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ABSTRACT. Let $\pi$ be a unitary highest weight module of a reductive Lie group $G$ ,
and $(G, G^{/})$ a reductive symmetric pair such that $G^{/} G$ induces a holomorphic
embedding of Hermitian symmetric spaces $G’/K’arrow\rangle$ $G/K$ . This paper proves that
the multiplicity of irreducible representations of $G^{/}$ occurring in the restriction $\pi|_{G’}$

is uniformly bounded. Furthermore, we prove that the multiplicity is free if $\pi$ has
a one dimensional minimal $K$-type. Our method here also establishes an analogous
result for the tensor product of unitary highest weight modules, and also for finite
dimensional representations of compact groups. Finally, we give an explicit branching
formula of a holomorphic discrete series representation $\pi$ with respect to a semisimple
symmetric pair $(G, G’)$ . This formula is a generalization of the Kostant-Schmid
branching formula which deals with the case $G’=K$ .

\S 1 INTRODUCTION

1.1. Let $G^{f}$ be a reductive Lie group, alud $G^{t}$ the unitary dual. Suppose $H$ is a
reductive subgroup of $G^{t}$ . If $\pi\in\hat{G^{(}},$ thell the restriction $\pi|_{H}$ is no more irreducible
as a representation of $H$ ill general. The irreducible decoIllposition forlnula of $\pi|_{H}$

is called the branching law (breaking $sym7r\iota$etry in physics) and is written in terllls
of the direct ilutegral of unitary $rel$)$1^{\cdot}esentations$ of $H$ :

(1.1.1) $\pi|_{H}\simeq\int_{\hat{H}}^{\oplus}\uparrow?z_{H}(\tau : \pi|_{H})\tau d\mu(\tau)$ ,

where $d\mu$ is a Borel llleasure on $Ha11d\uparrow?H($ . : $\pi|_{H}):Harrow \mathbb{N}\cup\{\infty\}$ is the multiplicity
defined allllost everywhere with respect to $d\mu.$ .

One $exl\supset ects$ a sinlple alld detailed study for the branching $P^{loble\ln w11en}$ no con-
tilluous spectrunl arises in the $decollll\supset osition(1.1.1)$ (discrete branching law),
and the general theory for discrete $bl\cdot anching$ laws has been studied in [K1], [K2],
[K3], [K4], [K5]. A very special and simple setting of the discrete branching laws
is when the following (a) and (b) hold:

a) $\pi\in\hat{G}$ is an irreducible unitary highest weigllt lnodule (see \S 1.2 for definition),
and

b) $(G, H)$ is a semisilllple symmetric pair satisfying (1.3.1) (see \S 1.3 for details).
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The purpose of this note is to investigate the restriction $\pi|H$ in this special setting
(a) and (b).

12 Let $G^{l}$ be anon-conlpact silllple Lie $g\iota\cdot oul$) of finite center, $\theta$ a Cartan in-
volution of $G’$ , and $I\iota^{r}:=\{.(/\in G’ :\theta.c/=.r/\}$ . We write $g=\mathfrak{x}+\mathfrak{p}$ for tlle Cartan
decolll\iota )ositioll of the Lie algebra. $g$ of $G^{l},$

$co1^{\cdot}1^{\backslash }es1$)$Ollding$ to the $Cal\cdot ta\cdot 11$ involution $\theta$ .
We assullle that $G’$ is of Hermitian type, that is, $tl$) $e$ center $c(f)$ of $f$ is non-trivial.
Then, it is well-known that $c(f)$ is one $dilllension_{\dot{C}}\iota 1$ and that there exists $Z\in c(\not\in)$

so that
$g_{(C}$

$:=g\otimes \mathbb{C}=f_{\langle c}\oplus \mathfrak{p}^{+}\oplus \mathfrak{p}^{-}$

is the direct $su\ln$ decomposition of eigenspaces of $a’d(Z)$ with eigenvalues $0,$ $\sqrt{-1}$

$ct*uc1-\sqrt{-1},1^{\cdot}esl)ectively$.

