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The Romanian mathematician. Dimitru Pompeiu in [5] posed the probably most famous long standing
open problem of Integral Geometry, the so called Pompeiu problem. In MathSci Disc (the CD-ROM
version of the Mathematical Reviews) one can find from 1940 to 12/1994 about 307 item containing the
name “Pompeiu”. Because he did not invent any other $sig_{11ificant}$ problem, we can be sure $tllat$ all the items
what we found are references to partial results on the Pompeiu problem. A more sophisticated search can
produce about 500 item in close connection with it. This is an extraordillary number for a $\sin_{o}\sigma 1e$ problem.
Sometilnes whole branches of Mathematics does not have more than 200 papers. The reason of tllis richness
is $tllat$ the problem has connection witll many different areas of nlathelnatics. For $exan\iota ple$ ill llarnlonic
analysis, overdetermined Neumann problems. Lie group representatioll theory and even it has connections
with combinatorics, as I showed in [4].

It is impossible to refer even for the most $si_{\Leftrightarrow}\sigma nificant$ results and lllethods in connection with the Pompeiu
problem. The results altd methods mentioned in this note naturally cannot be regarded as a sllort survey.
It strongly mirrors my personal taste and present knowledge. (The situation changes in almost every week.)

First we state the $p_{1}\cdot oblen1$ explicitly, in its nlost popular form. Let $f$ be a continuous function and let $\Omega$

be a bounded open $don\iota ain$ with connected Lipschitzian boundary in the $ddinlensional$ real vector space $R^{d}$

having tlle property that the $itlte_{o}\sigma ra1$ of $t1_{1}e$ function $f$ is zero on every congruent copy of the domain $\Omega$ . If
$f$ must be zero, then we say tllat the domain $\Omega 1las$ tlle Pompeiu property.

The only known bounded open domains which fails to have the Pompeiu property are the balls. The
$1011_{t}^{\sigma}$, standing colljecture of $Ralei_{6}^{\sigma}h$ , Pompeiu and Schiffer that there are no other $\Omega s$ failing tlle Pompeiu
property.

$O11$ tlle other halld, assume that $\Omega$ is the unit ball with radius 1 and $J_{d/2-1}(\lambda)=0$ for a $\lambda>0,$ wllere
$.I_{\nu}$ is the Bessel function with parameter $\nu$ . lf $\omega\in S^{d-1}$ , the $inte_{\epsilon}\sigma,ra1$ of the function $\cos\lambda\langle\omega_{\backslash }x\rangle$ . where $S^{d-1}$

is the unit sphere and $\langle$ .
$)$

. $\rangle$ is the standard inner product, vanish on every ball with radius 1.

Conjecture 1 (Schiffer) Let $\Omega\subseteq R^{d}$ b $e$ an open domain with the prevnous assumptions such that the
overdetermined Neumann problem $\Delta u+\lambda n=0$ in $\Omega,$ $u|\partial\Omega=const.,$ $\partial u/\partial\nu|_{\partial\Omega}=0$ has an eigenvalue $\lambda>0_{f}$

.

then $\Omega$ must be a disk.

The following equivalent form states:

Conjecture 2 If the $nu‘ ll$ variety (that is the zero set of the Fourier transform of the charactenstic function)
of $\Omega$ contains a sphere then $\Omega$ must be a ball.

The previous two conjectures are known to be equivalent to the Polnpeitl problem. Investigating the
equivalent forms is ilnportant, because it $bro_{c}\backslash de11.S$ the range of the possible devices to attack tlle problem.

The asymptotic behavior of the null variety of strictly convex sets wa.s investigated by Toshiyuki Kobayashi
in [6]. He shows that from the asymptotic behavior of the null variety of strictly convex sets one can re-
construct tlle set itself (up to $tl\cdot anslatioll$ ). In higher dimensions from the null variety $11e$ deduces the with
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function and the ratio of the Gaussian curvatures of the antipodal points (having parallel support planes)
on the boundary. It is a long standing conjecture in convex geometry due to Bonnensen and Fenchel that
this data determines the convex domain up to parallel displacements.

