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§1. Introduction.

Let GL(n,C) be the group all # x n invertible matrices with entries in C. An element
A in GL(n,C) is called regular if the centralizer T of A in GL(n,C) forms a maximal
split torus of the reductive group GL(n,C). Let GL(n,Z) be the modular group of degree
n and ( be a regular element in GL(n,Z) with the characteristic polynomial f(X). Let
Gz(f) be the subset of all roots of f(X) in GL(n,Z). The group GL(n,Z) acts on G3()
by the adjoint action. Let N; be the number of orbits of GL(n, Z) on Gz(f). The purpose
of this paper is to show that N; is given by 4 special value of certain Dirichlet series (r(s)
of Rat s=1.

The finiteness of the space Gz(f)/GL(n,Z) has been proved by [10],[14]. We remind
that the zeta functions of various kinds have been introduced into the study of algebras.
Especially, this paper has been strongly influenced by Solomon’s idea in dealing with the
group algebras [9] and its generalization by Bushnell-Reiner [2], [3].

§2. Preliminaries.

Let { be a regular element in the modular group GL(n,Z) of degree n with the charac-
teristic polynomial f(X) and R = Z[(] the ring generated by { over Z. Since ( is regular,
the characteristic polynomial f(X) of ¢ has irreducible factors fi(X), fa(X),--- , f,(X)
with multiplicity one. Let Q[X] be the polynomial ring in X with coefficients in Q.
The ring Q[(], which is generated by ¢ over Q, is decomposed as follows: For ki(X) =
f(X)/fi(X) there exist u3 (X), ua(X), - ,u,(X) in Q[X] such that 1 = I w(X)hi(X).
Put ¢; = 4;({)ki(¢). Then we have

g

(2.1) 1= €;, and €€ = 6,',,'6,'
i=1

where §; ; is the Kronecker delta. Let ¢; be the restriction of Q-linear endomorphism ¢ of
Q[(] to Q[¢]e;. Observe that (; is a root of the irreducible polynomial fi(X), so that k; =
Q[(i] is an algebraic number field over Q. The ring Q[(] is decomposed into a direct sum
of kie;'s (1< i< g):
(2.2) Ql =kie1 @ kres ®--- & kgeg.
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Let O be the ring of algebraic integers in Q[(]. Since ¢; is a root of the monic polynomial
X? — X in Z[X], ¢; belongs to O. Let O; be the ring of integers of k;. Then we have

(2.3) O0=01e1003e30---® Oye,.

We shall define the norm and trace on Q[(]. Since all eigenvalues of { are mutually distinct,
¢ is diagonalizable. Furthermore, there exist ¢,(’,+-+, (=1 in T such that

(24) [ «®-¢iyeagr(nc), f(¢9)=00<j<n-1).

0<i<j<n—-1

Put Q= {¢,¢',--- ,((»~1}. Let Q[] be the commutative ring generated by Q over Q.
Then

(2.5) F(X) = (X = (X =€)+ (X =~ (™) in (Q[Q)[X].
The norm N and trace Tr in Q[(] are defined, respectively, by

(2.6) Np(¢) = p()p(¢) -+ p(¢ V),

(2.7) : Tr(p(¢)) = p(¢) + p(¢') + - -+ p(¢7V)

where p(X) is a polynomial in Q[X]. Since Np(¢) and T»(p(¢)) are the symmetric polyno-
mialsin ¢, (', -, {(®"1), (2.5) implies that both Np(¢) and T#(p({)) are rational numbers.
If a is an element in R, then Na (resp. T'»(«)) is a rational integer. Let Nj, be the norm
of the algebraic number field k;.

LEMMA 2.1. Let a = ayey +azes + -+ +age, where a; € k; fori =1,2,--- ,g. Then we
have ’
Na= Nh‘alNh,a, ---N;.'a, X 1,,.

Here 1, is the identity matrix of degree n.
Define the unit group E¢ of Q[(] by
(2.8) Eo ={e€0:Ne=+1}.

LEMMA 2.2. Let E; be the unit group of the algebraic number field k;. Then we have
(2.9) Eo = E161 & Ezez D---D E,e,.

We now turn to the ideals of R. An ideal a C R is said to be nosingular if the index
(R : a) (as group ) is finite, in which case the norm of a, Na, is defined to be this index.
An R- submodule a of Q[(] is a fractional ideal of R if there exists an invertible element
a in Q[(] such that aa is nonsingular ideal of R. For a fractional ideal a of R, we define
the norm Na of a by Na = (N(a)) 1 N(aa).

—152—



DEFINITION 2.1. Let a be a nonsingular ideal of R. The pseudo inverse ideal & of a is
.defined by

a={u€Ql(): paC R}.
The psuedo inverse ideal @ of a given nonsingular ideal a is fractional.

We remark that if a nonsingular ideal a is invertible (ie. there exists a fractional ideal
b of R such that ab = R), then & is actually an inverse ideal of a. In general, however,
there is a nonsingular ideal which has no inverse ideal (see Example below).

