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On Some Degenerate Principal Series of SO(p, 2)

Takashi FUJIMURA,University of Tokyo

In [1], Howe and Tan considered some degenerate principal series of O(p, q),
U(p, q) and Sp(p, q) in two steps: first decompose them into K-types, then write
down the actions of the noncompact part. Now the reducibility and the unita-
rizability of the irreducible constituents are deduced. Using the same method,
we can do something similar with another kind of parabolic subgroup for the
SO(p, 2) case(p > 4).

1 Construction of the representation
Let G = SO(p,2), K = S(O(p) x O(2))(maximal compact subgroup) and g =

t + p the corresponding Cartan decomposition of the complexified Lie algebra.
G acts from left on RP*2 @ RP*2? (standard representation), and we define:

10
ne (o)

I
v = (Op_zg,z)ERp+2€BRp+2,
I
X = G’Uo,
{ X
S = peGIHX::X(p)(—:GL(Z,R) s.t. pvoz(O)}.
X

S is a parabolic subgroup of G. For any complex number ¢, we define a
character x. of S:

Xc(p) = |det X(p)|° (Vp € 5).
We study the Harish-Chandra module of:

5°(X) = {F € C*(X) | F(gpvo) = xc(p)F(9v0) (Vg €G,Vp€ S)}.

This is a G-module by left translation. We can interpret this as a (generalized)
principal series representation such as follows. In the Langlands decomposition
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S = MAN, we can take as A:

A=<Sa=expH(h) | Hh) = , h € R, zeros elsewhere » ,

h

which is one dimensional. For any complex number ¢, we define a linear func-
tional v, on the Lie algebra of A:

ve(H(h)) =ch (Vh € R).
Then, since
xc(man) = exp(2ch) (Vm € M,Va =exp H(h) € A,Vn € N),

we get
S¢(X) = Ind$; sn(1m @ expry @ 1y).

Here we take 2c = —(c' + p — 1) and 1,4, 15 denote the trivial representations.
The induction on the right hand side is shifted to preserve unitarity.

2 Stiefel harmonics theory

In Howe-Tan’s case[l], the module is identified with a space of functions on
SO(p)/SO(p—1) ~ SP~1, and the theory of spherical harmonics is used for fur-
ther analysis. In our case we have instead SO(p)/SO(p — 2), a Stiefel manifold.
But we have at hand the Stiefel version of harmonics theory by Ton-That[2] and
Gelbart[3]. We quote the results on SO(p,C)/SO(p - 2,C).

Theorem 1 We identify X, = SO(p,C) ( 0 L with SO(p,C)/SO(p —
r—2,

2,C). The space of functions on X, is an SO(p, C) module by left translation.
We denote by P the space of polynomials on CP @ CP, with coordinates z;, y;(1 <
1t <p). Then,

(a) The space of SO(p,C)-finite vectors in C=(X,)is

A(X,) = {restriction to X, of a polynomial € P}.
() A(X,) = H by restriction. Here,
H={heP|A,2zh=0A8,h=0,A,,h=0},

= & " &
A =2 57 A’”:Z oy’ z;amay,‘

i=1




(¢c) If we denote by J the space of SO(p,C) invariant polynomials, then
P=JQH.

(d) J is generated by &;2,&,2,8&zy. Here,

p 14 p
_ 2 _ 2 —
Er2 = § :mi’ §y2 = E :yi? favy = _S_ TiYi-
=1 i=1 i=1

(e). H has also a GL(2,C) action by right translation. Then, for p > 4, we have
the decomposition into irreducibles as SO(p, C) x GL(2, C) modules(multiciplity

free):
H= @ Hy 1)

L, LbeZ
i >210,>0

~ L P 2
H(l],lg) - 0(11,12,0,...,0) ® p(ll ;12)’

where 061,12.0,....0) is the irreducible representation of SO(p, C) of highest weight
[p/2]

e N

(l1,12,0,...,0) and p%l],lz) is the irreducible representation of GL(2,C) of highest

weight (I1,12).

3 K-types and p-action

Now we turn to the study of S¢(X). Using the "compact picture” of the induced
representation and by complexifying, we get

S9X) = C=(Xp)
as SO(p,C) x SO(2,C)-modules. The action on the right hand side is given by
((k1,k2) h) (z) = (ki zks)

(V(k1,ks) € SO(p,C) x SO(2,C), Vh € C=(X,)).
So, the Harish-Chandra module is

H @ Hla)-

i )12

Once we fix a Cartan subgroup of GL(2,C), we have the weight space de-

composition:
l1—1a

%(11,12) = GB H(h,lz),m
=0

where H, 1,),m has weight(l; —m, I +m) for the Cartan subgroup of GL(2,C).
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Twisting the SO(2, C)-action by Cayley transform, we conclude that

¢
SX) K- finite ¢ @ H(ty 13),m

= 4L,lm

is the irreducible decomposition as SO(p) x SO(2)-modules. We call H, 1,),m
as a "K-type”. (To be more precise, a ”"K-type” should be an irreducible
S(O(p) x O(2))-module, so we really have to consider pairs of H, 1,),m- But
since this does not affect the results, we will ignore it.)

To understand the (g, K)-module structure of S¢(X), we have to compute
the p-action to find out which of the "K-types” are matched together. This is
the next key proposition.