He also investigate the perturbation of $\Omega$ in [7]. He shows that in an sophisticated metric if a domain $\Omega$

having the Pompeiu problem is close to the unit ball then it must be a ball. The proof and even the exact

statement is very sophisticated, so we do not state the latter explicitly.
Interesting result of Brown and Kahane [8], which state that “long” convex domaills have the Pompeiu

property in the plane.
Theorem. (Brown-Kahane) Assume that $\Omega$ is a convex domain in $R^{2}$ . If

2 $\min_{\omega\in S^{1}}h(\Omega, \omega)\leq\max_{\omega\in S^{1}}h(\Omega, \omega)$ ,

hold. where $h$ is the support function of $\Omega$ . then the null variety of $\Omega$ cannot contain hypersphere with radius
$\alpha$ for any $\alpha\in C\backslash \{0\}$ . (A hypersphere with radius $\alpha$ is an algebraic surface in $C^{d}$ defined by the equation
$z^{\frac{9}{1}}+\ldots+\tilde{\sim}^{2}d^{-\alpha=0.)}$

I proved in [3] and [10] that the null variety of a non zero distribution with colnpact support cannot

contain hypersphere with radius $\alpha$ in its null variety if $\alpha$ is not real.
And last but not least from our point of view one of the most important result is due to S. M. Williams.
Theorem. (Williams) Assume that $\Omega\subset R^{d}$ is a $bo$un $ded$ domain with connected Lipschitzian boundary

not $havin_{o}\sigma$ the Pomp $eiu$ property. Then $\partial\Omega$ is analytic.
This result is quite interesting, because it shows the strange nature of the problem. Usually the weaker

the differentiability conditions, the harder the problem (see for example Hilbert’s fourth and fifth problems).

But for the Polnpeiu problem the opposite $hol\dot{d}s!$

1 My work in the field
I have a far more simple proof for a slightly different version of $Kobayashi$

)
$s$ perturbation theorem [7]. $T1le$

proof was part of my Ph.D. dissertation [10], and [3]. In [3] I use a new method, which is a combination of

the perturbation metllod and an extrenlum method, which has very fruitfnl applications in some problems
of higher dimensional $X$-ray reconstruction of convex bodies. These methods are presented in [1, 2, 10].

One of my result [4] shows that the Pompeiu problem has connection even with combinatorics.
Discrepancy is the measure how uniforlll is the distribution of points in the unit ball. We measure this

discrepancy using $con_{b}\sigma ruent$ copies of convex bodies.
Let $P_{n}=\{P_{1}, \ldots, P_{n}\in B^{d}\}$ be an $n$ elemellt point set. $\Pi_{n}$ dellote the set of at most $n$ element point

sets in the tlllit ball $B^{d}$ . For any Borel set $B\in B(R^{d})$ . let

$Z_{0}(B, P_{n})=card\{P_{j}\in P_{n} : P_{j}\in B\}_{:}$

alld
$\mu 0(B)=\mu(B\cap B^{d})$ .

Let $K$ be a convex body. $M(d)$ and $H(d)$ denote tlle group of rigid motiolls and similarities (that is the
group generated by $M(d)c\backslash Jld$ dilations) of $R^{d}$ . respectively. Let

$D_{n}=$ inf $\sup$ $|Z_{0}$ ( $\gamma^{-1}$ K. $\mathcal{P}_{n}$ ) $-n\cdot;\iota(\gamma^{-1}K\cap B^{d})|$

$P_{n}\in\Pi_{n}\gamma\in\Lambda/I(d)$

and
$\mathcal{H}_{n}=\inf_{P_{n}\in\Pi_{n}}s\iota\iota p|Z_{0}$ ( $\gamma^{-1}$ K. $\mathcal{P}_{n}$ )$-n\cdot\mu(\gamma^{-1}K\cap B^{d})|\gamma’\subset H(d)$

be defined on the usual way. We call the function $D_{n}$ the rotation discrepancy, and $\mathcal{H}_{n}$ the similarity

discrepancy with respect to the convex body $K$ .
Theorem. (J\’ozsef Beck) For $e$very convex body $K$ there exists a $real$ number $\mu_{K}>0$ that

$\mathcal{H}_{n}(\mu\cdot K)\geq c(K, \mu)\cdot n^{11}\tau^{-}\pi$
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$l_{1}$olds for $e$very $0<’\iota\leq\mu o(It^{r})$ .
Theorem. (T. Odor) Let $K$ be a ($j(n$vex $bod_{1’}.\iota vitll(d+1)/2$ tillles dilferentiable bound $ar.\gamma$ and $P$ositi $ve$

