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1. INTRODUCTION

The Harish-Chandra C-function was defined by Harish-Chandra as the constant terms
of the asymptotic expansions of the Eisenstein integrals. The Harish-Chandra C-function
plays a basic tool in studying harmonic analysis on semisimple Lie groups, because it closely
relates to the Plancherel measure and the reducibility of the principal series representations.
Moreover, the location of the singularities of the Harish-Chandra C-function is crucial for
the proof of the Paley-Wiener type theorem or the various Schwartz type theorem. In the
cases of Spin(n, 1) and SU(n, 1), there are no multiple irreducible unitary representations of
M occurring in the irreducible unitary representation of K. In these cases, it is known that
the restriction of the Harish-Chandra C-function to the M-irreducible component becomes
a scalar-valued meromorphic function.

2. NOTATION AND PRELIMINARIES

Let G be a connected semisimple Lie group of real rank one with finite center, K a
maximal compact subgroup of G and 8§ the corresponding Cartan involution. As usual, we
shall use lower case German letters to denote the corresponding Lie algebras and upper case
German letters their universal enveloping algebras. Let (-,-) denote the Killing form on g.
For X,Y € g, define the inner product (X,Y)s in g by (X,Y)s = (X, 8Y).

Let @ = ¢+ p be the Cartan decomposition of g corresponding to §. Choose a maximal
abelian subspace a of p. Let h be a f-stable Cartan subalgebra containing a and ,= pHNe. Let
t be the Cartan subalgebra of & containing ,. Fix an orthonormal basis of v/=1b,and choose
the orthonormal bases of \/=1t,+ a and V=1t so that their restrictions to \/—1h,coincide
with the orthonormal basis of \/=1t,. As usual, we shall equip /=1t a, /=1t and /=18,
with the lexicographic ordering with respect to the orthonormal basis given above.

Let T denote the set of all nonzero roots of g with respect to a and £ the subset of £
consisting of all positive roots. With « € X, g, denotes the corresponding root subspace
of g and m, = dimg,. Let n be the sum of all positive root subspaces. A and N denote
the analytic subgroups of G coresponding to a and n, respectively and N = §N. Then
G =I{AN and g = t+ a + n are the Iwasawa decompositions of G and g, respectively. For
g € G, g decomposes under G = (AN as g = k(g) exp H(g)n(g), where x(g9) € K, H(g) € a
and n(g) € N.

We denote by M and M’ the centralizer and the normalizer of a in I, respectively. Then
Wi(a) = M'/M is the Weyl group of G. Let Ax be the set of roots of & with respect to
tc and A}t. the subset of Ay consisting of all positive roots. Put p = %Ea€2+ mga and

(SK = %ZﬂGA:. ﬁ.

We fix an orthonormal basis {Xo,,l,.. ~>Xa,m,} of g, and {Ul,...,Um} (m = dimm)
of m with respect to the inner product (:,-)s. Put Y,; = 2“1/2(1\’(,,,- +0Xs,) and Z,; =
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272 ( Xy i =0X, ;) for cach i (1 < i< mg). Choose H € asothat a(H) =1, where a € £
denotes the simple root. Set w, = -5 [~ U? - Z N Pty Y2 and wj, = — BNide Y2

Let Dy and Dps denote the sets of dominant, analytlcally integral forms on t. and .,
respectively, with respect to the orderings given above. If A € Dy and p € Dy, we write
(72, Va) and (o,, H,) for the irreducible unitary representations of I{ and M whose highest
weights are X and p, respectively. With 7 € K and 0 € M, [7 : 0] denotes the multiplicity
of o occurring in 7|p. Let K (o) and M(r) be the subsets of K and M consisting of the
elements satis{ying (7 : 0] # 0, respectively. Similarly Dy (u) and Dps(A) denote the subsets
of D and Djys consisting of the elements satisfying [y : 0,] # 0, respectively.

Finally we write the Haar measures dk and dii on I and N, respectively, normalized as

[ dk =1 and [gexp{-2p(H(R))}dnA = 1.

3. INFINITESIMAL OPERATOR OF THE PRINCIPAL SERIES

In this section, we shall introduce the formula of the inifinitesimal operator of the principal
series representation that was shown by Thieleker [10] We shall reform Thieleker's formula
for our convenience so that we can get the recursion formula of the Harish-Chandra C-
function.

We shall first review the compact picture of the principal series to explain the notation
and the parametrization. Let (0, H,) € M and v € af. We set

(3.1) CP(K) ={p € C®(K;H,) : (km) = a(m)~o(k)}.

