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Bernstein Degree and Associated Cycle of
Harish-Chandra Modules *

Kyo Nishiyama! | Hiroyuki Ochiait Kenji Taniguchi’

Abstract o
Let G = Sp(2n,R) be symplectic group and G=M p(2n,R) its met‘aplectic
double cover. By the theory of dual pair, irreducible unitary highest weight modules
of G are parametrized by irreducible finite dimensional representations of orthogonal
group O(m) for various m (Howe correspondence, or theta correspondence). _For
o € O(m), let us denote the corresponding unitary highest weight module of G by
L(a) In this article, we give Bernstein degree and associated cycle of L(o) (o €
(m)) The similar method can be applicable to other non-compact simple groups
of hermitian type.

1 Definition of Bernstein degree

Let G be a (linear) connected reductive group over R. Take a maximal compact subgroup
K C G and denote a Cartan decomposition associated to I{ by g = €+ p. We denote the
complexification of the decomposition by gc = &c + pc.

1.1 Gelfand-Kirillov dimension and ‘Bernlstein degree

Let H be a Harish-Chandra (gc, K)-module (finitely generated), and take a finite dimen-
sional K-stable generating subspace Hy C H. The generating space Hg gives rise to a
natural filtration {H, },>o of H as follows. Let us denote by Up(gc) the standald ﬁltlatlon
of the enveloping algebra U(gc) of gc. Then we put ;

Hn = Un(gC)HO-
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Let us denote the associated graded module by M = &, M, tentatively, i.e.,

M = gl'?‘t = @Hn/un—-ly Mn = 7'ln/?'t‘n—l'

n>0

M is a graded S(gc) = grU(gc) module, and we write A = S(gc) for the time being.

As usual, we denote the Poincare series of M = gr’{ by P(M;t). Then, it is well-
known by the commutative ring theory (see [16, §13] or [7] for example) that there exist
a polynomial Q(t) and a non-negative integer d such that

P(M;1) = 3 dim(M,)i" = HQ—Lt))“ Q(1) # 0.
n>0

It can be seen that Q(1) becomes a positive integer, and d and (1) do not depend on
the choice of the generating subspace #,.

Definition 1.1 The integer d is denoted by Dim A and called Gelfand-Kirillov dimension
of #. We call the positive integer Q(1) Bernstein degree of H (it is often called multiplicity
also). Denote by Deg H the Bernstein degree of .

Remark 1.2 For sufficiently large n, dim M,, becomes a polynomial in n. It is written

as
| .
dim M,, = —Q(—-)—n"“1 + (lower terms of n).
(d-1)!
Therefore, we also conclude that dim M., is a polynomial in n for sufficiently large n and
is given by

n
dimH, = Zdim M, = —Q;—'l)nd + (lower terms of n).
k=0 )

Remark 1.3 In this article, we call DegH Bernstein degree because there are so many
“multiplicities” in the representation theory. Moreover, at least in its spirit, Bernstein
degree is a characteristic of the associated cycle of # (see Proposition 1.6 below). So we
prefer the name to multiplicity.

1.2 Associated cycle

In the theory of commutative algebra, notion of associated variety is very important. We
review briefly the results on the associated varieties of Harish-Chandra modules here,
and clarify the relation between associated varieties, associated cycles, Gelfand-Kirillov
dimensions and Bernstein degrees, nilpotent orbits, etc., etc. Our main references here
are [24], [16], [7].
- Put
Anmn(M)={a€ Ala-M =0},



and
V(H) = {z € gc | a(z) =0 (Va € Ann (M)}.

Then Y (H) does not depend on the choice of filtrations, and we call it the associated
variety of H. It is well-known that V (H) is a union of nilpotent Kc-orbits in pc:

V(H) C NPC/ Ad I(C.

