REBIER T AR YT LIS, 1997
pp.135-138

Characters of Affine Lie algebras and Kostka polynomials

Yasuhiko Yamada
Department of Mathematics, Kobe University

Reference. This talk is based on the following collaboration.

[1] G.Hatayama, A.N Kirillov, A Kuniba, M.Okado, T.Takagi and Y.Y, Character

Formulae of Uq(;ln)—modules and Inhomogeneous Paths, in preparation.

See also,
[2] A.Nakayashiki and Y.Y, Kostka polynomials and Energy functions in Solvable
lattice models, Selecta Mathematica (to appear).

[3] A.Nakayashiki and Y.Y, Crystallizing the spinon basis, Comm. Math. Phys.
178. 179-200 (1996).

1. THE BRANCHING FUNCTIONS FOR §/g AND THE KOSTKA POLYNOMIALS

Let g be a finite dimensional simple Lie algebra (/C). Here, we will consider
only the case g = sl 1. The affine Lie algebra g is the unique central extension of
the loop algebra of g

§=g®Clz,2 @ Cda Cc
where d = 2d/dz is the degree operator and c is the center.
g is a Kac-Moody Lie algebra defined by the Cartan matrix a = (a;;) as follows.

g={(e,hifi, 4=0,...,r =rankg) d, c| relations ),

where the relations are

[ 5] = 0, [ew, f5] = bizha,

(i, e5] = asjes,  [ha, f3] = —aii fy,
[d, h’l] = 07 [d, ei] = 0;0€4, [dv f'b] = "’bi()fi;

(ade;) ™%t le; =0, (i 7)

(adfi)=%5*1f; =0, (i #j)
The finite dimensional algebra g = { ¢;, h;, f;, (: =1,...,r) ) naturally embedded
in g is called the classical part.

‘A vector A = D" LA; € ®]_(CA, is called dominant integrable if I, € Z>o. The
integrable representation V(A) of g with highest weight A is defined as

V(A) =U(g),
where v is an element such that
ev=0, hv=M\v, (fi)li'Hv = 0.

V(A) is irreducible g-module. We are interested in the decomposition of V(A) as g-
module. Such a decomposition can be expressed by the branching coefficient 44 (q)
defined by

Tryay(g %2 - 207) = b (g)cha(z1, ..., ).
A
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Where chy(z) is the character of the finite dimensional highest weight g-module
with classical highest weight A = Y_;_; LA

Let A = (A1, ..., \,) be a partition. We identify it with the dominant integrable
weight A = E?‘:’f LA; of sk, by i = diy1 =1 (1 i <n—1). The Hall-Littlewood
symmetric polynomial Py(z1,... ,2n;q) is defined by

1 Z A A x H 2i — 925

. . A2 ) J

PA(Zlv“'>Znyq)=v w 21122 ,,,2nn Zi — 2 P
)\wEGn 1<i<j<n 7* J

where ¢ € C is a parameter, vy = [m]lfmg]l--- for A = (1™2m2...), [n]! =
[n][n —1]---[2)[1] and [n] = (1 —¢™)/(1 — q). ma(z) = Pa(ziqg = 1) is the mono-
mial symmetric function and Sy(z) = Px(z; ¢ = 0) is the Schur function (i.e. the
character of irreducible gl,-module).

For two partitions A and y, the Kostka polynomial K ,(q) is defined as follows

SA(Z) = ZKA,y(Q)Pu(Z§ Q)-

If |\ = ;A # lul, Kau(g) = 0. The following combinatorial formula is due
to Lascoux-Schiitzenberger, K .(q) = > r ¢“T)| where sum is taken over all the
semi-standard tableau of shape A and weight u, ¢(T') € Z>¢ is the charge.

Theorem. Let & € Zso and A = (A1,...,An) = Soioq (A — Aig1)A; be a parti-
tion. Then the si,, /s, branching function b';A"(q) is given as a limit of the Kostka
polynomials as

. _1 I

where AM) = (L + Aq,..., L+ Xy), L = kN — |Al/n and ™) = (k*V). This
Theorem was conjectured by A.N.Kirillov and proved in [2]. We have some formulas
for more general partitions [1].

