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1. Dimension formula

Let $G$ be a connected semisimple Lie group, $\Gamma$ a uniform

discrete subgroup, $K$ a maximal compact subgroup of $G$ , $\tau$ a
representation of $K$ on a finite-dimensional complex vector space V

and $\lambda$ a complex number. By an automorphic form of type $(\Gamma . \tau , k )$ ,

we mean a $V$-valued $C^{c^{q}9}$ -function $f$ on $G$ satisfying the conditions:

1) $f(st)$ $=$ $\tau(t)^{-1}f(s)$ $( s\in G, t\in K )$
2) $f(\gamma s)$ $=f(s)$ $(7 \in r , s\in G )$

3) Cf $=$ $\lambda f$

where $C$ is the Casimir operator, a left invariant diffferential

operator on $G$ defined in terms of the Lie algebra of G. The space

of all automorphi $c$ forms of type $(\Gamma , \tau , \lambda )$ , $whi$ch we denote by

$A(\Gamma , \tau , \lambda )$ , is of finite dimension. We know that the right

regular representation of the group $G$ on the Hilbert space $L^{\epsilon}(G)$

is a unitarY rePresentation of $G$ and decomPoses into sum of

countable number of irreducible representations, among which each

irreducible representaion $\pi$ enters with a finite number of

multiplicity $m(\pi )$ . Now the so-called Matsushima-Murakami ’
$s$

formula is the following dimension formula:
(1. 1) $\dim A( r, \tau . \lambda )$ $=$ $\Sigma m(\pi )$ $(\pi|K : \tau )$

where $\Sigma$ indicates that $\pi$ runs over the set of all irreducible

components of the regular representation such that $\pi(C)$ $\phi$ $=$ $k\phi$

for all $\phi$ in the domain of the operator $\pi(C)$ representing $C$

under $\pi i$ moreover $(\pi |K : \tau )$ denotes the intertwinnning number

between the restriction $\pi$ $|K$ of $\pi$ to $K$ and the representation

$\tau$ of $K$ contragradient to $\tau$ .

Tne dimension fomula (1.1) is applied to prove vanishing

theorems of certain cohomology grouPs. To exPlain this, we now
assume that the symnetric space X $=$ $G/K$ is Hermitian symmetric and

the subgroup $\Gamma$ of $G$ acts freely on X. Put $M$ $=$ $r\backslash X$ . Then $M$
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is a compact Kaehler manifold admittiing X as universal covering

manifold. Let V be a finite dimensional complez vector space and

$j$ : $G$ $x$ X $arrow$ GL(V) be an automorPhic factor. namely, a $C^{\Phi}$ map

such that

1) $j$ ( $st$ , x) $=j(s, tx)j$ ( $t$ , x) ( $s$ , $t\in$ $G$ , - $x\in$ X ),

2) $j$ ( $s$ , x) is holomorphic in $x\in$ X for each $s\in$ G.

Such a factor $j$ defines an action of $\Gamma$ on X $x$ V by the rule

$\tau$ ( $x$ , v) $=$ $(\gamma x, j ( \gamma ’ x)v)$ $(\gamma\in\Gamma)$

and the quotient space $r\backslash$ (XX V) is a holomorphic vector bundle

over $M$ with typical fibre V , which we denote by $E(j)$ . The

cohomology groups with which we are concerned are those of $M$ with

coefficients in the sheaf $\underline{E}(j)$ of gems of holomorphic sections of

$E(j)$ . The q-th cohomology group wi11 be denoted by $lI^{q}(M, \underline{E}(j))$ .
Then we have the Dolbealt isomorphism:

(2. 1) $H^{q}(M, \underline{E}(j))$ $=$ $H^{o}\cdot$ $(E(j))$

where the right hand side is the q-th cohomology group of the

complex A $(E(j))$ $=$ $\Sigma$ . $A^{0}\cdot r(E(j))$ equipped with the differential

$o$perator $d^{r}$ , $A^{0}\cdot$ . $(E(j))$ be $i$ng the space of $E(j)$ -valued forms of

type (O, q) on M. In the following, we consider exclusively the

cohomology for the case where $j$ is the so-called canonical

automorphic factor. Observe that any automorphic factor $j$ defines a
representation $\tau$ of $K$ by

$\tau(t)$ $=j(t, X_{O})$ $( t\in K)$ ,

where $x_{o}$ is the point of X representing the coset K. We know that

any representation $\tau$ of $K$ is defined by a canonical automorphic

factor $J_{T}$ and, in case that $\tau$ is irreducible. any $j$ defining $\tau$

is equivalent to $J_{T}$ in a certain sense.
Important ezamples of the cohomology groups are:
1) $\tau$ is the trivial representation and $\sigma_{\tau}(s, x)$ $=$ $1$ . In this case.