Moreover, summarizing the results of many contributers (Joseph, Vogan, Borho-Brylinski,
...), we have

Theorem 1.4 If H is an irreducible Harish-Chandra (gc, K)-module, then

(1) There exist nilpotent K¢ orbits {O;} C N,/ Ad K¢ with dimension equal to DimH

such that l

V(H = z

i=1

(2) Let I = Iy C Ulgc) be an associated primitive ideal of H. Then V (U(gc)/I) is
the closure of a single nilpotent Ge-orbit Oy, and for any i, the G¢ orbit through O;
coincides with Oy. In fact, Oy N pc decomposes into finite union of equidimensional
nilpotent Kc-orbits, and {O;} is a subset of its components:

OanCDOI’OZ1”'aol-

Let us define the associated cycle of M after Vogan [24], which is a refinement of V (H).
Since O; is an irreducible closed subvariety of gc, there is a prime ideals {;}; in A such
that O; = V(;). Obviously we have

!
v Ann (M) = ﬂ B; : prime decomposition of \/Ann (M).
i=1

Definition 1.5 The associated cycle of H is defined to be

!
AC (H) = Zm B, MR,

=1

where m('B, M) is the multiplicity of an associated prime ideal of M given by

m(P, M) = length 4, (Mep).

AC (H) does not depend on the choice of the filtration.



Proposition 1.6 (Taniguchi [23, Lemma 6.2.1]) We have the following equality:

l
DegH = Em(‘ﬁi, M) deg O;,

i=1
where deg O; means the degree of the projective variety O; in the sense of algebraic geom-
etry. ‘

PROOF. By [16, Th. 6.4], there exists a finite filtration M7 of M, such that M7 /Mi~! ~
A/£; for some associated prime 9; of M. Clearly we have

P(M,t) =Y P(M?/M"7,1).

The multiplicity m(*B;, M) is the number of the indices j for which ; = P; holds (see
the arguments in (24, p. 322]; also see [16, Th. 14.7]). If 9; is not minimal among the
associated prime ideals, it does not affect the coefficient of the pole at ¢ = 1 because
dim A/9); > d. From this, it is clear that the Bernstein degree of the Poincare series of
M is equal to that of :

{
Zm(%,M)P(@—i, ),

and this implies the proposition. (There should be some shift of grading for each term,
but it does not affect the degree.) Q.E.D.

Remark 1.7 By Vogan [24, Def. 2.12 & Th. 2.13], it is known that the multiplicity
m(Pi, M) has a representation theoretic meaning. More precisely, take A € O; and put
Kc(A) = (fixed subgroup of A). Then m(B;, M) can be interpreted as the dimension of
certain finite dimensional representation of K¢()). o

2 Known results for Bernstein degree

In this section, we summarize known results and examples on Bernstein degrees.

2.1 Goldie rank polynomials and character polynomlals

Let 1 € b¢ be an infinitesimal character of an irreducible Harish- Chandra module H, and
P be the weight lattice in hg. Take © a coherent family (of global characters or virtual
representations) on p + P such that

{ Ou) =H

O(A) (A : dominant regular) is an irreducible character.



If 4 is singular, such a family is not unique but it exists. Let us consider the following
map
(p+ P)*t 5 X — DegO()) =: ¢(N),

where (pu + P)** denotes the set of dominant regular elements.

Theorem 2.1 (Vogan, King, Joseph) Let h C g be an Iwasawa Cartan subalgebra
(mazimally split one).

(1) ¢(A) extends to a homogeneous harmonic polynomial on h¢ of degree |At| —d (d =
Dim H).

(2) ¢(A) s proportional to the Goldie rank polynomial determined by the coherent family
o.

(3) Let h € h be dominant regular and put

co(A) == ltilrglk,td@(/\)(exp th)  (the limit exists).

Then co(A) and c(\) are proportional. ce(h, A) is called character polynomial.

PROOF. See [25], [13, Th. 1.1 & Th. 1.2] and [11] for proof. Q.E.D.