Example. ;[;/5[3, level k = 2.
1) Branching function for A =0,
bEM0(q) = 1+ ¢% + 2¢° + 4¢* + 6¢° + 14¢° + 204" + 39¢° + ...,
Kostka polynomials,
Kaam,2) (@)= 1+ +" +2¢" + " +3¢° +q" +2¢° +2¢° + ¢'" + ¢"%),

q
Ks.6.6),(22)(q) = 31+ +2¢° +3¢* +4¢° +9¢° + ...),
Kgas@2)(@) = ¢ (1+¢*+2¢° +4¢" +5¢° +12¢° +...).

Kostka numbers are 16, 876 and 70279.



2. THE FERMIONIC FORMULA FOR KOSTKA POLYNOMIALS AND THE SPINON
CHARACTER FORMULAS

The following formula for the Kostka polynomial (the fermionic formula) is due
to Kirillov and Reshetikhin

Theorem. For partitions A = (Ay,... , A\, > 0) and p = (p1,...,pr > 0) satisfy-
ing |A| = ||, we have

Kante) = 2 a" [T 1]

n-l oo [p§a)+m<a>}

(a)
a=1j=1 j
where the sum extends over mg.a) € Zso, (7=12,...,a=1,2,...,n—1) such
that
o0 n
Soim@= 3" N, (a=12...,m-1),
j=1 i=a+1
. s NNCIRE ol < (@), )
C(m) =n(p) - szm(ﬂi;])”L +3 Z min(j, k)Copmy;'my, 7,
=1 j=1 a,b=1j.k=1
L n-1 oo
) = dal Zmin(j, i) — Z min(y, k abmgc ),
i=1 b=1 k=1

n(p) =30 = pi(pi — 1)/2, Cyp is the Cartan matrix of sl, and

[m—m} _[p+m]!

m ] [plm

is the Gaussian polynomial (g-binomial coefficient). There exist similar formula for

2y Kol g) 1}

By changmg the summation variables, one can rewrite this formula to more
convenient form to obtain small g-power terms. To make the idea clear, let us
consider the case sly, A = (IN,IN) and p = (I?"). (See [1] for more general
statement.) In this simple case, we have

K .(q) = z E(m) H [p] + mj}

me=0 j=1
where
o0 o0
C(m)=IN@2N - 1)+ Y min(j, k)mjmi — 2N Y min(j, ym,
jk=1 j=1
oo
p; = 2N min(j,1) — 2 Zmin(j, k)yme,
k=1
and the sum extends over nonnegative integers my, my, ... such that
o0
> gm;=IN
j=1
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Now put
(m1, ma,... ,772[_1) = (771[_1, e ,ﬁll),
(m!+17 my42, .. ) = (mltlr,nZ> s )a
my =N =322 My =351 ™y,

and

(p1,P2s - »P1—1) = Bi—-1,--- ,P1),

(Pl+1,Pl+2,~ . ) = (}3171/)\27 .- -)>
prr = 2M,

Then we have
!

o0
C(m) = IN(N=1)+ Y min(j, k)sie + Y min(j, k)mjmk
= IN(N - 1)+ C(@) + C(m),
and
By =2M — 2%, min(j, k), (1<j<i-1)
p; =2M - 2% _ min(j, k)ime, (1 <j)
pr=2M=2%._, ji;,

Hence, we have
-1 r= b oo ~
B B 5 m p;+m; my+ 2M -~ p;+m;
¢ NI W = D™ ] [ 7, } { o | (2T s
M \ ™ j=1 I - j=1 J

where the sum extends over nonnegative integers /m;, m;, M such that

l o0
Zj'ﬁ’lj = Z]'ﬁb] = M,
Jj=1 j=1

since
(] oo !

S gmy—IN =3 gy =3 jin; =0.

j=1 i=1 i=1
By taking the limit N — oo, we have

00 !
m,:N—E 7%-—5 m; — 00,

hence

K(gM)y(le)(q).

- 1
bll\o q) = K(’) q)__
0 ( ) A;;:O (2M)7(12M)( ’(CI)2M

Here K il,)p(Q) is a level [ restricted version of K ,(g). This formula is the spinon
character formula [1]{3].
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