$E$ $(J_{T})$ is a trivial bundle $MX$ $C$ over $M$ , and $dim$ $lI^{o}\cdot*(M, E(J_{T}))$ is

the $(O, q)-Betti$ number of M.

2) When $\tau$ is the holomorphic isotropic representation $ad_{*}$

defined later, the sheaf $\underline{E}(J. ‘\{- )$ is the sheaf of germs of

holomorphic vector fields on $M$ , and the vanishing of the cohomology

for this case was discussed by Calabi and Vesentini, By Kodaira’s

theory, the vanishing of the first cohomology impl ies the rigidity



of the complex structure of $M$ .

3. Transition to $\Gamma\backslash G$

Recall that $E(j)$ is the $ho$ lomorphic vector bundle over $M$ $=$ $\Gamma\backslash X$

obtained as the quotient $\Gamma\backslash$ ( $X$ X V). Now we have a different $i$able

principal bundle over $M$ with structure group $K$ :
$(\#)$ $\Gamma\backslash Garrow$ $M$ $=$ $\Gamma\backslash X$ $=$ $\Gamma\backslash G/K$ .

Key lemma The vector bundle $E(j)$ is differentiably associated

to the principal bundle $(\#)$ by the representation $\tau$ of $K$

defined by the automorphic factor $j$ . Namely, $E(j)$ is the

quotient of $(\Gamma\backslash G )$ $x$ V by the right action of $K$ given by

$( y, v )$ $k=$ ( yk , $\tau(k)^{-:}v$ ) ( $k\in$ K)

with the Projection $E(j)$ $arrow$ $M$ such that the following is a
commutative diagram:

$(\Gamma\backslash G)$ $x$ V $arrow$ $E(j)$

(3. 1) $\downarrow$ $\downarrow$

$\Gamma\backslash G$ $arrow$ $M$ .
Let $A^{r}(E(j))$ be the space of $E(j)$ -valued $r$-foms on $M$ and

$A^{r}$ ( $\Gamma\backslash G$ , V ) be the space of V-valued $r$-forms on $\Gamma\backslash G$ . By the

diagram (3. 1), an $E(j)$ -valued $r$-form on $M$ induces a V-valued
$r$-form on $\Gamma\backslash G$ so that we get an injection from $A^{r}(E(j))$ into
$A^{r}$ ( $\Gamma\backslash G$ , V ) whose image will be denoted by $A^{t}$ ( $\Gamma\backslash G$ , V, $\tau$ ):

(3. 2) $A^{r}\{E(j))\cong A^{r}$ ( $\Gamma\backslash G$ , V, $\tau$ ) $\subset$ $A^{r}$ ( $\Gamma\backslash G$ , V )

Let $g$ be the Lie algebra of the Lie group $G$ and $k$ be the

subalgebra of $g$ corresponding to the subgroup $K$ . Since $g$

consists of left invariant vector fields on $G$ , $g$ may be identified

with a Lie algebra of vector fields on $r\backslash G$ , The man $i$ fold $\Gamma\backslash G$

is then parallelizable by a basis of $g$ . It follows that a V-valued
$r$-form $\omega$ on $\Gamma\backslash G$ may be identified with an alternating r-form

on the vector space $g$ with values in $C^{\infty}$ $(\Gamma\backslash G )$ $\textcircled{x}$ V, where
$C^{\infty}$ $(\Gamma\backslash G )$ is the space of complex-valued $C^{\alpha}$’-functions on $\Gamma\backslash G$ .
Therefore we may put

(3. 3) $A^{r}$ ( $\Gamma\backslash G$ , V ) $=$ $c^{\varpi}(\Gamma\backslash G)\textcircled{x}$ V $\textcircled{x}$ $\wedge r(g^{c})^{*}$

where A $r$

$(g^{c})$ is the r-th exterior product of $(g^{c})$ , the dual
space of the complexification $g^{c}$ of $g$ .
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The subspace $A^{r}$ ( $\Gamma\backslash G$ , V, $\tau$ ) of $A^{r}$ ( $\Gamma\backslash G$ , V ) consists of

the forms $\omega$ with the properties:

1) $\omega$ $oR_{*}$ $=$ $\tau(k)arrow 1$ $\omega$ $( k\in K )$ , and

2) $\omega$ vanishes on the fibres of the bundle $\Gamma\backslash Garrow$ M.

where $R_{r}$ is the right translation of $\Gamma\backslash G$ by the element $k\in$ K.