It is well-known that Goldie rank polynomials generates particular representations of
Weyl group which correspond to nilpotent orbits by Springer correspondence, and in fact,
they form bases of such representations. Since Springer correspondence is well-understood
in a sense, the polynomial ¢()\) (up to constant multiple) is not so difficult to calculate
out in explicit cases. See for example [14] for discrete series of real rank one group, and
[17] for complex semisimple Lie groups.

However, it is worth noting that to determine DegH is another thing. It requires
finer investigation than the determination of the polynomial ¢(\) up to constant. If once
Deg H and the polynomial are known, we know Bernstein degree of any other member of
the coherent family.

Example 2.2 (Finite dimensional representation) If H is a finite dimensional irre-
ducible representation, then Deg H = dimH. This is immediate from the definition. In
this case, ¢(A) is Weyl’s dimension function:

e = [T L2

Note that the highest weight of  is A — p, since we denote the infinitesimal character by
A. .



Example 2.3 (generalized Verma module) Let q¢c = Ic®nc be a Levi decomposition
of a parabolic subalgebra qc C g¢. Take an “admissible” representation 7 of I¢ and extend
it to gc putting the action of the nilradical nc trivial. Then

H = U(gc) Rqc T

is called generalized Verma module. In general, H is not a Harish-Chandra (gc, K)-
module, but we can still define Bernstein degree of H. In this case, we get ([25, Lemma
2.3))

Deg H = Degm.

Let (G, K) be an irreducible Hermitian symmetric pair. Then G has holomorphic
discrete series representations, whose properties are very well-known. Among all, the
space of K-finite vectors of holomorphic discrete series is a generalized Verma module
induced from a maximal parabolic subalgebra determined by the simple non-compact
root (we take Borel-de Siebenthal positive system, i.e., positive system whose simple
system contains the unique non-compact root). Such a maximal parabolic subalgebra can
be written as

Ck::BCEBP«i:,

where pc = p{ @ pg is K-stable decomposition. Take an irreducible finite dimensional
representation 7, of K with highest weight A. Then

H= U(QC) ®qc TA

is a holomorphic discrete series whose minimal K-type is 75. By the above comment we
get Bernstein degree of the holomorphic discrete series H as

Deg H = dim 7,.

In this case, c¢(A) is given by

A , P
H { <_; p;)af) (A = A+ pc — prn : infinitesimal character).
0€A+ C

Remark 2.4 Let Q be a parabolic subgroup of G. It is well-known that there exists
a non-degenerate pairing between a generalized Verma module induced from gq¢ and a
principal series representation induced from @. However, we cannot say much on the
Bernstein degree of principal series representations as far as we know.

2.2 Large representations

If the Gelfand-Kirillov dimension of H is the largest possible, we call H large ([25]). Put
r = #(positive restricted roots counted with multiplicity) = dimn,,. Then H is large iff
DimH = r. In this case, by result of Matumoto, Bernstein degree coincides with the
dimension of Whittaker functions of %. More precisely, we have



Theorem 2.5 (Matumoto) Let n, be a mazimal nilpotent subalgebra of g (Iwasawa’s
n), and ¢ be an admissible character of ny,. If DimH = dimny, i.e., H is large, then

dimWh;,_ ,(H) = Deg (H).

PROOF. See [18, Cor. 2.2.2]. Q.E.D.

Theorem 2.6 Let G be a quasi-split Lie group and H is a principal series representation
induced from a minimal parabolic subgroup. Then DegM = #W (g, a), where W(g,a) is
the little Weyl group.

PrOOF. By Kostant [15, Th. 5.5], we know dim Wh;, (H) is equal to #W (g,a). Apply
Matumoto’s theorem. v Q.E.D.

Remark 2.7 If G is quasi-split, then dimn,, is equal to the number of positive roots.
So, in the quasi-split case, character polynomial is constant for large representations.