Definition 1.2.1. Let $(\pi, \mathcal{H})$ be $\dot{c}111$ irreducible unitary representation of $G^{l}$ , and
$\mathcal{H}_{I\backslash }$

, the underlying $(g_{\mathbb{C}}, I_{1}’)- 111odtlle$ . $(\pi, \mathcal{H})$ is called an $il\cdot\iota\cdot educible$ nnitary highest
$.we\dot{\iota}ghtmod\cdot nle$ if $\mathcal{H}_{I\backslash }^{\mathfrak{p}^{+}}’\neq\{0\},$ $wl)el\cdot e$ we put

$\mathcal{H}_{I\backslash }^{p^{+}}\cdot:=$ { $\iota’\in \mathcal{H}_{I\backslash }\cdot$ : $d\pi(\bm{I}^{\nearrow})v=0$ for any $Y\in \mathfrak{p}^{+}$ }.

$T1_{1}en,$
$\mathcal{H}_{l\backslash }^{\mathfrak{p}^{+}}$. is an irreducible $1^{\cdot}e1$) $rest_{d}^{s}11t\dot{e}\iota tio11$ of $I\iota^{-}$ . We say tllat $\pi$ is of scalar type

(or of scalar $rr\iota in1,mulK$ -typc) if $\mathcal{H}_{I\backslash }^{p^{+}}$. is one dilllellsiond,l. By a holomorphic discrete
$ser\dot{l}es$ representation for $G$ , we llleall that $\pi$ is a unitary highest weight lnodule
that can be realized as a closed $G^{1}$-invariant subspace of $L^{2}(G’)$ (if $G’$ has an illfinite
center, then we need a slight modification as usual).
Lowest weiglut modules and anti-hololllorphic discrete series are defined similarly
with $\mathfrak{p}^{+}$ replaced by $p^{-}$

1.3. Suppose $\tau$ is an involutive autolllo\Upsilon l)hislll of $G^{2}colnllluting$ with $\theta$ . Because
$\tau c(t)=c(t)=\mathbb{R}Z$ and $\tau^{2}=id$ , there are two exclusive possibilities:

(1.3.1) $\tau Z=Z$ ,

(1.3.2) $\tau Z=-Z$ .

Let $G^{\prime\tau}:=\{g\in G’ : \tau g=g\}$ and $Ii^{\prime\tau}:=G^{\tau}\cap K$ .
Geollletrically, (1.3.1) ilnplies:
l-a) $\tau$ acts llololnorphically on the Herlllitian sylllllletric space $G/K$ ,
l-b) $G^{\tau}/K^{r}arrow G^{l}/K$ is a colllplex submanifold.

$O11$ the other hand, (1.3.2) inlplies:
2-a) $\tau$ a,cts allti-llololliorphically on the Herlllitian symnletric space $G/K$ ,
2-b) $G^{1r}/I^{\prime r}\backslash rightarrow G/K$ is a totally real subnlanifold.
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\S 2 $MAlN$ THEOREMS

$\underline{2.1}.\cdot$ Let $G$ be a noll-collll)act $si_{ll1}ple$ Lie group of Herlllitian type. Here are our
$lna\ln$ results:

.Tlleoreln A. Let $\pi_{1}$ and $\pi_{2}$ be unitary highest weight $7nod\prime ules$ of G. Then, there
$\iota s$ a constant $C(\pi_{1}, \pi_{2})<\infty.with$ the $follo\cdot wing$ properties:
1) The tensor $prod\cdot uct\pi_{1}t_{-}^{\backslash },-\triangleleft\pi_{2}\wedge$ splits into a discrete Hilbcrt $s\cdot urn$ of irred,ucible’uni-
tary $representati_{071,S}$ of $G^{t}$ :

$T/1\mathfrak{l}_{J^{-}}\cdot J\pi\wedge\sim 2\simeq\sum_{\wedge,/\in rj}‘\uparrow’\iota_{\pi_{1},\pi_{2}}\xi H(l^{l},)\mu$
, (Hilbert direct $S’1l7n$),

with the $7n’\iota ltiplicity$ satlsfylng

(2.1.1) $\uparrow 7?_{\pi_{1},\pi_{2}}(\mu.)\leq C^{t}(\pi_{1}, \pi_{2})$ for all $\mu\in\hat{G^{t}}$ .