Since the vector fields belonging to $k$ span at each point the

tangent space of the fibre through this point of the principal bundle

$r\backslash Garrow$ $M$ , the second condition is equivalent to:
2’) $i(Y)_{\omega}$ $=0$ $(Y\in k )$

where $i(Y)$ denotes the interior product by the vector field Y.

Let now $g=$ $k+m$ be the Cartan decompositlon of $g$ . We will use
the superscript $C$ to designate complexificatlon. The adjoint

action of $K$ leaves stable the subspace $m$ and induces a
representation $ad$. of $K$ on $m^{c}$ . From the characteristic

properties 1) and 2 ’) of forms $\omega$ bel $0$nging to $A^{t}$ ( $\Gamma\backslash G$ , V, $\tau$ ) ,

we see easily that the identification (3.3) gives rise to:
(3. 4) $A^{r}$ ( $\Gamma\backslash G$ , V , $\tau$ ) $=$ ( $C^{\infty}$ ( $r\backslash G$ ) $\otimes$ V $\otimes$ A $r$ ( $m^{c})$ )z

where the left side denotes the subspace of $K$-invariant elements in

the space $c^{\infty}$ $( r\backslash G )$ $\otimes$ V $\textcircled{x}$ $\wedge r$ $(m^{c})$ on which $K$ acts by

( $R\otimes\tau\otimes$ A $r$

$ad_{-}$ ) $(k)=R_{r}\otimes$ $\tau(k)\otimes$ A $r$ $ad_{-}(k)$ $( k\in K )$ .
Let $A^{o}\cdot*$ ( $\Gamma\backslash G$ , V , $\tau$ ) be the subspace of $A^{q}$ ( $\Gamma\backslash G$ , V , $\tau$ )

corresponding to the subspace $A^{o}\cdot$ $(E(j))$ by the isomorphism (3. 2).

To describe this space, note that the Cartan decoposltion of $g$

together with the complex stuructue of $G/K$ gives rise to the

decomposition of $g^{c}$ :
(3. 5) $g^{c}$ $=k^{c}$ $+n$ . $+n-$

where $n$ $( n - )$ consists of .those elements of $m^{c}$ wbich project to
complex tangent vector of type $(1,0)$ (resp. (0,1)). The adjoint

action of $K$ on $g^{c}$ leaves stable the subspace $n$ so that we get a
representatlon ad . of $K$ on the vector space $n$ . We denote by

ad $s$ the rePre\yen e\iota tation of $K$ on the q-th exterior product
$\wedge B$ $n$ of $n$ s induced from $ad_{+}$ . We may identify the dual space
of $n-$ with $n$ by means of the Killing fom of $g^{c}$ . Then we get

the following identification similar to (3.4).

(3. 6) $A^{o}$ . ( $r\backslash G$ , V , $\tau$ ) $=$ $(C^{\infty} (r\backslash G )\otimes V \otimes \wedge\cdot n )^{K}$

where $K$ acts on $C^{\infty}$
$(\Gamma\backslash G )$ $\otimes$ V \copyright $\wedge\cdot$ $n$

