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1. THE BRANCHING FUNCTIONS FOR $\wedge g/g$ AND THE KOSTKA POLYNOMIALS

Let $g$ be a finite dimensional simple Lie algebra $(/\mathbb{C})$ . Here, we will consider
only the case $g=\epsilon \mathfrak{l}_{r+1}$ . The affine Lie algebra $\wedge g$ is the unique central extension of
the loop algebra of $g$

$\wedge g=g\otimes \mathbb{C}[z, z^{-1}]\oplus \mathbb{C}d\oplus \mathbb{C}c$.

where $d=zd/dz$ is the degree operator and $c$ is the center.
$\wedge g$ is a Kac-Moody Lie algebra defined by the Cartan $m$atrix $a=(a_{ij})$ as follows.

$\wedge g=\langle$
$e_{i},$

$h_{i},$ $f_{\iota},$ $(\dot{i}=0,$
$\ldots,$

$r=rank\mathfrak{g})d,$ $c|$ relations $\rangle$ ,

where the relations are
$[h_{i}, h_{j}]=0$ , $[e_{i}, f_{j}]=\delta_{ij}h_{\tau}$ ,

$[h_{i}, e_{j},]=a_{ij}e_{j)}$ $[/x_{i}, f_{j}]=-a_{ij}f_{j}$ ,
$[d, h_{i}]=0$ , $[d, e_{i}]=\delta_{i0e_{i}}$ , $[d, f_{t}]=-\delta_{i0}f_{i}$ ,

$(ade_{\tau})^{-a_{ij}+1}e_{j}=0$ , $(i\neq j)$

$(adf_{i})^{-a_{ij}+1}f_{j}=0$ , $(?,\cdot\neq j)$

The finite dimensional algebra $g=\langle e_{i}, h_{i}, f_{i}., (i=1, \ldots, r)\rangle$ naturally embedded
in $\wedge g$ is called the classical part.

A vector $\Lambda=\sum l_{i}\Lambda_{i},\in\oplus_{i=0}^{r}\mathbb{C}\Lambda_{i}$ is called dominant integrable if $l_{i}\in \mathbb{Z}_{\geq 0}$ . The
integrable representation $V(\Lambda)$ of $\wedge g$ with highest weight A is defined as

$V(\Lambda)=U(_{9}^{\wedge})v$ ,

where $v$ is an elelnent such that

$e_{i}v=0$ , $h_{i}v=\lambda_{i}v$ , $(f_{i})^{l_{t}+1}v=0$ .

$V(\Lambda)$ is irreducible $\wedge g$-module. We are interested in the decolnposition of $V(\Lambda)$ as $\mathfrak{g}-$

module. Such a decomposition can be expressed by the branching coefficient $b_{\lambda}^{\Lambda}(q)$

defined by

$R_{V(\Lambda)}(q^{-d}z_{1}^{h_{1}}\cdots z_{r}^{h_{r}})=\sum_{\lambda}b_{\lambda}^{\Lambda}(q)ch_{\lambda}(z_{1}, \ldots, z_{r}. )$
.
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Where $ch_{\lambda}(z)$ is the character of the finite dimensional highest weight g-module
with classical highest weight $\lambda=\sum_{i=1}^{r}l_{i}\Lambda_{i}$ .

Let $\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ be a partition. We identify it with the dominant integrable

weight $\lambda=\sum_{i=1}^{\mathfrak{n}-1}l_{i}\Lambda_{i}$ of $\epsilon 1_{n}$ by $\lambda_{i}-\lambda_{i+1}=l_{i}(1\leq i\leq n-1)$ . The Hall-Littlewood
symmetric polynomial $P_{\lambda}(z_{1}, \ldots, z_{n} ; q)$ is defined by

$P_{\lambda}(z_{1}, \ldots, z_{n)}. q)=\frac{1}{v_{\lambda}}\sum_{w\in \mathfrak{S}_{n}}w(z_{1}^{\lambda_{1}}z_{2^{\sim}}^{\lambda 0}\cdots z_{r\iota}^{\lambda_{n}}\prod_{1\leq i<j\leq n}\frac{z_{i}-qz_{j}}{z_{i}-z_{j}})$ ,

where $q\in \mathbb{C}$ is a parameter, $v_{\lambda}=[m_{1}]![m_{2}]!\cdots$ for $\lambda=(1^{m_{1}}2^{m_{2}}\ldots),$ $[n]!=$

$[n][n-1]\cdots[2][1]$ and $[n]=(1-q^{n})/(1-q)$ . $m_{\lambda}(z)=P_{\lambda}(z;q=1)$ is the $mone\succ$

lnial $sy_{1nmetric}$ function and $S_{\lambda}(z)=P_{\lambda}(z;q=0)$ is the Schur function (i.e. the
character of irreducible $\mathfrak{g}\mathfrak{l}_{n}$-module).