Let H?" denote the completion of C$°(K) with respect to the inner product (f,g) =
Sic(f(k), 9(k)) i, dk. Define the action 7, of G on H°* by

(3.2) (Mo (9)9) (k) = e HAHET N (5 (g=1)).

For ¢ € H*, define the function ¢, on G by ¢, (g) = e~ +PHD(x(g)). With (1,V;) €
K (o), let H**(7) be the r-isotypic component of H%"¥. Then Frobenius reciprocity implies
the following lemma.

Lemma 3.1. The correspondence T @ v = fregy(k) = T(r(k)"'v) is a K-module isomor-
phism of Homp (Vr, H,) @ V; onto HO¥ (7).

We set ¢z (k) = (Ad(k)~'Z,H)/(H,H). The objective in this section is to prove the

following theorem.

Theorem 3.2 (cf. [10]). Let Z € p. and ¢ € C(K). Then we have

(o (2)0)(8) = 2 420) () + 22— [(G50) i) = B2 (K)o (ki)

o o [('f’Z‘P)(k;wza) —¢z(k)<p(k;u;20)],

Proof. We first note

- 2 ja
(3.3) Ad(K)1Z = <Ad(2{1§’)H)H SO (AA(R) 2, Za ) 2y
! 1=11i=1
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It follows from the definition of ¢, (g) that

(3.4) e (k;H) = ~(v+ p)(H)p, (k) for H € o, k € K,
o, (k;X)=0for X €n, k€.

Noting Z;a,i = =Yja,i + \/fXja’,-, we obtain
(3.6) 0u(ki Zja,i) = —0u(k; Yia,) = —0(k; Yia ).

Taking into account (3.3) and (3.6), we have

(3.7)
(%o (2)0) (k) = ¢ (=23 k) = —ou (k; Ad(k)7' 2)
2 Mja
= (v +p,a)(Ad(K) T Z, H)p(k) + ) D (Ad(K)T'Z, Zja,i)e(k; Via,i)-
Jj=1i=1
A simple calculation yields that
(3.8) [H)Y'ja,i] =ija,l'1 [Yja,tha,i] =j(Cl’,O’>H-

From (3.8), we have
(ad(-Yja ) Ad(k)™' Z, H)
(H, H)
—J(Ad(k)_lz, Zja,i)
(H, H) '
Therefore, substituting (3.9) into (3.7), we obtain

(3.9) $z(k; Yia,) =

(3.10)
(v+p )

(o (2)0) ) = -2

(6z0)(k Z¢z ki Yai)o(k; Ya,)

Mia

i)e(k; Yaa i),

A simple calculation using (3.8) gives that

(3'11) ¢Z(I“ U) - 0 ¢Z(I") ja, n) = —j2<a’a>¢2(k);

and hence

(3.12) bz (kiwja) = ijj‘,,(a,or)dzz(k),
¢z (k;we) = (ma + 4maa)(a, @)z (k).

By using Leibniz’s formula, we have

(3.13)

(62¢)(kiwja) = dz(k)o(kiwja) + ¢z (kiwja)o(k) = 2 $z(k; Yja)o(k; Yia,)

mja

= ¢Z(k) (k W)a)'*‘.? m)a<0’ a ¢Z _QZ¢Z r Jo:x k:}lja u)
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Therefore
(3.14)

mja

= 2 bz(kYia ok Yia) = 5 [(629) (Kiwja) = 82 (K)o (ks wja) = °mjale, a)(29) (K)].
i=1

B | =

Substituting (3.14) into (3.10), we obtain

(3.15)
(ro (2)9)8) = 2L 7))
+ graay [(P20) (k5 wa) = 82 (B)o(kiwa) = ma(a, 0} 42) ()]
+ 2y [620)kwa0) = 92 (k)plhiwns) = 4 (@, ) (62 (4]
= 8020000 + 5 (20) b +us0) = 82(R)olkiva +02a)]
- oy [z kiw) = B2 (B)olkiwna)]

Noting (3.11), and using Leibniz’s formula, we immediately obtain

(3.16) (bz0)(kiwa + w2a) — ¢z (k)o(kiwa + waa) = ($20) (ki wi) — bz (K)o (k;w).
Substituting (3.16) into the last expression in (3.15), we get the assertion. O

4. CONNECTION WITH C-FUNCTION AND INTERTWINING OPERATOR

In this section, we will summarize some known results on the relationship between the
standard intertwining operator and the Harish-Chandra C-function. The results below are
due to Knapp-Stein [6] and Wallach [13].

