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CONSTANT TERMS OF SPHERICAL FUNCTIONS

SHIGERU SANO
Polytechnic University

Let G/H be a reductive symmetric space of H-C class with involutive automor-
phism 0. Let 7 be a representation of K on V. A continuous function f : G/H -V
is called 7-spherical if

flkz) = 1(k)f(z) (ke K,z € G/H).

Let C*°(G/H, ) be the space of all T-spherical functions in C*(G/H, V).
Let £ : G/H — R be defined by

§(gH) = [|logal| (9 = kah € KAH)

Definition 1. We define = on G by
Z(g) = / e—P(Algk) g
K

It will be used to characterize the exponential growth order as asymptotic be-
haviers. :

Lemma 1. The function E is analytic and satisfies the following properties:

(1)
0<E(9)=E(g™H <1 (9€G).

(2) Let L be a compact subset of G. Then there is a constant C
E(yzy2) < C E(z) (z€G,y1,2€ L)
We extend the function = on symmetric spaces as follows.
Definition 2. We put
O(z) = (E(zo(z) ™))"/ (z € G/H).

© will be used to characterize the Schwartz space on G/H.
We define a norm on G/H

llzlle = llzo(z) 7|2
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For real r, we denote by C,.(G/H) the space of continuous functions f : G/H — R
whose value
Wfllr = sup |lz||77|f(2)]
z€G/H

are finite.

Let P = LpNp be a parabolic subgroup of G satisfying its Levi part Lp =
Mp Ap is o-stable. Put dp(g) = | det(go(g)~lne|/* (9 € Lp/Hp). Let ap be the
Lie algebra of Ap. Put af = {X € ap: a(X) > 0,Ya € £(P)} and A} = expa}.
For given an ideal I of codimention finite of algebra D(G/H), we define

CP(G/H)={feC®:Df =0, YD € I}.
For any r € R, we set £75.(G/H) = C¥(G/H) N C-(G/H).

Proposition 2. For any ideal I of codimention finite of D(G/H) and ¢ € X (P, 1),
there eriste an integer d¢ such that:

(1) For real v and any f € £5.(G/H), there is a function on G : z — p¢(f,z)
into the space Py, (ap) of polynomial functions on ap of degree < d¢ and such that
we have the following asymptotic behavier

feeptX)~ Y pclf,,exptX)el)
CeX(PI)

for every X € at when t— co.

(2) For any r € R, there is a real number s > r such that f — pc(f) is a
continuous linear map from E75. into C3° ® Py (ap), egivariant for the left actions
of G on &F. and C7°.

We denote by A(G/H, ) the space of all f € C®°(G/H, ) satisfying the condi-
tions: For VD € U(g), 3C >0 and 3d e N

|UD)f)(@)] < CL+E@)e(z)  (Yz € G/H).

For an ideal I of finite codimention of D(G/H), define a closed subspace of A(G/H,T),}
Al(G/H,7)={f € A(G/H,7): Df =0,YD € I}.
Theorem 3. Let I be an ideal of finite codimention of D(G/H). The ideal Ip of

D(Lp/Hp) generated by pup(I) is of finite codimention in D(Lp/Hp). For given
f € A1(G/H,T), there ezists a unique element fp € Ar.(Lp/Hp,T|m) such that

ali}x}lo{dp(ma)f(ma) — fp(ma)} =0 (ma € Lp/Hp)
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