2) $C^{t}(\pi_{1}, \pi_{2})=1$ if both $\pi_{1}$ and $\pi_{2}$ are of scalar minimal $K$ -types. Namely,$\cdot$ the
tensor prodztct $\pi_{1}\otimes\pi_{2}\wedge$ is dcco $7n,poLsed$ discretely into $irred\cdot ucible$ unitury representa-
tions of $G^{l}$ with nnultiplicity free, for $a7\iota y\iota 7\iota ita7^{:}y$ highest weight modules $\pi_{1}$ and
$\pi_{2}$ of scalar minimal $Ii^{r}- t\prime ypes$ .

Theorenl B. Let $\pi$ be a ,unitary highest weight module of G. Then, there is a
constant $C(\pi)<\infty$ with the following properties: $S\cdot up$pose that $\tau$ is an $involuti\cdot ue$

$a\cdot u,tomorphism$ of $G’$ satisfy$m$g $(l..\prime f.1)$ . Let $H$ be an open subgroup of $G^{r\tau}$ .
1) The restriction $\pi|_{H}$ splits into a discrete Hilbert sum of irred,ucible unitary
representations of $H$ :

$\pi|_{H}\simeq\sum_{\mu\in\hat{H}}\uparrow)z_{\pi}(\mu)\mu\oplus$

with the multiplicity satisfying

(Hllbert direct sum),

(2.1.2) $\uparrow 7x_{\pi}(\mu)\leq C^{1}(\pi)$ for $ull\mu\in\hat{H}$ .

2) $C’(\pi)=1$ if $\pi$ is of scalar minimal $It^{r}$ -type. Namely, $tf\iota e$ restriction $\pi|_{H}$ is de-
composed $di,scretelyint,0$ irreducible unitary representations of $H$ with multiplicity
$free_{f}$ for any unitary highest $\prime weigf\iota t$ module $\pi$ of $G’$ having scalar minimal K-type.

The $infinitesillla,1$ classification of irreducible synllnetric pai$rs$ was achieved by
M. Berger [B]. For tlle reader’s convenience, we give a list of the $i_{1}ffinitesima1$

classification of irreducible sylllnletric pair $(G, H)$ satisfying the condition (1.3.1)
(see Theoreln B).
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2.2. Here a,re simplest $exa,1111^{21es}$ of $Theol\cdot elll$ A and $Theol\cdot e\ln B$ , respectively:

Example 2.2. We denote by $\pi_{n}$ the holonlorphic discrete series representation of
$SL(2, \mathbb{R})$ with nlinilllal $K$-type $\lambda’n(n\geq 2)$ , where $\lambda’n(n\in \mathbb{Z})$ stands for a character
of $SO(2)$ . Then, $t1_{1}e$ following branching $fol\cdot 11lulae$ are well-known:

$\pi_{\}\}},\otimes\pi_{1}\wedge,\simeq\sum_{k\in N}.\pi_{tt1\cdot+’\iota+^{i}2k}\oplus.$ ,

$\pi_{tl}|_{SO(2)}\simeq\sum_{k\in N}\lambda’\oplus,\iota+2k$ .

Here, $N=\{0,1,2, \ldots\}$ . We note that any $hololllo\iota\cdot phic$ discrete series representation
of $SL(2, \mathbb{R})$ is of scalar lninilllal $I\iota’$-type.

2.3. The conditions “highest weight lllodules”, “discrete $bl\cdot anching$”, “scalar lllin-
illlal K-type” are crucial ill the lllultiplicity free, uniforlllly bounded, or bounded
theorems in Theorelll A ancl Theorelll B. Here are related relnarks:

Remark 2.3.
1) The discrete decomposability in Theorellls A and $B$ was previously known (see

[Mr] and [Li], $Theol\cdot e\ln 4.2;[JV]$ , Corollary 2.3 for a hololllorphic discrete series

12
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$\pi$ ; see also [K2], Corollary 4.4; [K6], Theorelll 7.4 for a general case). The novelty
of Theorellls A alld $B$ is the estilllate of lllultiplicities (2.1.1) and (2.1.2).