For large discrete series representations, there are explicit calculations of the Whittaker
functions of low rank groups. From these calculations we know Bernstein degree for large
representations in case of low rank groups.

group representation | DegH | contributers
Sp(2, R) DS 4 Oda [21]
SU(2,2) DS 4 Yamashita [26], Hayata-Oda [6]
gen. PS 4 Hayata [5]
SU(n,1) DS (x) | Taniguchi [23
Spin(n, 1) DS (¥%) | Taniguchi [23

(%) and (x*): These values are given in Theorem A (1) and Theorem B (1) in
[23] respectively.

2.3 Minimal representations

In this subsection, we will give Bernstein degrees of so-called minimal representations.
Here we only consider non-Hermilian symmetric space G/ K, though the arguments below
equally works well for general situations.

If G/K is non-Hermitian, G has minimal representations if and only if G /K is in the
following list.

e Classical case : SO(p,q)/SO(p) x SO(q) wherep > q¢ > 3,p+q € 2Zorp € 22,9 =
3.



e Exceptional case : The following 8 cases.

Fia/Sp(3) x SU(2)  G2/SO(4)
Eea/SU(2) x SU(6)  Eg6/Sp(4)

: E7,4/Spm(12) X SU(2) E7,7/SU(8)
E8’4/E7 X SU(Q) E’s,s/Spin(l()’)

Take the minimal nilpotent G¢-orbit Oy C gc- Then in this case O, Npe =: Y is
a single nilpotent Kc-orbit.

Theorem 2.8 (Vogan) Let my,i, be the minimal representation of G. Then there exists
some weight v such that

7rmin|K ~ @Tm¢+u,
m>0

where 1 1s the highest weight of pc (= the highest root), and Tmy4, s the irreducible
representation of K with highest weight my + v.

Remark 2.9 The weight v is the highest weight v of the minimal K-type of mp;, and
can be explicitly given. But we do not need it here.

Put A}(¢) = {a € A} | (¢,a) # 0}, where A} denotes the totality of positive
compact roots. Note that (¢,a) #0 <= (¥,a) =1 for a € A},

Proposition 2.10 With the above notation, we have

Dim (mwin) = #AT (%) +1 = dimg Opin /2 = dimc Y,

Deg (Tmin) = deg?:(#Aj(d}))! H (¥, @)

OGA-C’-(‘l/)) (pC7 a)
PROOF.

— H (mv,/)+u,a)

dim Ty 40 )
(53]

(by Weyl’s dimension formula)
acAat

= m#ow) H () + (lower terms of m)

Deg (7 nin) md-1

d-1) + (lower terms of m)  (d = Dim (mpin))

Q.E.D.



3 Singular unitary highest weight modules of G = Sp(2n, R)

3.1 Weil representation and its tensor product

Let w be Weil representation (or oscillator representation) of metaplectic double cover of
G = Sp(2n,R). Then the space of K-finite vectors of w can be realized as a polynomial
ring Clzy, 2, - - -, 2, in Fock model.

Action of a maximal compact subgroup K ~ U(n) is given by the symmetric tensor
products of its defining representation C* with shift by det'/2. Action of pc is realized as
second degree constant coefficient differential operators

62
8:5,-83:,-

(1<4,j<n),

and the action of p is given by the multiplication by second degree polynomials
riz;  (1<4,5<n).

Since these operators change the degrees by even integers, clearly w is not irreducible. In
fact it is the direct sum of two irreducible constituents:

w=wt ®w™ = (even functions) ® (odd functions).

These are minimal representations of the double cover of G (by an abuse of terminology,

we also say they are minimal representations of G), and they are singular unitary highest

weight modules (= SUHWMs). For full details of this, we refer to [12], [9] and [10].
Consider the m-fold tensor product of w :

w®™ = Clz;]®™ ~ C[My m]. .

From the last expression, one can see that there is an action of O(m) by the right transla-
tion, and moreover, the action commutes with that of metaplectic group G. In fact, they
are commutants to each other in the larger Lie group Sp(2nm, R).