In [6], they have constructed the integral expression of the intertwining operator between
the principal series representations, which is called the standard intertwining operator. Let
(0,H,) € M and v € o!. Fix (1,V,) € K (o). We first note that if T € Hompy (V;, H,) then
TT(w)™! € Homps (V;, Huo), that is, dimH?*(7) = dim H“**“* (). Suppose Re(v,a) > 0.
Then the standard intertwining operator is defined as follows:

(1) (Alw,o,v))(k) = /N e~ HH ) (L ())d, ((k) € O (K)).

Then it is known that the integral defined above is well-defined. Moreover A(w,o,v)ep €
C3(K) and it satisfies

(4.2) Alw, 0,V ,(9)0(k) = Two,wy (9)A(w, o, v)p(k).

In 6], they also showed that A(w, o, v)y, as a function of v, can be extended to a meromor-
phic function on a;. Let T ® v € Homp (Vr, H,) ® V;. Then it follows from Wallach (cf.
[13]) that

(4.3) (A(w, 0,v) frev)(k) = T(Cr(v)r(w) " r(k)" ),
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where

(4.4) C,(v) = / e~ CHAHM £ (7)) d

N
Here the function C,(v) is called the Harish-Chandra C-function associated with 7. Noting
that 7(m)Cr(v) = Cr(v)7r(m) for any m € M, we see that TC,(v) € Homps(V;, H,) and
TC,(v)r(w)~! € Hompm (V;, Huo). Let (R(w)p)(k) = ¢(kw) for ¢ € CP(K). Define the

linear mapping

(4.5) R.(w): Hompy (V;, H,) @V = Hompys (Vr, Huo) ® Vs
by R, (w)(T ® v) = Tr(w)~! @ v. Then it is clear that
(4.6) (R(w)frev) (k) = fr. ()T (K)-

Looking upon C, (v) as a linear mapping of Hom (V7, H,), weset Cr(o: v) = detCr(v).
We call C, (o : v) the Harish-Chandra C-function associated with 7 and o. Our main concern
in this paper is the case that dimHomp (V;, H,) = 1. It is known that if G = Spin(n,1)

or G = SU(n,1) then this assumption holds for all 7 € K and o € M(r). Under this
assumption, because TC, (v) = Cr(o : v)T, (4.3) can be written as follows.

Proposition 4.1. Retain the above notation and assumption. We have

(4.7) (A(w,0,v)frev) (k) = Cr(0: V)R, (u)(Tou) (k)

5. RECURSION FORMULA FOR C-FUNCTION

In this section, we shall show the recursion formula for the Harish-Chandra C-function
under the assumption that [ty : ¢,] = 0 or 1. In addition, we assume that the unitary
representation (Ad,pc) of I{ has no multiple weights. This is the case that G = Spin(2n +
1,1) or semisimple G with rank G = rank I{. Let A, denote the set of all weights of (Ad, pc)
with respect to tc. Under this assumption, the following lemma is valid.

Lemma 5.1. Let A\ € Dy. Then

Ad®T) = Z m(A + B)Ta4s,
BEA,

where m(A + B) = 0 or 1.
Let Ex4p denote the canonical projection of pc ® V) into V4 given by the decomposition

in Lemma 5.1 satis{lying E,\+pE;‘+ﬂ = Iy4p, where E;ﬂ, and I ;g denote the adjoint
operator of Ey1p and the identity operator on Vy4p, respectively.

Let A € Dy and pu € Dpg(A). For T € Hompy (Vy, H,), define T € Homp (pe ® Vi, H,.)
by

T (Z’ H)
5.1 A = - .
(5.1) 7120 v) = (7 5T0)
Define the linear mapping
(5.2) M,,(Z; A+ 0, /\)1 Hom as (V,\, Hy) RV, = HomM(V)‘.{.p, HP) ® V,\_,.p
by
(5.3) Mu(Z; 2+ BN (T @v) = TEs 5 ® Ex4p(Z @ v).

Here it is easy to check that TE;_H, € Homp(Vaqp, Hy). Then we have the following
proposition.
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Proposition 5.2. Keep the notation and assumption above. We drive

(5.4) (b2 freu) (k) = D m(A + B)fas, zr+s,0)(Tov) (K)-
BeEA,

Proof. We compute

(¢sz®uxk)::<Ad()'lf )

(H
= T((Ad®m)(k) "' (Z ® v))

T(mx (k)" v)

T (Ad ®’T/\ (}» Z E,\+ﬂE,\+ﬁ(Z ® U))
BeA,

Z (A + B)T(E3 1 g7a+p (k)" Exep(Z @ v))
€A,

= Z m(A +ﬁ)fT'E;+ﬂ®EH,,(z®u)(k)-
Be

v[>

Therefore the assertion holds. O

For u € Dps and w € W (a), define wu € Dys as wo, = 0y,. In the following discussion,
Ry is an abbreviation of R,, and when there is no possibility of confusion, we shall use
similar abbreviations. The next lemma is immediately obtained.