2) The Cartan involution $\theta$ autolllatically satisfies (1.3.1). Ill this case, we llave
$H=K$ and the lnultil\supset licity free result in $Theol\cdot elllB$ is known by B. Kostant,
W. Sclllllid and K. Johllsoll ([Sc], [Jo]) by $eX1^{Jlicit}bl\cdot allching$ laws in tlle case
$whel\cdot e\pi$ is a $1lololllOl\cdot 1\supset 1licdisC1^{\cdot}et(^{s},$ series $1^{\cdot}C1^{Jlcse11t_{C}\iota tio11}’$, of scalar type. Tlleil $\cdot$

$fol\cdot 11lt\iota la$ will be generalized to a llon-colllpact $H$ also ill \S 4.
3) If $\pi=A_{q}(\lambda)$ ill the sense of Vogan-Zuckerlnan ( $e$ . $g$ . $a$ , discrete series represen-

tation) alld if $(G^{f}, H)$ is a $se111isi_{111}1$) $1e$ sylllllletl $\cdot$ic $1\supset a,i_{1}$
. such that $\pi|_{H}$ is discrete

decolnposable, then tlue lllultil\supset licity $alW_{C\iota y^{\zeta};}’|$ satisfies
$?7?_{\pi}(T)<\infty$ for ally

$T\in\wedge$

(Wallacfi corlject, $n,re$ , see $[I^{s_{L}}\prime 5],$ $c_{t31()}11_{\dot{\epsilon}11}\cdot y4.3$). However, $tllel\cdot e$ is $a,11$ $exallll3le$ with

$\tau.\in\hat{H}St\iota_{1^{)r\uparrow l_{\pi}(\tau)}}=\infty$

ill $t1_{1}is$ setting (( $.$ $g$ . [K7], $Ex_{(}11111^{Jle}6.2$ ). $N\dot{c}111lely$, the llltltiplicity is always
finite but not $necessal\cdot ily\iota nifol\cdot 111ly$ bounded ill the discrete branching laws of
non-llighest weight lllodules $wit1_{1}$ respect to a reductive sylllllletric pair.

4) The lnultiplicity can be infinite ill the contilluous spectrum if $\pi=A_{q}(\lambda)$

is not a highest weight lllodule and if $(G’, H)$ is a syllllltetric pair (see [K2],
Introduction).

5) It follows frolll R. Howe [H] $\dot{\epsilon}tlld$ J. $Rt_{/1^{)}}^{\lrcorner}ka[{\rm Re}]tll\dot{\subset}1|t$ the $il\cdot 1^{\cdot}educible$ decolllposition
of the tensor $pl\cdot oduct\pi_{1}\otimes\pi_{2}\wedge$ always involves a continuous spectrunl, if $\pi_{1}$ is a
$hololllOl\cdot phic$ discrete $sel\cdot ies$ representation and and $\pi_{2}$ is an allti-hololnorphic
discrete series $I^{\cdot}epl\cdot esentation$ . This is regarded as an opposite extremal case to
Theorem A. Likewise, if $\pi$ is a highest weight lrlodule of scalar minimal K-type
and lf $\tau sa,tisfies(1.3.2)$ lnstead of (1.3.1), then \’Olafsson and B. $\emptyset rsted$ proved
that $\pi|_{H}$ is decolnposed into only continuous spectrulu with lnultiplicity free
[OO]. This is an opposite $ext1^{\backslash }elna1$ case to Theorem $B(2)$ .

6) If we drop tlle assumption of the sc\v{c}tla$\downarrow r$ lllinilllal $K$-type in Theorem A or The-
$01^{\cdot}el11B$ , then $tl$)$ere$ is a counter $ex\dot{c}\mathfrak{U}1lple$ for lllultiplicity free ( $e$ . $g$ . [K7], Exalll-
$1^{Jle}6.2).$ Nalllely, $C^{t}(\pi_{1}, \pi_{2})$ in Tlleorelll A (also $C^{t}(\pi)$ ill $Theol\cdot eIllB$ ) cannot be
always taken to be 1.