By the theory of reductive dual pair (cf. [9]), we get

Theorem 3.1 (Kashiwara-Vergne) As G x O(m)-module, we have the multiplicity free

decomposition
Qm

W o~ @ Lio)®o  ( possibly L(c) = {0}),
‘ 066(111)
where L(o) # (0) is an irreducible UHWM (= unitary highest weight module) of G.

(1) If m < n, VL(0) is singular. )
(2) If m > 2n, VL(0) is a holomorphic discrete series representation and hence regular.

(3) For n < m < 2n, both regular and singular UHWMs can occur in the decomposition.



PROOF. See [12]. Q.E.D.

Due to many contributers (I{ashiwara-Vergne, Parthasarathy, Jakobsen, Enright-
Howe-Wallach, ...), we know these {L(c)} exhaust all the UHWMs.

Theorem 3.2 {L(c) # (0) | 0 € O(m),m > 1} ezhausts all the UHWMs of G except the
trivial representation.

PROOF. See [1] for example. Q.E.D.

Since Bernstein degree of holomorphic discrete series is well-known as we explained in
Example 2.3, we are to consider Bernstein degrees of SUHWM L(o) for ¢ € O(m) (m <
3.2 SUHWM with scalar K-type

First we consider L(c) for 0 = (trivial representation) € (3(m) We denote by 1,, € 6(m)

the trivial representation and write L(1,,) for o = 1,, € O(m). By Theorem 3.1 above,
we know
L(1m)| =~ C[Mpm]°™ @ det™? (K = U(n)).

Theorem 3.3 (1) As GL(n,C) = K¢-module, we have

C[]Mn,m]o(m) = @ P2x,

(A <m

where p, € GL(n,C) is the irreducible representation with highest weight p.

(2) Let Sym,(m) = {X € M,(C) | *X = X,rank X < m}. This is called determinantal
variety. Then there is a G L, -equivariant isomorphism

C[Sym,,(m)] ~ C[M,,,,]°™
by the pull back of the following map of the base spaces:

M,m — Sym,(m)
w w
Y — Y

PROOF. Both facts are well-known in invariant theory. See [8] for example. Q.E.D.

The space p¢ is naturally identified with the space of all the n x n symmetric matrices
Sym,,. With this identification, there is a Kc-equivariant embedding Sym,(m) — pé,
and the image is the closure of a single K¢-orbit

O, = Sym;(m) = {X € Sym,, | rank X = m}.



So Theorem 3.3 (2) says that, as Kc-modules,
C[My, ]9 ~ C[Sym,,(m)] = R(D,),
where R(Y') denotes the ring of (global) regular functions on a variety Y.

Corollary 3.4

1
DimL(1,,) = dim¢Sym,(m)=nm — Em(m -1)
" DegL(1,,) = degSym,(m) = degO,,

ACL(1,) = On

Let P(t) be the Poincare series of C[M,, ,,]°(™:

P(t) = Z dim ( n m g(m)) Z dim pz,\t2l'\‘

k>0 (A)<m

On the other hand, by Weyl’s dimension formula, we have

P(t) = Z H (2’\+ﬂcaa> 20

(N <m aea} (pc,

From this formula, we get Deg L(1,,) as

! 2\ + pe,
Deg L(1,,) = lim id Z H {2A+p (y>

koo f§ N <mN<k aeat o)
24-mq|

= /(xyrz L) H |zi — z;)dxidxy - - - dxy,

] — !
m! = (n —)! 1<i<j<m

where the integral is taken over the region

m
Qm = {(.’EI,IL'Q, o ',xm) e R™ | i 2> O,Z"Ei S 1}
i=1

Let us denote the integral as

I(’I", ’I'I‘l) = / (.’Elilfg s :Em)r H I.’L’i - .’l?jld.’L'ld.’Eg s dil}m.
. “ Qm.

1<i<j<m

(3.1)



Theorem 3.5 Bernstein degree of the singular unitary highest weight module L(1,,) cor-
responding to 1,, € O(m) is given by |

24-mg|
m! [, (n — 9!