$C_{r}aus;_{L}s$ curvature l,aving tlie Polll$pei\iota I$)$r(I)erl.\gamma$. Tllen $tl\iota ereexist.\backslash$ a $f^{Jositive}$ real $l\iota u111ber\nu o(K)>0$ sucll
$t1_{1}at$

$D_{1},(\nu\cdot 1\iota’)\geq c(lc’, \nu)\cdot?^{I}’\downarrow-\star$

$l_{l0}lds$ for $e$ve.r.l’ $0<\mathfrak{l}J\leq\nu_{(}(lf)$ .
So, for using a $s1\mathfrak{U}’ctller$ group we “ $11_{C}’tve$ to $pay^{)}$

’ by $?ssnnlil\iota g$ tlle Pompeiu property, and with solne not

so essential differentiability collditiolls.
$J6zs.ef$ Beck has killdly iltforllled llle about $1_{1}is$ following (unpublisbed) result:
Theorem. (J\’ozsef Beck) $A_{\sim}ss\iota u11e$ tllat $d=4k+1$ for a $p$ositive in leger $k\in Z_{+}$ . $Tlle11$ for an mfimte

sequence of $n_{i}\in Ntl_{1}e$ rotation discrepaticy of the lattice $n^{-1/d}Z^{d}$ with respect to a $ball\backslash vitl_{1}$ radius $r$ is

not greater $tlla11$ C. $n^{\frac{1}{i2}-\frac{1}{2d}}/\log^{c}7\iota_{i},$ $wl$lere $c,$ $C\in R_{+}are$ suitable positi$vecon$stan $ts$ .

His $P^{1oof}$
. uses elelllellt $‘\iota ry$ propcr $t$ ies of $13e.5^{\sigma}..;el$ fullctioll.\$\cdot$ and $r‘\iota tiollala1^{)}proxi111aliou$ arguments.

lf we could extelld the result of J. Beck to convex bodies S2 not $1\iota avil$ tlle Pompeiu property then

togetller witll $nly\iota$)$reviou:;res\iota\iota lt,\dot{‘}\iota tle\dot{c}bti_{11}$ dilllellsioll.s’ $d=4k+1$ altd for COllVex $\Omega’ stl\iota e$ Polllpeiu problelll
is $e$( $11\iota ivalellt$ to tle usual lower $\lfloor$)

$otl\iota dC\cdot r\iota\tau^{1}-\pi^{1}$ , tbat is $e(1^{ui\vee\cdot tle11t}’$ to a colllbillatorial $problelll$ .

2 The extremum method
Tlle $11_{(}’trt$ of the extrelllulll llletllod is tlle following $si_{111pleLelllll}\downarrow a,$ wllicll converts tlle llighly $nol\iota lillear$ inverse
$P^{1oblenlS}.$ (origillally $X-\Gamma_{C}’\iota y\iota$) $ro\dagger)lelllS)$ to $p_{1}\cdot 0\}_{)}1e111.s$ of operator tlleory $alld/or$ spllerical harlnonics.

Illfol $\cdot$nlally, we llave two clifferellt $clolll\dot{\mathfrak{c}}lills,$ $\Omega_{0}\xi\iota 11d\Omega$ . We know $tl\iota att1\iota e$ weight of $\Omega_{0}’.uld\Omega$ are equals

for a certain weight $\alpha$ . $Usi_{1l}g$ sollle $11lonotOllity_{c1\ U111}\prime plio11$ with respect to $\alpha$ we $Cc‘ tll$ deduce, that the weight

with respect to all otller $weigl\iota t\beta$ of $\zeta\downarrow$ is strictly slllaller $tllc‘ tll$ tlle weigllt of $\Omega_{0}.$ Cllallging tlle role of tlle
dolnaius, we get a colltradictioll, so $\zeta$ } $=1l0$ .

Because of its importance we state our key $1e111111_{C}’\iota$ explicitly. Let $\alpha$ : $R^{d}arrow R$ and 73 : $R^{d}arrow R$ be
colltilluous fullctiolls, alld asstllle that /3 is positive.