7) Finally, we lllelltion tlue case $w1$) $e1^{\backslash }edi\ln\pi<\infty$ . $O$ur $11\iota ethod$ here also gives a
sufficient condition for tlle $11lt\iota ltiplicity$ free branching laws for finite dinien-
sional representations of colllpact groups, which is analogous to tlle second part
of Theorelns A and B. A colllplete list of the lllultiplicity free cases that can be
obtained by our lllethod is given in [K7], Theorelll 7.3 and Theorelll 7.4. Some
of tluelll could be also proved by using so called the Littlewood-Richardson rule
$\omega’ud$ the algorithlll of K. Koike and I. $Tel\cdot ada$ in [KT2]. S. Okada recently ob-
tained a, nulnber of llmltiplicity free branching laws by colllbinatorial arguments
of $cllal\cdot acterfol\cdot lnulae$ for classical colllpact Lie groups [Ok]. It migllt be inter-
esting $fro\ln$ conlbinatorial view point to obtain explicit branclling laws for the
remaining cases (lllany of tllelIl are exceptional cases) for which the nlultiplicity
is proved to be fiee by our lllethod.
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\S 3 $SI\{ETCH$ OF PROOF

3.1. Let $\mathcal{L}arrow D$ be a hololllol $\cdot$l)llic line bundle over a collll)lex lllanifold $D$ . We
denote by $O(\mathcal{L})$ tlle $sl$) $ace$ of $hololllOl\cdot phic$ sections of $\mathcal{L}arrow D$ . Then $O(\mathcal{L})$ carries
a $F_{1}\cdot\acute{e}cluet$ topology by tlue tluifol$\cdot$lll convergence on compact sets. If a Lie group
$H$ acts hololnorphically and equivaria,ntly on the holomorphic line bundle $\mathcal{L}arrow D$ ,
then $H$ defines a (continuous) representation on $O(\mathcal{L})$ by the pull-back of sections.

Let $\{U_{\alpha}\}$ be a trivializing neigllbourhood of $D$ , and $g_{c\iota}\rho\in O^{\cross}(U_{\alpha}\cap U_{\beta})$ the tran-
sition functions of the holomorphic line bundle $\mathcal{L}arrow D$ . Then an anti-holomorphic
line bundle $\overline{\mathcal{L}}arrow D$ is a complex line bundle with tlle transition functions $\overline{g_{\alpha}\rho}$ . We
denote by $\overline{\mathcal{O}}(\overline{\mathcal{L}})t1_{1}e$ space of a,nti-holomorphic sections of $\overline{\mathcal{L}}arrow D$ .

Suppose $\sigma$ is $\dot{c}mal\iota ti- hololllOI^{\cdot}1\supset 1licdiffeolllOl\cdot 1$)$1lislll$ of $D$ . Then the pull-back
$\sigma^{*}\mathcal{L}arrow D$ is an $anti- hololllOl\cdot 1$)$hic$ line bulldle over $D$ . In turll, $\overline{\sigma^{*}\mathcal{L}}arrow D$ is a
hololllol$\cdot$phic line bundle over $D$ .

3.2. A $11lai\mathfrak{U}$ lllacluinel $\cdot$y for $t1_{1}e$ proof of $Theol\cdot elll$ A and $Theol\cdot elllB$ is the conl-

mutativity of the colnlllutant $algebl\cdot a$

$End_{H}(\mathcal{H}):=$ { $T\in End(\mathcal{H}):T$ is continuous, $T\pi(l\iota)=\pi(l_{l})T$ for any $h\in H$ },

if a unitary $1^{\cdot}ep_{1}\cdot eselltation(\pi, \mathcal{H})$ of $tllegl\cdot oul$) $H$ is realized on hololllorphic func-
tions (or holollloIphic sections) (11 a $collll$) $lex$ lllallifold $D$ .

Faraut and Thomas [FT], in the case of trivia,1 twisting parameter, gives a suf-
ficient condition for the colllnlutativity of $End_{H}(\mathcal{H})$ by using the theory of repro-
ducing kernels, which we extend to the general, twisted case below.

Lenllna 3.2. Let $(\pi, \mathcal{H})$ be a nnitary representation of a Lie group H. $Ass\cdot ume$

that there exist an $H$ -equivariant holomorphic line bundle $\mathcal{L}arrow D$ and an anti-
holomorphic $involuti\cdot ve$ diffeomorphism $\sigma$ of $D$ with the following three conditions:
(3.2.1) There is an $inj$ective (continuous) $H$ -intertwining map $\mathcal{H}arrow O(\mathcal{L})$ .
(3.2.2) There exists an isomorphism of $H$ -equivaria $7\iota t$ holomorphic line bundles
$\Psi:\mathcal{L}\simarrow\overline{\sigma^{*}L^{\cdot}}$.
(3.2.3) $Gi\cdot ve7\mathfrak{l},$ $.\prime L\in D,\cdot$ there exlsts $\backslash c/\in Hc‘\cdot nch$ that $\sigma:\iota=.c/\cdot.\iota:$ .