We shall give an exact formula of the integral and get the explicit value of Bernstein
degree.

Deg L(1,,) = I(n — m,m).

Theorem 3.6 (1) The ezact value of the integral I(k,r) (k> —1) is given by

I(k,r) = / (@122 - 2)" H |zi — x;j|dx
;20,5 1_, z:<1

1<i<j<r
_ 1 Hr(g + 1T (k+ 51)
2=V (rk + r(r + 1) /2 + 1) I (4
(2) The Bernstein degree of L(1,,) is given by
m-—
- ' (2n —2m + D!
Deg L(1,) = deg Sym,(m) = deg O, = H T( = m_H)? .

PROOF. The statement (1) is proved in [19]. Then (2) immediately follows from Corollary
3.4 and Theorem 3.5. Q.E.D.

Note that the degree of determinantal varieties were already obtained by Giambelli in
1900’s, and known as Giambelli- Thom-Porteous formula. See [2, Example 14.4.14] and [4]
(for original reference, see (3], though we have not had a chance to glance over it). Our
theorem above gives a new proof of the formula (in case of skew symmetric matrices).

4 Branching rule and Bernstein degree

We have determined Bernstein degree of L(1,,) (1 < m < n). To obtain Deg L(c) we use
branching rule of the restriction GL(m,C) | O(m,C). However, to get explicit formula,
we need informations on asymptotic behavior of the branching coefficients. Fortunately,
we can use a formula by F. Sato [22] to get Bernstein degree Deg L(0).

4.1 Sato’s result

In this subsection, we collect Sato’s results which we will need later. Note that we do not
state all of his results but only for the case (GL(m,C), SO(m,C)).

We will mainly follow Sato’s notation in [22]. In particular, ) is a highest weight of a
general linear group GL(m,C) and p is that of special orthogonal group SO(m,C). The

multiplicity of 05°™9 in fL('"’C) lso(m,c) is denoted by m(, u).



Theorem 4.1 If min{)\; — iy | 1 < i < m — 1} is sufficiently large (depending on p),
the branching coefficient m(\, u) does not depend on individual X but only depends on the
class [A] which is determined by A; mod2 (1 < i < m).

We denote the branching coefﬁment for sufficiently large A by m([)\] p) and call it stable
branching coefficient. The individual stable branching coefficient m([A], ) has somewhat
complicated expression, but the summation of them has very simple interpretation in
most cases. Let us explain it.

Theorem 4.2 (Sato) If \; + A =1 mod 2 then their stable branching coefficients are
the same : m([/\] u) m([X], ). We have

Z m([\, p) = 2dimo;° m0,
[Alezp

Remark 4.3 Note that our terminology slightly-differs from Sato’s in this case. In fact,
in his notation, [\] = [)'] and the multiplication of 2 in the right hand side does not
appear. But we prefer the existence of 2.

( GL(m,C) O_SO(m

Anyway, the multiplicity m(r ’C)) depends only. oﬁ the class [A] if r‘riin{‘/\,-—

Ai+1}i is sufficiently large.

4.2 K-types of L(o)

Hereafter we assume that m < n and denote by ¢ an irreducible representation of 5(m)
We shall use information of branching rule of the restriction GL(m,C) | O(m,C) to
get Bernstein degree. Recall that

L(0)| = (o-isotipic component of C[Mj ]) ® det™?,
On the other hand, it is well-known that there is a GL, X GLm-duality

C[My ] =~ @'rﬁ") K™  (as GL(n,C) x GL(m, C)-module).
A
Therefore, if we know the dimension of the space
GL(m\C) (m))

Hom om0 (a, 'r)(\m)}o(m,@) ~ Hom gr(m,0) (Ind omc) T

which we denote by mult ,()), then we get

Loz = @D mult,(A)n®det™? (4.1)
{A)<m,n -
P(L(o);a?) = ™™ 3 mult,(}) (dimn)zh, (4.2)
{(A)<m,n G S



where ) is the highest weight of the minimal K-type of L(c). To relate P(L(0);z?) to
P(L(1,);27) we have to know the asymptotic behavior of branching function mult ,()).