Example. Take

0 1 0 o0
-1 -1 0 0

¢=|% o o 1] €cram).
0 0 -1 1

Then the chracteristic polynomial f of ¢ is decomposed into f(X) = F(X)F(-X), F(X) =
X?+ X +1. F(X) is irreducible modulo 2 and f(X) — F(X)? = —2F(X)X. Let (2, F({))
be the ideal of R = Z[(] generated by 2 and F(¢). Then (2, F(¢))?* = 2(2, F(¢)). This
implies that the ideal (2, F(()) is not invertible.

§3. Theorem of Latimer and MacDuffee.

Let @ = {¢,{',--+ ,¢(» 1)} be the conjugate system of ¢ (see (2.5)). Let a¥) be the j-th
conjugate of & in Q[(] which is defined by a{/) = p(¢{#)) where & = p(¢) and p(X) € Q[X].
Let GL(n, Q) be the group of rational matrices in GL(», C).

LEMMA 3.1. Any two matrices in Gz(f) are GL(n, Q)-conjugate.

Proof. Let v be an element in Gz(f). Since all roots of f(X) are simple, there exists &
in GL(n, Q) such that

m 0 e 0

= | 0 )

0 - 0 9
where v; is an integral matrix of degree n; with characteristic polynomial Ji(X) (cf. The-
orem III.12 and p.55, Exercise 7, [8]). Consequently it is sufficient to prove this lemma
when f(X) is irreducible over Q. Define an integral matrix 4o by 0Xo = (X0 where xo =
(1,¢,--- ,¢*"1)T. Since f(-yo)xgj) =0(0 < j <n—1) and the matrix (xq,x}, - ,xg“_l))
is invertible, we have f(y) = 0. Moreover, ¥o € Gz(f) since (! € R and 75 *x0 = ¢ 'xq.
Hence the proof is reduced to the following: Each element v in Gz( f) is conjugate to v
under the adjoint action of GL(n, Q). Put B(X) = X1, —47, and let C(X) be the algebraic
complement of B(X). For the first column vector (¢1(X),ca(X),++ ,ea(X))T of C(X),
we put x = (c1(¢), e2(¢), -+ ,ea(()7. Since BX)C(X) = £(X)1n and dege; < n—1(1 <
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i < n), it is easy see that yx = {x and x # 0. From the irreducibility of the chracteristic
polynomial f(X) of v it follows that the matrix (x,x’,---,x{"~1)) is invertible. Hence
{c1(¢),e2(€),+ ++ yen(€)} is a Q-basis of Q(¢)". Define an element h in GL(n, Q) by letting

hx = xo. Then we have hyh~! = v as claimed.

LEMMA 3.2. Let v be an element in Gz(f). Then there exists a vector x in R™ such that
vx = (x and (x,x',--- ,x(*~1)) is invertible. Furthermore, x is uniquely determined up
to scalar multiplication by an invertible element in Q[(].

Proof. For xo = (1,(,---,(™ )T, we define a matrix vy in Gz(f) by y0xo = (xq.
Let v be each element in Gz(f). By Lemma 3.1 there exists A in GL(n,Q) such that
4 = hyoh~'. Put x = hx,. Then yx = (x and (x, X, -+ ,x(*~1)) is invertible. It remains
to show the uniqueness of x up to a scalar multiplication by element in Q[(]. Suppose
there exists y € Q[¢]™ such that yy = {y. Put C = (x,x',---,x(*")),C-! = (d;;).
Observe that

(det(x) x’r' o 11(”_1)))"11'1 (1 <J< n)

is a symmetric polynomial in ¢',((?),.-. ¢f*~1). Then by (2.5), dj; € Q[(] for all j =
1,2,--- ,n. Since CC~1 = 1,, we have

n
ei=) dixUVfori=1,2,---,n
i=1

where {e;,e,,: - ,e,;} is the canonical basis of Q[(]*. Therefore y is written as y =
37=15;xU=Y with b; € Q[Q]. In particular by € R. Since yx¥) = ¢1))x0) (0 < j <n-1),
it follows from the invertibility of ¢ — (/) that y = b;x, b; = 0 forall j # 1. This implies
that

det(y,y', - ,y(* V) = Nbdet(x,x', - -+ ,x(*~1)),
Hence we have Nb; # 0. Consequently b, is invertible in Q[¢]. This gives the uniqueness
of x.

Let us define the ideal class semigroup of R. We denote by A (resp. Ao) the set of
all fractional ideals of R (resp. O). A (resp. Ao) is a semigroup with the canonical
multiplication.

DEeFINITION 3.1. Two ideals a and b in A (resp. Ao) are equivalent if there exists an
invertible element A in Q((] such that Aa = b.

DEFINITION 3.2. The set of all equivalence classes of A (resp. Ao) will be denoted by G
(resp. Go). For a in A (resp. Ao), C(a) denote the ideal class represented by a.