Proposition 2 For (s1,s2,s3) € {£(1,0,0),%(1,0,1),+(0,1,-1),£(0,1,0)},
there exist linear maps

51,82,53
T(l; I2),m * 1 p® H(lx,lz)»m - H(11+81,12+82),m+83

satisfying the followings:
e They do not depend on c.
o They are not zero maps(when the target space is not zero).

o ForVX € p,Yh € Hu, 1,),m

X(®(h)) = (c—h)

( (I1,l2),m (ll)m
+o(emh+1)  (BTLAX @R) + RTOL (X @h)

(T (X @h)) + ST (X @ h) )

(I, l2),m (I l2)ym

TS TD(X ®h) + (T 50 (X ® h)))

+ (C+l1+p"2) (1112

+ (c+l+p-3) (@(T(‘,‘i X ®h) + (T (X ®h)) )

4 Irreducible Constituents

The previous proposition gives us a criterion of reducibility, in the sense that
we can move from one ” K-type” to another by the action of an element of p if
and only if the corresponding coefficient is non zero.

We can easily deduce the following lemma.

Lemma 3 If an irreducible constituent of S¢(X) contains H, 1,),m, for some
lh, I and mo, then it contains all of H(, 1) = B2 Hity 1a)m-

So, we can forget the parameter m.



The formula in the proposition is rewritten as:

X(®(h) = ATy, 1L)8hEY°) + A0, L) (hy
+A% (1, 1) ®(ASH) + A% (I, L) @ (RS)

with

AT, ) =c-1l, A°L,L)=c+li+p-2,
A (L) =c—l+1, A (,lh)=c+lb+p-3,

h}o 6 H([1+1,12)7 h;(o E H([1~1,l2)’
RS € Hiniorr), By € Hayto-1)-
We identify #;,,) with the point (l;,l;) in a plane. Thus, the K-types
are represented by integral points in the cone Iy > [; > 0.

s 4

.
" o o o
e o o s o
® o o o o o

>

L

The four lines A*%(l},l;) = 0 and A°*(l;,l,) = O are "potential barriers”
which are obstructions to the transitions.

[ la lzw Iy 4

c+1

[ ) :: L] :: ’lLuu?.Uu ~P+3 e ® o o
A I SN AR DI
At O a0 g =g O =g

If a barrier meets an integral point, it prevents the K-types in the integral
point from crossing the barrier in one direction, yielding a submodule and a

quotient module.
All that remains is to determine the positions of the barriers according to

the value of c.

Theorem 4 The decomposition of the Harish-Chandra module of S¢(X) is
(0) ¢ ¢ Z: The barriers never cross the K-types, so it is irreducible.
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From now on, assume ¢ € Z.
(1)c < —p+1: 1 finite dimensional quotient, 1 subquotient, 1 submodule.

I 4
=d
*
= sub.
—e St
-p+3
Pt e oo o

ot =>s'u5q1:ot'.
L] L ] L] L]

=d -
—-c

-rt+2 ll
(2)c = —p+2: 1 quotient, 1 submodule.
l>

T T 1T

0 .ll

(8)-p + 3 < ¢ < —2: irreducible.

(4)c = —1: 1 submodule, 1 quotient.

2
* Wd. L]
0 ﬂ’th
[ R Ull
(5)c > 0: 1 finite dimensional submodule, 1 subquotient, 1 quotient.
PR
< L]
<= Q404
TR YA
7 iukaiol
=
c

5 Unitarizability

We discuss the unitarizability of the irreducible constituents.
On each K-type, K-invariant hermitian inner products are unique up to some
constants. So, if we fix a standard one on each, a given K-invariant hermitian
_ inner product is determined by the set of constants

{c(ty12)m |[H (1,12),mis contained in the constituent} .
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The condition that the inner product is G-invariant gives us some con-
straints. By the fact that the normalized induction preserves unitarity, the
terms involving the standard inner products cancel, leaving some recursive rela-
tions between the ¢(, 1,),m’s. It follows that ¢, 1,),m is independent of m, and
we can once more forget about m. We will write c(, ;,) instead of ¢, 1,),m-

Now the recursive relations become

ATl ) ey 4100) + A0, la) ey —10,) =0
A% (L, ) e, 1) + A0 (1, 2)ey i-1) =0

with bar denoting complex conjugation. So, once we fix one of the ¢, 1,)’s, the
rest is determined automatically.

The condition that the inner product is positive definite is that all the
C(1,,12)’S are positive real numbers. This is equivalent to ¢ € R or ¢’ € iR
(recall ¢ = —2c — p+ 1, the parameter for the normalized induction). The case
¢’ € iR is unitary induction(”unitary axis”). The case ¢’ € R needs case-by-case
checking according to the value of ¢'(or c).

Here is the result.(The numbers in parentheses correspond to the previous

theorem.)

Theorem 5 The Harish-Chandra module of S¢(X) is irreducible and unitary
if and only if ¢ = —2c — p+ 1 € iR (unitary azis) or (0),(3)—p+2<c< -1.
When it is reducible(i.e.c € Z),
(1)c < —p : 1 non-unitary finite dimensional quotient, 1 non-unitary sub-
quotient, 1 unitary submodule.

i 4
/Atb.
- 1 Tt

[

=>

}

’p+3 4 e & o
0 2N
= >
—;iz ll
(1bis)c = —p + 1 : 1 unitary 1-dimensional quotient, 1 non-unitary subquo-
tient, 1 unitary submodule.
i 4
=N
=
i
=
unit. quot. ]L: -
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(2)c = —p+2: 1 unitary quotient, 1 unitary submodule.

(4)c = —1: 1 unitary submodule, 1 unitary quotient.
l;

0, T T e 3 o

L

(5)c > 1: 1 non-unitary finite dimensional submodule, 1 non-unitary sub-
quotient, 1 unitary quotient.
I

c+1

(5bis)c = 0 : 1 unitary 1-dimensional submodule, 1 non-unitary subquotient,
1 unitary quotient.

<+
<«
&
<~
=
<=

unit.sub.g

i
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