Then, $E_{l1}d_{H}(\mathcal{H})$ is a, $con1,7n,utati\cdot ve$ algebra.

33 The idea of Lemma 32 parallels to [FT], which goes back to a lenllna due to
I. M. Gelfand:

Lelnlna 3.3 ([G], see also [La], IV, $Theo\iota\cdot e\ln 1$ ). Let $G’$ be a locally compact unimod-
u.lar $gro\cdot up$ , and $I_{1}’$ a compact $s\cdot ubgro\cdot up$ . $Ass\cdot ume$ that there exists an anti-involutive
automorphism $\sigma$ of $G’$ such that given $x\in g$ there exist $k_{1},$ $k_{2}\in I\iota’$ satisfying
$\sigma x=k_{1}xk_{2}$ . Then, the Hecke algebra $L^{1}(K\backslash G/K)$ is a commutative ring.

3.4. The following is a key lelllllla to apply Lemma 3.2 by supplying a sufficient
condition for (3.2.3) in the setting wllere $D=G/K$ is a Riemannian symmetric
space.
14
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Lennna 3.4. Let $G^{t}$ be a non-compact $semi_{L}s$ irnple Lie group of finite $center_{f}I_{1}’a$

$m,aximal$ cornpact subgroup of $Gco$ rresponding to a Cartan involution $\theta$ . Let $\sigma$ and
$\tau$ are involutive au,tomorphisms of $G^{1}$ . We assume the following two conditions:
(3.4,1) $\sigma_{f}\tau$ and $\theta co7n$mnte with one another.
(3.4. 2) $\mathbb{R}- 1^{\cdot}a,nkg/g^{r}=\mathbb{R}-$ rank $g^{\sigma}/g^{\sigma,\tau}$ .

Then for $any.\iota\cdot\in G/K_{i}tf\iota ere$ $c,$-xists $g\in G_{0}^{\tau}s\iota_{}ch$ that $\sigma(,\iota\cdot)=g\cdot t\iota$ .
The proof of $Theol\cdot elllB$ (silllilal$\cdot$ , but easier for Theorelll A) conxpletes by show-

ing the existence of $\sigma\in A\iota\iota t(G^{t})$ sa,tisfying (1.3.2), (3.4.1) a,nd (3.4.2), for ea,ch

$T\in Aut(G^{t})$ satisfying (1.3.1).

\S 4 EXPLICIT BIIANCIIING LAWS
– A ( $EN1_{\lrcorner}^{}\urcorner 11ALlZAT1()N$ OF TflE $Ko$) $S^{r}\Gamma ANT-SClIMID$ FORMULA

4.1. Once we obtain (abstract) results on free lllultiplicities, tllen we with to
obtain explicit $fol\cdot 11lulae$ of such $bl\cdot anching$ problellls as a second $sta,ge.$ Theoreln $B$

asserts the $11\iota ultiplicity$ freeness of the branching law $\pi|_{H}$ , especially in tlue case
$w11e1^{\backslash }e$

$\pi\in\hat{G’}$ : hololllorl\supset hic discrete series of scalar lllinilIlal K-type
$H:=G_{0}^{1\tau}$ : $\tau$ satisfies the condition (1.3.1).

This section presents an explicit branching law of $\pi|_{H}$ in this setting. In particular,
we generalize the $I<ostant$-Schlllid formula, ([Sc], [Jo]) which corresponds to the case
$\tau=\theta$ (Cartan involution), $nall\iota elyH=K$ .