. by $R\otimes\tau\otimes$ $ad^{*}*\cdot$
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Since $M$ is a compact Kaehler manifold, we can aPPlY the

harmonic thoery to study the cohomol $oqy$ $g$roups $H^{o}\cdot*(E(j))$ after

introducing Hermitian metrics in the fibres of the vector bundle

$E(j)$ . By $vi$rtue of the Key Lemma, we can introduce Hemi $t$ ian metrics

in the fibers of $E(j)$ by making use of a Hermitian metric in V

invariant under $\tau(k)$ $( k\in K )$ .
In the following we assume that the automorphic factor $j$ is a

canonical automorphic factor $J_{f}$ . Then after a series of crucial

calculus we get a simple formula for the Laplacian operator $\square$

acting on $A^{o}\cdot$ $(E(j))$ . Since $G/K$ is a Hermitian symmetric space, $k$

contains a Cartan subalgebra $h$ of 9 , and we choose a certain

canonical linear ordering in the dual space $h$ of $h$ such that $n$

$(n - )$ is a sum of eigenspaces of some positive (resp. negative)

roots of $g^{c}$ . When an irreducible representation $\tau$ of $K$ is given,

denote by A the highet weight of $\tau$ relative to this ordering.

Then the Laplacian operator $\square$ acting on $A^{o}\cdot*(E(j))$ is transformed

via (3. 5) into the act ion on the right hand $s$ ide of (3. 5) :
(4. 1) $\square$ $=$ $A^{1}$ ( $-C+<\wedge$ , A $+$ 2 $\delta>$ }

where $C$ is the Casimir operator acting on $C^{\Phi}$ $(\Gamma\backslash G )$ , $\delta$ is

the half-sum of positive roots and $<$ , $>$ is the inner product

defined by the Killing form of $g^{c}$

Now the harmonic theory asserts that the cohomology groups
$H^{o}\cdot r(E(J_{T}))$ is canonically isomorphic to the space of forms $\omega$ of

type $(0, q)$ which are hamonic, $i.e$ . such that $\square \omega$ $=$ $0$ . I $t$

follows from (3.6) and (4.1) that the space of harmonic forms is
$i$ somorphic to the space of V $\textcircled{x}$ A ’ $n$

$*$ -valued $C^{09}$ -functions $f$

on $\Gamma\backslash G$ satisfying the following conditions.

1) $f(yk)$ $=$ $(\tau \copyright ad^{q}* )$ $(k)^{-1}f(y)$ ( $y\in\Gamma\backslash G,$ $k\in$ K)

2) Cf $=<\Lambda$ , A $+$ 2 $\delta>f$ .
This space is clearly isomorphic to the space of automorphic forms

A( $\Gamma$ , $\tau$ \copyright $ad^{q}*$
’

$<\Lambda$ , A $+$ 2 $\delta>$ ) in the $te$rminology of section

1 . Thus we get the isomorphism:
$H^{0}$ .

$(M, \underline{E}(J_{f}))$ $=$ A( $\Gamma$ , $\tau$
$\textcircled{x}$ $ad^{q}+$ ’

$<\Lambda$ , A $+$ 2 $\delta\succ$ )

Applying the dimension formula (1. 1) and (2. 1) , we get finally:

(4. 2) $\dim H^{q}(M, \underline{E}(J ))$ $=\Sigma$ $m( \pi )$ ( $\pi|K$ : ( $\tau$ \copyright ad $Q+$ ) $\}$
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where $\pi$ runs over the irrreducible components of the regular

representation of $G$ for which $\pi(C)$ $=<$ A , A $+2\delta>$ .

5. Vanishing thoerems

Applying (4.2) we can derive a series of vanishing theorems for

the cohomology groups $suc’ h$ as vanishing theorems for the (O, q) Betti

numbers and a theorem of Calabi and Vesentini. By a very refined

argument dePending on deep results of unitary representations,

Parthasarathy and Williams show that when $G/K$ is an irreducible

Hermitian symmetric space, under widely applicable conditions on A ,

the q-th cohomol $0$gy group $H^{q}$ $(M, \underline{E}(J_{T}))$ vanishes ezcept for $q$ in the

following Table. Examples of non-vanishing cohomology for almost

all $q$ in the Table are constructed by $C.W$ . Anderson.

TABLE
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4. Brief history

Vanishing thoerems of sheaf cohomology groups were one of the

objects of research in the second half of $1950’ s$ , because they imply

rigidity of many interesting stuctures such as riemannian structures,

complex structures, as well as local rigidity of discrete $Sub\mathfrak{g}rouPs$

$in$ a $Lie$ grouP. The theory developed by Matsushima and mysel $f$ [1], [2]

is concerned with the sheaf cohomology groups on symmetric Riemannian

manifolds $G/K$ defined by a representation of the group $G$ or a

canonical automorphic factor. We get general vanishing theorems

which imPlY vanishing theorems obtained by Weil and by Calabi and

Vesentini. We refer to my report $[a]$ for a quick survey of this

theory as well as its applications, and to my lecture notes $[b]$ for

an elementary presentation of the whole theory.