For two partitions $\lambda$ and $\mu$ , the Kostka polynomial $K_{\lambda,\mu}(q)$ is defined as follows

$S_{\lambda}(z)= \sum_{\mu}K_{\lambda,\mu}(q)P_{\mu}(z:q)$
.

If $| \lambda|=\sum_{\dot{t}}\lambda_{\dot{\uparrow}}\neq|\mu|,$ $K_{\lambda.\mu}(q)=0$ . The following combinatorial formula is due
to Lascoux-Sch\"utzenberger, $K_{\lambda,\mu}(q)= \sum_{T}q^{c(T)}$ , where sum is taken over all the
semi-standard tableau of shape $\lambda$ and weight $\mu,$

$c(T)\in \mathbb{Z}_{\geq 0}$ is the charge.

Theorem. Let $k\in \mathbb{Z}_{\geq 0}$ and $\lambda=(\lambda_{1}, \ldots, \lambda_{n})=\sum_{i=1}^{n-1}(\lambda_{i} - \lambda_{i+1})\Lambda_{i}$ be a parti-

tion. Then the $5^{\wedge}l_{n}/sl_{n}$ branching function $b_{\lambda}^{k\Lambda_{0}}(q)$ is given as a limit of the Kostka
polynomials as

$b_{\lambda}^{k\Lambda_{0}}(q)= \lim_{Narrow\infty}q^{-_{5}^{1}knN(N-1)}K_{\lambda^{(N\rangle},\mu^{(N)}}(q)$ ,

where $\lambda^{(N)}=(L+\lambda_{1}, \ldots, L+\lambda_{n}),$ $L=kN-|\lambda|/n$ and $\mu^{(N)}=(k^{nN})$ . This
Theorem was conjectured by $A.N$ .Kirillov and proved in [2]. We have some forlnulas
for lnore general partitions [1].

Example. $\overline{5\downarrow 3}/B\downarrow 3$ , level $k=2$ .

1) Branching function for $\lambda=0$ ,

$b_{0}^{2\Lambda_{0}}(q)=1+q^{2}+2q^{3}+4q^{4}+6q^{5}+14q^{6}+20q^{7}+39q^{8}+\ldots$ ,

Kostka polynomials,

$K_{(4.4,4).(2^{6})}(q)=$ $q^{6}(1+q^{2}+q^{3}+2q^{4}+q^{5}+3q^{6}+q^{7}+2q^{8}+2q^{9}+q^{10}+q^{12})$ ,

$K_{(6.6.6)(2^{9})}(q)=$ $q^{18}(1+q^{2}+2q^{3}+3q^{4}+4q^{5}+9q^{6}+\ldots)$ ,
$K_{(8.8.8).(2^{12})}(q)=$ $q^{36}(1+q^{2}+2q^{3}+4q^{4}+5q^{5}+12q^{6}+\ldots)$ .

Kostka numbers are 16, 876 and 70279.
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2. THE FERMIONIC FORMULA FOR KOSTKA POLYNOMIALS AND THE SPINON
CHARACTER FORMULAS

The following formula for the Kostka polynolnial (the fermionic formula) is due
to Kirillov and Reshetikhin

Theorem. For partitions $\lambda=(\lambda_{1}, \ldots, \lambda_{n}\geq 0)$ and $\mu=(\mu_{1}, \ldots, \mu_{L}>0)$ satisfy-
ing $|\lambda|=|\mu|$ , we have

$K_{\lambda,\mu}(q)= \sum_{m}q^{\overline{C}(m)}\prod_{a=1}^{n-1}\prod_{j=1}^{\infty}$ ,

where the sum extends over $m_{j}^{(a)},\in \mathbb{Z}_{\geq 0},$ $(j=1,2, \ldots, a=1,2, \ldots, n-1)$ such
that

$\sum_{j=1}^{\infty}j7n_{j}^{(a)}=\sum_{i=a+1}^{n}\lambda_{i}$ , $(a=1,2, \ldots, n-1)$ ,

$\overline{C}(m)=n(\mu)-\sum_{i=1}^{L}\sum_{j=1}^{\infty}\min(\mu_{i}, j)m_{j}^{(1)}+\frac{1}{2}\sum_{o.b=1}^{n-1}\sum_{j.k=1}^{\infty}rnin(j’, k)C_{ab}m_{j}^{(a)}m_{k}^{(b)}$ ,

$p_{j}^{(a)}= \delta_{o1}\sum_{i=1}^{L}1nin(j, \mu_{?}.)-\sum_{b=1}^{n-1}\sum_{k=1}^{\infty}1ni11(j, k)C_{ab}m_{k}^{(b)}$,

$n( \mu)=\sum_{i=1}^{\mu_{1}}=\mu_{i}’(\mu_{i}’-1)/2,$ $C_{ab}$ is the Cartan matrix of $Bl_{n}$ and

$= \frac{[p+m]!}{[p]![m]!}$ ,

is the Gaussian polynomial ( $q$-binomial coefficient). There exist similar formula for
$\sum_{r’}K_{\eta,\mu}(1)K_{\eta’,\lambda}(q)[1]$ .