Lemma 5.3. Retain the notation above. If m(A + ) # 0 then it follows that

R,\+ﬂ(w)Mp(Z; A+ B, )\) = -—Mw,,(Z; A+ 0, /\)R,\ (w)

Proof. We compute

(Ad(kw)=1Z, H)

(5.5) (R(w)(#2 freu)) (k) = == gt T (ma (b))
-1 w
—_ (Ad(k) (HZ,}‘{A‘;( )H>T7',\(w)_1(r,\(/c)"lv)

—(z Ry (w)(Touv)) (k)

1

Noting fM,,(Z;A-&-,G,,\)(T@u) € H¥(rr4p) and fRy(w)(Tev) € HYI* (7)), we see that

(5.6) (R(w)(8zfreu))(k) = D m(A + B) SRy, pw) M, (Zp+8 2 (To0) (E),
pea,

(d’ZfR,\(w)(T@u))(k) = Z m()‘ + ﬁ)wa(Z;z\+ﬁ,z\)Rx(w)(T®v)(k)'
pea,

Substituting (5.6) into (5.5) and comparing side by side, we obtain the assertion. 0O

Combining Theorem 3.2 and Proposition 5.2, we have the following theorem.
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Theorem 5.4. Let p € Dy and A € Dy (u). Then there exists ny(wza) € C such that

(7, (2) frev)(k)
_ (via) (22 + 25k +B,8)  ma+p(was) — ma(w2a)
B ﬂéz%,{ (o, @) + 2(a, a) 4(a, a) }

x m(X + B)f M, za+8,0(Tov) (k)

(Wwdu,wu(Z)./R;(w)(T®u))(k)

_ (na)  (2A+26k+B8,8)  map(waa) = M (wao )
E { (a, a) 2(a, o) 4(a, o) }

X M(A + B)frmo,(2:a+8,2) Ry (w)(Tov) (K)-

Proof. By using Proposition 5.2, we deduce

(bzf1eu)(kiwi) — éz (k) freu(kiw)

= D (2A+ 28k + B, BYm(X + B) fam, (zir+p.0)Tew) (k)
pen,

On the other side, under the assumption that dim Homas (Vy, H,) = 1, there exists n) (w24 ) €
C such that

T7a(wa2a) = ma(w2a )T,

and hence
freu(k;wae) = T7a(wa2a ) (Ta(k)71v) = na(w2a) frew (K)-

Likewise we have
I zaes ) @ov) (ki waa) = marp(W2a) fam, (za4p 2y (Tov) (K)-
Accordingly we get

(62 frov) (ki waa) — ¢z (k) freu(k; waa)

= > (ma+p(w2a) = Ma(w2a))m(A + B)f as, (zia+8,3)Tov) (K)-
pen,

Noting

fTr,\(w)“®v(k;w2a) = TT,\(UI)‘IT,\(WZQ)(Tk(k)_lu)
= TT,\((UQO)T,\(LU)_I(T,\(k)—lv)

= nA(w2a)fTr,\(w)"®v(k)’

we can get immediately the second equation in Theorem 5.4. O

The objective in this section is to prove the next theorem.
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Theorem 5.5. Let u € Dy and X € Dy (p). Suppose A+ € Dg(p). If m(A+B) #0,
then we have the following recursion formula.

{— (ha) | (2A+26k+B,8) _ mapluze) = ”A(w"“)}o”(a,, v)

(o, @) 2(a, @) 4(a, a)
__[vmea)  (2A+25k +5,0) _ M+ (w2a) = mr(waa) o
- {(0',0!) * 2(a, a) 4(a, a) }Cnu( wiv)

Proof. We first recall
(5.7) A{w,o,, V)T, w(Z) fTew = Twa, wu(Z)A(w, 0., V) fTey.
Applying Theorem 5.4 to (5.7), we have that

the right-hand side of (5.7) = Cy, (0, 1 ¥)(Twa, v (2)f Ry wyTow)) (£)

‘ (via)  (2XN + 28 + B, B) _ Ma+p(w2a) = nx(w2a)
=Cr(ouiv) > {-«w) + 2, o) 1(a, o) }

BEA,
X m(A + B)f p (22480 Ra (w)(Tow) ().