The dimension fomula (2.1) was obtained first by Matsushima [3]

for special but distinguished case and later generalized in the

joint $wo$rk [4]. The application of this formula to the cohomology

was $i$.ni $ti$ated by Hotta and Wallach [5], which was followed by Hotta

and myself [6]. From this work we see that the dimens $i$on formula

provides a new proof for the vanishing theorem of Calabi-Vesentini

type ( $i.e$ . , of $d^{n}$ -cohomology), which was previously obtained through

a vanishing thoerem of Wei 1 type ( $i.e$ . , of $d$-cohomology). The $s$tudy

of vanishing of cohomology along this line is the object of the works

by Parthasarthy [8] and Williams [9], [10], [11]. (I am not aware of

further developement of the study about this subject after the middle

of 19801 $s$ . )

The present report is based on my article $[c]$ where the vanishing

theorems of Williams are explained in detail.

Expository works by S. Murakami:

$[a]$ Cohomology of vector-valued forms on compact, locally symmetric

Riemannian manifolds, Proceedings Symposia in Pure Mathematics,

$vol9$ , Algebraic groups and discontinuous subgroups, 387-399.
$[b]$ Cohomology of vector-valued forms on symmetric spaces, Lecture

Notes, Chicago University, 1966.
$[c]$ Vanishing theorems on cohomology associated to Hermitian

symmetric spaces, Ann. Inst.Fourier, 37 (1987), 225-233.



References(in chronological order):

[1] Y.Matsushima and S.Murakami, On vector bundle valued forms and

automorphoic forms on symmetric Riemannian manifolds, Ann.of Math.

78(1963), 365- 416.
[2] Y.Matsushima and S.Murakami, On certain cohomology grouPs attached

to Hermitian symmetric spaces, Osaka J. Math. , 2 (1965). 1-35.
[3] Y.Matsushima, A fomula for the Betti numbers of locally symmetric

manifolds, J. of Differential Geometry, 1(1967), 99-109.
[4] Y.Matsushima and S.uurakami, On certain cohomology grouPs attached

to Hermitian symmetric spaces(II), Osaka J. Math. , 5(1968), 223-241.
[5] R.Hotta and N.Wallach, On Matsushima’ $s$ formula for the Betti

numbers of locally symetric space, Osaka J. Math. , 12(1975),

419-431.
[6] R.Hotta and S. Murakami. On a vanishing theorem for certain

cohomology groups, Osaka J. Math. , 12(1975), 555-564.
[7] S.Murakami, Laplacians and cohomologies assocoated to locally

symmertric Hermit ian mani folds, Spectra of Riemannian mani folds

(Proceedings of the France Japan Seminar, Kyoto. 1981 ), 75-78.
[8] R.Parthasarathy, Criteria for the unitarizability of some
highest weight modules. Proc.Indian Acad. Sci. , 89(1980), 1-40.

[9] $F.L$ .Williams, Remarks on the unitary representatlons appearing

in the Matsushima-Murakami formula, Proceedings of the Conference

on the Non-commutative Hamonic Analysis, Marseille-Luminy, Lectwre
Notes in Mathematics, 880 (1981), 536-553, $Sprlnger-Verlag$ .

[10] $F.L$ .Williams, Vanishing theorems for type $(O, q)-cohomolo\mathfrak{g}y$ of

locally symmetric spaces, Osaka J. Math. , 18 (1981), 147-160.
[11] $F.L$ .Williams, Vanishing theorems for type (O.q)-cohomology of

locally symmetric spaces I I, Osaka J. Math, . 20 (1983) , 95-108.
[12] G.W.Anderson, Theta functions and hookomorphic differential

forms on compact quotient of bounded symetric domains, Duke

Math. J. , 50 (1983), 1137-1170.
[13] $D.A$ .Vogan and $G.J$ .Zuckermann, Unitary representatlons with

non-zero cohomology, ComPositio Matematica, 53(1984), 51-90.

Author $s$ address:

Shingo Murakami, $\overline{T}$ 617-0847 Takadai 2-8-11, Nagaokakyo, Japan

8