By changing the $sulnlnation$ variables, one can rewrite this formula to more
convenient form to obtain small $q$-power terlns. To make the idea clear, let us
consider the case $Bl_{2},$ $\lambda=(lN, lN)$ and $\mu=(l^{2N})$ . (See [1] for more general
statement.) In this simple cas $e$ , we have

$K_{\lambda.\mu}(q)= \sum_{m_{i}=0}^{\infty}q^{\overline{C}(\tau r\iota)}\prod_{j=1}^{\infty}$ ,

where

$\overline{C}(m)=lN(2N-1)+\sum_{j,k=1}^{\infty}n\dot{u}n(j, k)m_{j}m_{k}-2N,\sum_{j=1}^{\infty}\min(j, l)m_{j}$ ,

$p_{j}=‘ 2N\min(j, l)-2\sum_{k=l}^{\infty}nlin(j, k)m_{k}$,

and the $su\ln$ extends over nolmegative integers $m_{1},$ $m_{2}.,$ $\ldots$ such that

$\sum_{j=1}^{\infty}jm_{j}=lN$.
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Now put
$(m_{1}, m_{2}, \ldots, m_{l-1})=(\tilde{m}_{l-1}, \ldots, r\tilde{n}_{1})$ ,

$(m_{l+1}, m_{l+2}, \ldots)=(\hat{m}_{1}.\cdot\hat{m}_{2}, \ldots)$ ,
$m_{l}=N- \sum_{j=1}^{\infty}’\hat{m}_{j}-\sum_{j=1}’\overline{m}_{j}$ ,

and
$(p_{1}, p_{2}, \ldots,p_{l-1})=(\tilde{p}_{l-1}, \ldots,\tilde{p}_{1})$ ,

$(p_{1+1},p_{t+2}, \ldots)=(\hat{p}_{1},p_{2}, \ldots)\wedge$ ,
$p\iota=2M$ ,

Then we have

$\overline{C}(m)$ $=$ $lN(N-1)+ \sum_{j,k=1}^{\infty}\min(j, k)\hat{m}_{j}\hat{m}_{k}+\sum_{j.k=1}^{l}\min(j, k)\tilde{m}j\tilde{m}k$

$=$ $lN(N-1)+\hat{C}(\hat{m})+\tilde{C}(\overline{m})$ ,

and
$\tilde{p}_{j\prime}=2M-2\sum_{k=1}’\min(j, k)\tilde{m}_{k}$, $(1 \leq j\leq l-1)$

$p_{j} \wedge=2M-2\sum_{k=1}^{l}\min(j, k)\hat{m}_{k}$ , $(1 \leq j)$

$p \iota=2M=2\sum_{j=1}^{l}j\tilde{m}_{j}$ ,

Hence, we have

$q^{-lN(N-1)}K_{\lambda,\mu}(q)= \sum_{M}(\sum_{\overline{m}}q^{\overline{C}(m)}\prod_{j=1}^{l-1})(\wedge\sum_{m}q^{C(m)}\prod_{j=1}^{\infty}\wedge)$

where the sum extends over nonnegative integers }$\tilde{n}_{j},\hat{m}_{j},$ $M$ such that

$\sum_{j=1}^{\iota}j7\tilde{n}_{j}=\sum_{j=1}^{\infty}j\hat{m}_{j}=M$ ,

since

$\sum_{j=1}^{\infty}jm_{J}-iN=\sum_{j=1}^{\infty}j^{r}\hat{m}_{j}-\sum_{j=1}^{l}j\tilde{m}_{j}=0$ .

By taking the limit $Narrow\infty$ , we have

$m_{l}=N- \sum_{j=1}^{\infty}\hat{m}_{j}-\sum_{j=1}^{l}\tilde{m}_{j}arrow\infty$,

hence

$b_{0}^{l\Lambda_{0}}(q)= \sum_{M=0}^{\infty}K_{(2^{M}),(1^{2M})\prime}^{(\prime)}.(q1\frac{1}{(q)_{2M}}K_{(2^{M}),(1^{2M})}(q)$.

Here $K_{\lambda,\mu}^{(l)}(q)$ is a level $l$ restricted version of $K_{\lambda,\mu}(q)$ . This formula is the spinon
character forlnula $[1][3]$ .
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