Similarly, taking into account Lemma 5.3, we have that

the left-hand side of (5.7)

(via)  (2A+ 26, +8,08) _ M+ (w2a) — Mr(wa2a)
Z {(a,a) 2(a, a) 4(a, o) }

= A(w,ay,u)[
Bea,

x m(X + ﬁ)fM,,(z;Aw,,\)(T@u)(k)}

_ (V’a) (2/\'*'251\’ +ﬁ:ﬁ) _ 77)\+ﬂ(w2&) _77)\(‘“20)
- ZP{ (a, a) t 2(a, a) 4(a, a) }

X Crarp (00 V)M(A 4+ B) fRas s ()M, (2248, 2)(Too0) (F)

-5 [_ { (v, @) 4 (22426 +8,8)  mtp(waa) = T),\(wza)}]

(o, ) 2(a, a) 4(a, )
X Crapa(ou : VIMA + B o, (2480 Ry (w)(Tou) (K)-

From the definition of M, we see that if [r) : 0u] = [Ta4p 1 04] = 1, then Mu(Z;X+8,0) #
0 for some Z € p.. This completes the proof of theorem. O

6. EXPLICIT EXPRESSION OF THE RECURSION FORMULA

In the remainder of this report, we shall restrict our attention to the case of SU(n,1).
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Let us set G = SU(n, 1) (n > 2). The Iwasawa decomposition of G is given as follows:
(6.1)

K = {(X u) . X € U(n),u € U(1), udet X = 1},
(6.2)
M= {('qu> : X eU(n- 1),ueU(1),u7detX=1},

(6.3)
a=RH, where H = E, n41 + Engin,

In-—l
A=<{a = cosht sinht | :t€ R},
sinht cosht

In—l z -2z
N = {n(z,u) = (—z' 1-w/2 w/2 ) :z€ C" L ue V-1IR,w = |z|? —2u},

-2 —w/2 14 w/2

I._, -z —~z

N = {A(z,u) = 2t 1-w/2 -~w/2 czeC" LueV-1Rw=|z]* -2u},
-z* w/2  1+w/2

where [,,_; denotes the unit matrix of order n — 1.

We shall regard v € af as a complex number under the identification v —+ v(H). The
following lemma is easy to obtain and hence omit the proof.

Lemma 6.1. Let ii(z,u) be as above. Then we have
H(#(z,u)) = log|1 + w|H,

2zz" —2z
In-1 - I+v  [1+u] 0
= _ 2z° 1—w
r((z,u)) = ito T
0 0 Atw

1+ w|
We shall next write down A',t-, A, D and Dyy.

(6.6)

A1+<={€.‘-e,- (1_<_i<j§n)},
(6.7)

Bp,={B =€ —enq1,-B; (1 <5< n)},
(6.8)

Sic = —;— (n - 2p+ 1)ep,

p=1

(6.9)

z) :/\p—/\p.HGN(lSpSn—l)},

1 n-1
Dy = {(Hl;---,#n—-x) € (—-———Z) tHp — Hpt1 € N (15p5n—2)}.
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Let A € Dy and u € Dy be given as above. Then [7) : 0,] = 1ifl the betweenness condition
below holds:

(611) /\P—-/.tp € Z, Hp ""\p+1 € Z (1 Spﬁn—l) and )\1 Z H Z.../\n_l _>_/_t,-,..1 2 ’\n-
It follows from (X,Y) = 2(n + 1) tr XY that for A = (A\y,..., A\,) € Dy,
(2\ + 25 + B;, B;)

(6.12) =2\ +2/m|+n—-2i+3, (1<7<n),
2(a, a)
where [13| = 32°_, A,. We shall now compute ) (w2q). To do this, we will utilize the
Gel'fand~Tsetlin basis for u(n). Let A € Dy and u € Dps()). We set
(6.13)
V) = Spang {u(m) : Gel'fand-Tsetlin scheme m = (m,,...,m;) with m, = )\},
(6.14)

Va(u) = Spang {v(m) : Gel'fand-Tsetlin scheme m with m, = A\, m,_; = y}.