In order to use Theorem 4.2, we reformulate the above arguments via the restrlctlon
GL(m,C) | SO(m,C). The decomposition of C[M,,,] becomes

8 () = 58 (T rinsetre)

AEPn, AEPm

Z (Z m(A, p) GL“) Eaﬁo(’"’c’.

n AEPy,

We in fact need a decomposition with respect to O(m, C) instead of SO(m,C). Let
us consider it in the following three cases.

Case 1. m is odd. In this case, o = (05°™9,; det®) (6 = 0,1), and we have

L(o)|g =~ > m(A, )73 ® det™2, (4.3)
AEPp,|A|=6(mod 2)

Case 2. m is even. In this case, 0 € Om is characterized by the restriction to
SO(m,C). In fact, we know

I 050(1n,(:) Do SO(m,C) u:l: — (“1, Moy, j-_—ll,m/z) (Ilfm/2 > O) Case 2-A
Olsom, =
(TI?O(m’C) n= (I"'I,N%' . ‘aMhO," ')0) Case 2-B

Case 2-A. In this case, we have m(), OSO('"’O) m(A, So(mq) = m(\,0) and we

have
(Z m(A, 1) “") Ro™ @ (Z m(A, p)7 GLn) R o500

A

GLn SOo(m,C SO(m,
= (Zm(/\ pt ) ( e (m )GBO'”_ (mc))
= (Z m(A, 1) CL") Xo.

A
Therefore, we get

L(o)|z = Z m(A, uH) T @ det™2. (4.4)
AEPM
Case 2-B. In this case, ¢ is determined by 0| S’O(nC) = o,go( ™9 and its determinant.
So we get
L(c®) & L(o")|z = Z m(A, )7 @ det™/?, (4.5)
AEPm

where of = (050™9. de t%).



4.3 Associated cycle and Bernstein degree of L(o)

The knowledge of K-type decomposition (4.3), (4.4), and (4.5), and the asymptotic for-
mula of the branching coefficient m(\, 1) by Sato (Theorem 4.2) enable us to calculate
Bernstein degree of L(o). ' ’

Theorem 4.4 Let m < n and take o € a(m) Then the associated cycle of L(o) is given
by '
AC (L(0)) = dimo - Op,.

As a consequence, Bernstein degree is given by,
Deg L(c) = dimo - deg O, = dim o - Deg L(1,,).
PROOF. We omit the proof. Details will appear in [20]. Q.E.D.

Even in the case m > n, if L(o) is non-trivial, we get some formula of Bernstein degree
of L(o) via stable branching coeflicients. '

For example, let us assume that m is odd. For o = (a5°™

9. det?), we get
Deg L(c) + Deg L(o ® det) = Z m([A], p)
(Mezg

Note that, since m > n, degO, = 1. If m > 2n, this formula coincides with dim 7,
(holomorphic discrete series case). However, for n < m < 2n, any exact formula does not
seem to be known.

If m is even, we can calculate similarly and get a similar summation formula using
stable branching coeflicients. Though, again, there is no closed formula.

Problem 4.5 For 2n > m > n, give an exact value of

Y. m(Aw).

N <n,[Nez3

5 Further results

In this article, we only consider the dual reductive pair Sp(2n,R) x O(m). However,
our arguments is applicable for the other dual pairs G; x G,, where G is non-compact
hermitian symmetric type, and G, is compact. Here we list up such irreducible pairs.

(D,t) G (G1,Gy)

®1) Sp(znm, R) (Sp(2n, K), O(m))

(C) Spenm,R) (U(p,q),U(m)) n=p+q
(M) Sp(2nm,R) (0*(2r),Sp(m)) n=2r



Also, some of our arguments will go for hermitian symmetric, non-compact simple group
of type E;. Details will appear elsewhere [20].
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