4.2. Let us fix notation. Suppose that $G^{t}$ is a, simple non-colllpact connected Lie
group of Herlllitian type, allcl that $T\in Aut(C_{\tau^{t}})$ satisfies (1.3.1). We take a Cartan
stlbalgebl$\cdot$a $t$ of $t$ such tha,t $t^{\tau}$ $:=\{X\in t:\tau X=X\}$ is also a Cartan subalgebra, of
$f^{r}:=\{X\in t : \tau X=X\}$ . We fix positive systeurs $\triangle^{+}(@^{\tau}, t^{\tau})$ and $\triangle^{+}(\not\in, t)$ . Because
$\tau$ satisfies (1.3.1), the direct sulll decolllposition

$g_{(C^{\backslash }}=t_{(\llcorner^{\backslash }}eH\mathfrak{p}^{+}$ 申 $\mathfrak{p}^{-}$

is stable under $\tau$ (colllplex linear extension). Then we have a direct $su\ln$ decolnpo-
sition $\mathfrak{p}^{+}=(\mathfrak{p}^{+})^{r}\oplus(\mathfrak{p}^{+})^{-\mathcal{T}}$ . Let $\triangle((\mathfrak{p}^{+})^{-\tau}, t^{\tau})(\subset\sqrt{-1}(t^{\tau})^{*})$ be the set of weights
of $(\mathfrak{p}^{+})^{-r}$ with respect to $t^{\tau}$ .

The roots $\alpha$ and / are called strongly orthogonal if neither $\alpha+\beta$ nor $\alpha-\beta$ is
a $1^{\cdot}oot$ . We take a $111’d$xilll.d1 set of strongly $01^{\cdot}tllogonal$ roots, say $\{\iota\nearrow_{1}, \nu_{2}, \ldots, \nu_{k}.\}$ ,
such that

i) $\nu_{1}$ is tlle highest root alllong $\triangle((\mathfrak{p}^{+})^{-\tau}, t^{\tau})$ ,
ii) $\iota/_{j+1}$ is the highest root in $\triangle((p^{+})^{-\tau}, t^{\tau})$ strongly orthogonal to $l/_{1},$ $\ldots$ , $\nu_{j}$ .
We note that

$k=\mathbb{R}$-rank $G^{t}/G^{r}$ .

$.\underline{4.3.}$ .We denote by $V^{G}(\mu)$ the irreducible highest weight lllodule of $G’$ if $(V^{G}(\mu))^{\mathfrak{p}^{+}}$

is an irreducible represelltation of $I\iota’$ with highest weiglut $\mu\in\sqrt{-1}t^{*}$ with respect to
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$\triangle^{+}(f, t)$ (see \S 1.2). Likewise, $V^{H}(\nu)$ denotes the irreducible hlghest weight module
of $H=G_{0}^{\tau}$ if $(V^{H}(\nu))^{(P^{+})^{\mathcal{T}}}$ is an irreducible representation of $I\iota_{0^{\mathcal{T}}}^{r}$ wlth highest
weight $\mu,$

$\in\sqrt{-1}(t^{\tau})^{*}$ with respect to $\triangle^{+}(t^{r}, t^{\tau})$ .
Clearly, $V^{(_{J}’}(\mu)$ is of scalar $111inil11_{C}’t1$ It’-type if a,ncl oIlly if $\mu$ vanishes on the

$111_{C}’tx’i111alse111isi_{111|)}1(\lrcorner-$ ldeal of $t$ .

4.4. Now we $al\cdot e$ ready to $st_{\dot{c}}\iota t(^{\lrcorner},$ an $exlJlicitly$ bra,nching $fol\cdot 1lmla$ :

Tlleoreln C. Let $G$ be a connected non-compact $si7nple$ Lie $gro\cdot up$ of Hermitian
type, and $H:=G_{0}^{t\mathcal{T}}$ the connccted component of the fixed point group $G^{t\mathcal{T}}$ of an
$involut\dot{\iota}on\tau\in Aut(G^{t})$ satlc$hing (1.3.1). If $V^{G}(\mu)\in\hat{G^{l}}$ is aholomorphic discrete
series representation of scalar $7nini,malK- type_{!}$. then

(4.4.1) $V^{\zeta j}(\mu,)|_{H}\simeq$ $\sum^{\oplus}$
$V^{H}( \mu,|_{t^{\mathcal{T}}}+.\sum_{=\dot{|}1}^{k}0,,.\nu_{1}.\cdot)$ .

$a_{1}\geq\cdots\geq a\cdot\geq 0a_{j}\in N^{\lambda}$

If $\tau=\theta,$ tllen $H=K$ and dixll $V^{H}( \mu|_{t^{r}}+\sum_{j=1}^{k}a_{j}\nu_{j})<\infty$ . In this case, (4.4.1)
coincides with the fornrula, in [Sc] or [Jo].
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