Put X, = Epp+1, Yp = Epprpy Hp = E;;'p - E;;+1,p+1 and Hy = diag(-1,...,—1,n1),
where E o denotes the matrix whose (k,!)-component is i6,x84. Then it is known (cf. [11])
that there exists an irreducible unitary representation (75, V) of K satisfying the following

condition.

p

(615)  ma(X,)u(m) = 3 4 (m)u(m),
j=1

(6.16) 7 (Yp)v(m) = 3 Bj(m)v(m,7),
=1

p+1

(6.17) (H) = 2Zm1,p ij,pl Zm),pﬂ V=1v(m),

(6.18) ™\ (Ho)u(m) = —(n + 1) Zm,.,,,\/IIu(m),

where m;t’ is the Gel'fand-Tsetlin scheme obtained by replacing m; , with mjp+1in my of

m. Moreover, as a representation of M, (7x|am, Va(u)) is unitarily equivalent with (0, Hy)
and

(6.19) - i= > Vatuw).
- HEDM(N)
We define the Gel’fa«nd—Tsetlikn scheme m, ,, = (m,,...,m;) by
(6.20) mp=A=(A,...,\), mp = (b1 i)y (1<p<n—1).
Because
. n-1
(6.21) Yoo = —mdiag(0, . 10,1, ~i)

2Vn+1
-1
= —{H H 2H -1)H,_1},
o ,———-——n+1{ o+ 1) + 2+ +(ﬂ ) 1}
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we have from (6.17) and (6.18) that

1
(6.22) a (Yoo Ju(my ) = w_f—ﬁ(z‘”' - lou)V=1v(my,.),
where |7)| = 2:=1 Ap and |o,| = Z:;ll pp. Since wye = —YZ, it follows
‘ 1
(6.23) T,\(w2a)v(m)\,y) = m(ﬂﬂ\l - Ia,,l)zv(m,\,,,).

Therefore, it follows from Tv(m, ,) # 0 that

1
, = —— (2|7l = lou])?
(6.24) 7 (w2a) it 1)( I7al = loul)
Taking into account |Ta4p;| = |7a] + 1, we have

TL\+/3,-(“’2a) = N (WQQ)
4(a,a)

(6.25) =2|ma| = Jou| + 1.

By using these results, we will here write down the recursion formula of the Harish-Chandra
C-function. Put i = (p1,.+.,#n-1, #n—-1) € D (p). Then from (6.12) and (6.25), Theorem
5.5 can be written as follows: if [Ta4p, : 0,] =1 then

(6.26) (—v+2X;+|ou|+n—2542)Cr, (0, V) = —(1/4-2)\)--}-|a,,|-}-n—2j+2)C',.M‘,,(¢7,J 1)

Accordingly, using the preceding recursion formula and shifting the parameters as u, — Ap
and pn,—1 =+ A, we can find the following theorem.

Theorem 6.2. Keep the notation above. We get the following.

Crylop:v) =
n_l(;v_drltmﬂ‘_jﬂ) (;:::n_-m_u l)
(_l)lfxl—lf.:l H 2 ’ Aj=Hs 2 ") pci=An
el R A I)A (togteed — o) A
JTH; Hn-1"An

x Cr, (0,1 v).

7. EXPRESSION OF C;; (0, : v)
Theorem 6.2 says that for getting the expression of the Harish-Chandra C-function, it
suffices to calculate Cy, (0, : v). To do this, we shall get the integral expression of Cr; (o, :

v).

Let 4 = (u1,-.-yHn-1) € Dy. Then, as mentioned in §6, the Gel'fand-Tsetlin basis
v(m;) = v(m; ) is a highest weight vector of (7, V). We choose T € Homp (V;, Vi (1))
as a canonical projection. Noting Tv(m;) = v(m;) # 0 and remembering TC;, (v) =
Cr, (0, : V)T, we have

(7.1) Cri(op v} = (TCr, (v)v(mp), v(my))

(
= (Cr; (v)v(mg), v(ms))

= [ e (x(7) 7 u(mg),u(ami )
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Putting ¢ (k) = (75 (k)v(m,), v(mg)), we obtain
(7.2) Cr, (0, : v) = / e~ CHHM . (c(7)~1)d.

N
As a preparation for computing ¢;(x() ™), we shall write down the action of 7 (x()~!) in
the case of the alternating tensor representation A. Let (®, C") be the usual representation

of K, that is, for k = (X u) € K and z € C", ®(k)z = u"'Xz. We denote by (®,,C)
the representation I defined by ®¢(k)z = u~!z. Let (®,,A"C") be the alternating tensor
representation of ®. Then @, (1 < r < n — 1) is irreducible with highest weight A, =
g1+ -+ +¢& —repyy and e; A--- Ae, is its highest weight vector. A simple computation
implies

(73) (Os(5 ) e eg) = T2 (6, - 222 )

o) (-t

In order to compute ¢;(x(A)~!) for any u € Dp, we shall apply the Gauss decomposi-
tion of K. = GL(n,C) and prove that ¢;(x ( )™ ) can be represented as the products of
éa.(x(A)"!). We consider 75 as a holomorphic representation on /{.. We write t, (resp.
t_) for the sum of all positive root subspaces (resp. negative root subspaces) with respect to
(tcytc). Let Ay and I{_ denote the analytic subgroups of I{. corresponding to t4 and ¢_,
respectively. We note that I exp t. K5 is dense in K. and ¢, is holomorphic on K.. For
A € D}, it follows from the definition of ¢, that

(7.5) éx(kyexp Hko) = ¢a(exp H) = 2| (k) € Ky, ko € K_, H € t.).