Assulne tllat the fullction $\alpha/\beta(x)$ is strictly lllollotolle itlcreasillg on every $1_{1}alf$ line $\omega\cdot R_{+}$ and constant
$011$ the boullda\iota$\cdot$y of tlle dolllaill $\Omega_{0},$ wllicll is star $sl\iota apedwit1_{1}$ respect to tlle origill $O$ .

Let $\gamma$ be all $arbitl\cdot ary$ continuous fullctioll. Let $V_{\gamma}(\Omega)$ dellote $tl$) $e$ volume of $\Omega$ with respect to the weight
$\gamma$ , that is

$V_{\gamma}( \Omega)=\int_{\Omega}\gamma(t)dt$ .

Let $\mathcal{F}_{\beta}(\Omega_{0})$ be $t1_{1}e$ set of star sllaped open donlains witll respect to the origin $O$ and with their volume
$V_{\beta}(\Omega)$ not slllaller than $V_{\beta}(\Omega_{0})$ .

Extremum Lemma. $l^{\neg}or$ every S2 $\in \mathcal{F}_{/3}(J1_{t)})$ for $wl\downarrow i(jl\iota$ Sl $\neq\ddagger l_{0}$ , the $i\iota 1equalit\gamma V_{\alpha}(\backslash \Omega)>V_{\alpha}(\Omega_{0})$ holds.
Remark. $lt$ is clear $tl\iota at$ a similar statetlient is true for strictly nionotone decreasimg $\alpha/\beta$ .
To apply tlle $E^{I}xtre111U111LelI1111_{C}’\mathfrak{l}$ , we $11‘ tve$ to construct tlle weigllt fullctions $\alpha$ and $\beta$ . To do so, we

use colltin\iota ity properties of tlle inverse of generalized Radoll transformis on the sphere in their defining
parameters. At last, our problenu is reduced to an illuage $chal\cdot acterization$ problem, which we can solve
using the standard tlleory of Fredllol]n operators. Ill $t1_{1}e$ case of tlle Polnpeiu problem we can lnake the
collstructioll of a and $\beta$ using $ele\iota nelltary$ properties of spllerical harmonics.

To prove a variant of the local Ponlpeiu problem we use ollly this step tllat our body $K$ is close to a ball,

ill some $hig1_{1}1y$ analytic llletric $[3, 10]$ .

3 Applications in technology and conclusions

111 llly approach the Pompeiu $p_{1}\cdot oble111$ is a kind of $X$-ray $\iota\cdot eCOllstr\iota\iota ctionprobleln$ . $X$ -ray recollstl$\cdot$uction
problellls ill general $11_{C}’tve$ very $ill\iota portallt$ applicatiolls in $sevel\cdot al$ areas of tecllnology and science. For exanlple
X-ray recollstructioll lnetllods are used in colllputerized $tonlograp1_{1y}$, cardiology, robotic vision, pattern
$recog_{11ition}$ , radio astrononly and l.adar target sllape estinlatioll. The field also important from lheoretical
point of view because several opell problems call be stated as (generalized) $X$-ray reconstruction $probleln$ .
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$A_{111O1l}g$ these problenls tlle Polllpeiu problelll is $p_{1}obablyo11$ of $t1_{1}e111\Re Csig_{11}ifica11t$ , so it is reasonable to
try to apply the llew llletllods ill $X-1\prime c1y$ recollstructioll to $att_{c}^{C}\iota ck$ it.

Olle $ot1_{1er}$ illteresti\downarrow lg feature of $t1_{1}e$ applied llletllocls $tllat$ Lbey work witllout esselltial lnodificatioll
ill llon-ctlllpact $1_{C}’1,11klsy_{111111}etric$ : spaces. At least to $111\gamma$ kllowledge frolll tlle poillt of view of group
$rer)reselltatioll$ tlleory it would be illterestillg and $illl$ ]) $0\iota\cdot t\prime c\mathfrak{l}1lt$ to try to generalize $tl$)$elll$ to higller $11O11$-compact
$sy_{111U1}etric$ spaces, but tllis seellls $to$ }) $e$ llot trivial, $\mathfrak{i}$ )$eC_{C}’tse$ even the lllost $fit11dalne11t_{c}’\iota 1eqniv_{c}^{r}\iota 1ent$ forllls are
llot $esta\}_{)}1is1\iota ed$ ill tlle $1_{1}ig11err_{c}^{r}\iota 11k$ case.
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