shall derive a K-type formula for its theta lift.
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Lemma 6.1 For any o € Irr(U(p, q)7), the theta lift 6P9(c) is non-zero if and only if there
exists a pair (A, p) such that

L(1\) ® L(7,,) 'AU -0

9)

is a non-zero (hence surjective) quotient map. In this case, the mazimal quotient QP4(o)
contains K-type (Tx ® Xp,g) B (1, ® Xp,q)* at least once.

PROOF. Arguments are the same as in §2, though we use o instead of 1. Q.E.D.
Now take o = L(7,), a holomorphic discrete series. Then by Lemma 5.1, we have
Hom , o (L(72) ® L(7,)", L(7,)) ~ Hom (g,)fé,)(L(Tx) ® L(1,)" ® L(1,)", lu(pg). (6.1)
Lemma 6.2 Let ¢, be a branching coefficient defined by

®
Ty ® Ty = Z ¢,y (as GLy-modules).
1

If n is even, we have

* ® *
L(TM) ® L(Tu) =~ 2 Cu',uL(Tn—"/25p,q) ;
neAt(p,q)
61’,‘1:1[1)@114: (1’ alaoy"' 707—17"‘ ’_—1)

PROOF. Consider the Weil representation associated to the dual pair U(p, q) x U(2n). As
a (U(p, q) x U(n))?:-module, we have

wews | 7 LEP)R () @ xp0) ®( S0 L) B (1 @ xp)

LEAT(p,g) veAt(p,q)

~ Z L(7() ® L(7f)) B (1™ & Xpg) B (7" ® Xpg)) , (6.2)

while as a U(p, q) x U(2n)-module

®
wew ~ Z L(r$ N R (18 ® Xp,0)- (6.3)
nEAT(p,q)
Since
2
T( " IU(n)xU(n Z CIPVTISn) ® ,’_(n)
J7R%
we have

(6.3) = Z® ( Ze) i (2") ) X ((T;Sn) ® Xpg) ® (M ® Xp,q)) : (6.4)

Te%
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Comparing (6.2) and (6.4), we get

L) @ L) = 37 en, Lir?™). (6.5)
n

Since p + ¢ is smaller than n and hence 2n,
L(Tr(lzn)) L (T(z)n/zfs,,,q)a bpg =1, 01,

holds if we shift n by n/26,,. Here we use the assumption that n is even. Also we identify
= (a,0,...,0,7*) (a € Pp,y € P,) of length 2n (zero cccurs 2n — (p + ¢g)-times between o
and 7*) and 1 = (@, 0,...,0,7*) (zero occurs n — (p + ¢)-times between o and *) of length
n.
Take the K-finite part of the dual of (6.5). Since the K-types of L(r\™ ) ® L(7{™) has
finite multiplicities, we get the formula in the lemma. (Or, we can consider w* ® w* from the
beginning.) Q.E.D.

We apply the above lemma to (6.1). Then we get

Hom (¢, K" (L(T/\) ® L(Tﬂ)*’ L(Tl/)) = H c:,u Hom (g’,I?’)(L(T/\) ® L(Tn""/%p,q)*’ lU(P,‘I)~)'

n

The last expression is already studied by Lee—Zhu (see Lemma 2.1 and Corollary 2.2), which
says that

dim Hom (; ) (L(72) ® L(Ty—n/25,,)", loar) < 1,
and the above mentioned dimension is one if and only if A = — n/26,, holds. So we get

Theorem 6.3 Assume that n is even. Let L(7,) be a holomorphic discrete series and con-
sider the theta lift 679(L(7,)) € Irr(U(n,n)"). Then we have

ALz S ™ s ©Xpa) B (1) @ Xp0)".
mH

PROOF. Put o = L(7,). By the arguments around [7, Lemma 2.2], we know that QP4(o) is
already irreducible for a (holomorphic) discrete series representation . Note that p+q < n.
By the calculation above, we know that Q(a)| % 1s exactly equal to the right hand side of
the desired formula. Q.E.D.

We shall omit the result for odd n, which is similar.

Problem 6.4 Consider the same thing for a finite dimensional irreducible representation
o € Irr(U(p, q)°), which is not unitary.

204



7 Further results
Here we would like to indicate several generalizations of the results of this note.

e We can consider the associated cycles of the theta lift of holomorphic discrete series
representations. In particular, if we take a spherical holomorphic discrete series, which
means that the minimal K-type is one-dimensional, then it has a multiplicity-free
associated cycle with an irreducible associated variety.

e We have a generalization of the results here to the pair U(p,q) x U(r, s) in the stable
range. However, the description of the parameters gets more complicated.

e We have similar results for the other type I dual pairs in stable range (cf. [8]).

These generalizations will be treated in a forthcoming paper.
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