Because i = Z;;?(up — pp4+1)Ap = (n 4+ 1)pn—16n41, we obtain

Thus we have

(7.4) ¢Ar(fc(ﬁ(z,u))_ (

n=-2

(76) ¢};(k1 exp Hkg) = H ¢Ap(k1 exp sz)l‘p_l‘p-ﬂ ¢Aa(k1 exp sz)(ﬂ‘f'l)ﬂn—l .
p=1

Therefore we have

(7.7)  ¢alx(fi(z,u))™})

Hp—He+1

n—2 P
—_ (1 + w)(l"ul‘*‘?#u—l)/?(l + Q)"(!Uul'*’?m)/? H 14@ -2 Z IZJ.IQ

Using (7.7) and carrying out the integration, we can get the explicit expression of Cr; (0, : v).
In this case, p=nand N = C""! x R and

2 n
(7.8) / |1+ w|™*"dzdzdu = (2m) (= cn, say).
Cr-'xR (n—1)!
Applying Lemma 5.1 and (7.7), we have
(7.9)

cnCry (0,1 v) = / (1 +w)_(u+n'-laul”2}‘ﬂ-l)/2(1 +Q)"(”+"+Iau|+2i‘l)/2
: Cr-1xR

ne2 , Hp=Hp+1
X H 14w-2 Z |12 dzdzdu.
p=1 1=1

Here we use the following lemma.
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Lemma 7.1 (cf. (5], [9]). Let A € C, ¢ € Z, g € N(1 < ¢ <n-1),and F =
1+ 2(lzi + -+ + |2a=1]?) + V= 1u. Then

P

q
n~1 4
PR F=S"1z2| dzdzdu=
/C"—'xR. ;:I;Il Z !

j=1
(21(.)112,\+n+q:+"'+9n-1I"(_/\ -_n - ql —_— s s Qn—l)
n—1 .
T (3 0=y =) (A 0= — gy =+ )T (=259
j=1

Taking into account (7.8), we obtain the following proposition.

Proposition 7.2. With the notation above, we have the following.

(n=1)127"*"I(v)

"‘1‘ (el - g )0 (2pled )T (2o 1)
J

Cri(ou:v)=

[

8. EXPRESSION OF THE HARISH-CHANDRA C-FUNCTION

Combining Theorem 6.1 and Proposition 7.2, we can get the explicit expressions of the

Harish-Chandra C-functions for SU(n, 1). .

Theorem 8.1. The Harish-Chandra C-functions Cr, (0, : v) for SU(n,1) associated with
ry € K and o, € ]\A{(T,\) are given as follows:

(n = im0 (2=t - ) T (22t - )

J=

1 D (=2gloed 4 5o y) I O (ogleed — 114
J=l1 j=1 ‘

Cr,\(aﬂ tv) =

As well known, because the Plancherel measure u(o,,v) can be given by the Harish-
Chandra C-function C,, (0, : v) by using the relation u(o,,v) = |C;, (o, : v)|~2%, Theorem
8.1 implies immediately the following corollary.

Corollary 8.2. The Plancherel measure for SU(n,1) is following.
Ifn—lou| = 2un—1 is an odd integer,

n—1

—my v+n+lo,| . —-v+n+|o , Ty

plou,v) = o TEE ( s~ +u,~> (——2——|—’f—l - J +u,') tan —-,
Jj=1

Ifn —|o,| = 2ua—1 1s an even integer,

n—1
(87 v+n+lol . —v+n+|o ) Ty
Hlowv) = (n —1)1222n-1 ( 2 ) —J+#j> (——_—E-I_]+pj ot
Jj=1 .

2
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9. DETERMINATION OF THE COMPOSITION SERIES

In this section, we shall show that the expression of the Harish-Chandra C-function
can be utilizable to write down the composition series of the nonunitary principal series
representations.

Let p = (f1,--+ypin—1) € Dps and A = (A1,...,An) € D (). Suppose v € R and v > 0.
For1<j<n-—1,weset hj = (v—n—|o,|)/2+j—u;and k; = (v+n+|ou])/2 -7+ u; and
assume h; € Z and kj € Z. We choose 0 < a,b<n—1 satisfying the following conditions:

(9.1) h1<---<ha$0<h0+1<~-<hn_1,
ky > >k >0 kypy > - > kn-1.
When h, = 0 and kp4y # 0, we set

(9.2)
f,’,t(b) = {A = (A2 An) € Di(p): mper S 41 Satb—n-— lou| - #a}v

> W

AESM(b)

T w»
Q
*
=
1

When h, # 0 and ky4 = 0, we set

i@ = {A= (A1, n) € Dk (w) sa+b—n=|ou] = a1 +2 < Xass < o}

AESSA ()

When h, # 0 and ky4+; # 0, we set

(9.4)
v—n ol

S:":,_(a)={)\=(A1,...,)\n)€DK(u): 5

+a+1S’\a+l S“a}:

R P e L

XES Y ()
In addition, in case a # b, we set

(9.5) 5o*(a,b) = 577 (a) 0 SI (),

v

Ho»(a,b) = Z V.

AES,¥ (a,b)

Theorem 9.1 (cf. [8]). Retain the notation and assumption above. m,, ., is reducible iff
(v—n=|ou)/2+7—u; €Z\{0} or (v+n+]ou|)/2—-7+p; €Z\{0} for1<j<n~1
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Theorem 9.2 (cf. [8]). Assume m,,, is reducible. Choose 0 < a < b < n — 1 satisfying
the relations in (9.1). Then the composition series of m,, , are given as follows:

(1) he =0 and kyqy # 0.
Hoe¥ D H (b)) D {0}

(2) ha #0 and kyyy = 0.
Hou¥ > HY¥ (a) D {0}.

(3) ha #0 and kypy # 0 and a = b.

HO D HyM (a) + Hor(a) D HL Y (a) D {0},
M > Hy" (a) + My (a) D H* (a) D {0}

(4) ha #0 and kyyy # 0 and a < b.
M D HE (a) + M (6) D H % (a) D M (a,b) D {0},

HT* D Mk (a) + How(b) D H,(b) D HI*(a,b) D {0}.

We shall next write down the composition series of T, 0o Let p=(py,...,p4p-1) € Dy
and A = (Ay,...,A,) € Dg(u). Then Theorem 5.4 can be written as follows:

(9.6)
(Ta,,0(2) freu) (k) = D (n =27 +2+2X +|o,)m() + Bi)fm, (za+8;0)(Tou) (k)
J=1
+ D (=n+2j = 2X o, l)m() - Bi)f r,.zia-8;0) (T (K)-
i=1

Consequently, we have the following theorem.

Theorem 9.3 (cf. [8]). Retain the notation above.

(1) 74,0 is reducible iff (—n — lowl)/24+7-pjeZ\{0} (1<j<n- 1).
(2) Assume m,, o ts reducible. Choose 0 < a < n —1 satisfying the relation in (9.1).
Then the composition series of Tg,,0 can be written as follows:

H® > Hgry(a) O {0},
M0 > Hg  (a) D {0}.

We shall determine which parts of the composition series are unitarizable. To do this, by
using the expression of the Harish-Chandra C-function, we shall get the conditions for the
subquotients of the composition series to admit the positive definite Hermitian sesquilinear
forms.

Theorem 9.4 (cf. [5], [7]). Retain the notation above. The following subquotients admit
the positive definite Hermitian sesquilinear forms.
(1) ha =0 and ky4y #0.
'H:,“_ (8) with pagy =+ = py and hoyy = 1,
'?'{"""'(I()/H:"‘_ (8) with pagy =~ = py and hoyy = ky = 1 (thatis, v = b—a+1).
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10.

11.

12

13

(2) ha #0 and kyyy = 0.

H:,’;(a) With oy =+ = py and ky = 1,

H”“’”(I&')/Hzil(a) With iy = «+- = pp and hayy = ky = 1 (that is, v = b—a+1).
(3) ha #£0, kpy1 #0, and a = b.

H,% (a) and H)* (a).

HowV(K) /(M (a) + H,* (a)) with v = 1.
(4) ha #0, kyy1 #0, and a < b.

HE"(0,5) with poss = - =
Hz,"_,_(a)/'}{:“(a,b) with fag1 =+ = pp and ky = 1,
HZ,”— (b)/Hz"(avb) with poyy =+ = pp and hoyy = 1,
Hoer (K) /(M2 (a) + HZ (8)) with pagr =+ =y and hayy = ky = 1 (that is,
v=b-a+1) :
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