G is called the ideal class semigroup. In view of (2.3), Go is a direct product of a finite
number of ideal class groups of the algebraic number fields over Q. Therefore Go is a
finite group and called the ideal class group of O.
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Let us now define a map from G to Gz(f)/GL(n,Z) as follows (cf. [6] and [12], or p.53

in [8]): For each element ain A with a Z-basis {w;, w;, - yWn }, define an integral matrix
v by

(3.3) (x = yx where x = (w1, wy, - ywe )T

Then vy € Gz(f). Define a map ¢: G — Gz(f)/GL(n,Z):

(3.4) ¢(C(a)) = C(y)

where C(7) is the class in Gz(f)/GL(n,Z) represented by «.
THEOREM 3.3 (LATIMER-MACDUFFEE). The map ¢ is bijective.

Proof: Well definedness: Let a and b be two ideals belong to the same class C in
G. For a Z-basis {wy,ws, - ,w, }(resp. {v1,v3,---,v,}) of a (resp. b), we define two
matrices 7,6 € Gz(f) by yx = {(x and §y = (y where x = (w;,w3,"++ ,w,)T and y =
(v1,3,-++ ,v2)T. Since a is equivalent to b, there exists an invertible element X in Q[¢]
such that Aa = b. Consequently g(Ax) = y for a suitable g in GL(n,Z). This implies that
§ = g797", so C(y) = C(5).

Injectivity: Suppose ¢(C(a)) = ¢(C(b)) = C(y) for two ideals a and b in A and
Y € Gz(f). Then there are two vectors x and y such that yx = (x, 7y = (y and a
(resp. b ) is generated by x (resp. y). By Lemma 3.2, a and b are equivalent. Hence ¢is
injective.

Surjectivity: Let C(y) be a class in Gz(f)/GL(n,Z). Again by Lemma 3.2, we can
choose a vector x in R™ such that yx = ¢(x and (x,x’,--- ,x(®"1)) is invertible. Let a be
the Z-module generated by the entries of x. Then a is nonsingular and ¢(C(a)) = C(7).

Let us prove the finiteness of the order of G. For this, we need to prove the following
two lemmas. Define a map 7 from G to Go by

(3.5) 7(C(a)) = C(0a), a € A.
For a fixed ain A, we put
(3.6) M(a)={b € A:0a=0b}.

LEMMA 3.4. The map 7 defined by (3.5) is surjective, and
(3.7 77 }(C(0q)) = {C(b) : b € M(a)}.

Proof. A fractional ideal of O is also a fractional ideal of R. Hence the surjectivity of 5
is obvious. Let us prove (3.7). Let C(b) be a class in 7~1(C(a)). Then there exists « in
Q[¢] such that «Ob = Oa. Put q = ab. Then C(q) = C(b) and Oa = Oq. Consequently
C(b) belongs to the set in the right hand side of (3.7). Conversely suppose b € M(a).
Then we have 7(C(b)) = C(Oa). Hence C(b) belongs to the set 7=1(C(a)). This gives

the converse inclusion.
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LEMMA 3.5. Let a be a fixed fractional ideal of R. Then we have

|M(a)| < (O: R)™.

Proof. Put m = (O : R). Since 1 € O and mO C R, we have
(3.8) Oa=0b D> b D> mOb=mOa for all b € M(a).

Let ¢ be the number of all subgroups of the additive group Oa/mOa. Then by (3.8),
|[M(a)| < c. On the other hand, by the fundamental theory of finitely generated abelian
groups, we have

Oa/mOa = Z/(p7) ® Z/(p7) ® -+ ® Z/(p,™*)-
Here m; is a positive integer and p; is a prime number. Therefore

|M(a)] < e
<(my+1)(ma+1)---(my+1)

< ()™ (p2)™ - (pa)™
= (0a:m0a) =m".

Let a be a fractional ideal of R. Then the unit group Eg of O acts on M(a) by the rule:

(3.9) Eo x M(a) 3 (¢, b) — eb € M(a).

LEMMA 3.6. Let a be a nonsingular ideal of R. We define the stabilizer group E, of a by
E, ={e€ Ep:ea=a}.
Then the index (Eo : E,) as group is finite.

Proof. By Lemma 3.5, the set M(a) is finite. So the subset Ega of M(a) is also finite.
Therefore (Eo : E,) is finite.

TEOREM 3.7. The order of G is finite.

Proof. Let » be the map from G to Go. By Lemma 3.4 we have

lGl=1 | #'c@is Y IM(@).

C(8)eGo C(8)€EGo

From Lemma 3.5 it follows that the order of G is finite.
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§4. Reduction theorem.

For an ideal class C = C(a) of R, we define a Dirichlet series {¢(s) by

(4.1) )= 3 (Nlb),, sec.

bEO(0)
bCR

{c(s) may be called the zeta function of the class C. We shall prove in §7 that (o(s) is
convergent in the complex half plane R(s) > 1. In this section we shall give a reduction
theorem which is useful for investigating with the analytic properties of (¢(s).

Let A¢ be the set of all integral ideals of C = C(a) and & the pseudo inverse ideal of a.
The group E,, which is given in Lemma 3.6, stabilizes the set @* of all invertible elements
in & We classify @ by Eg-orbits, and denote by a*/E, the set of all E,-orbits in &*.
From this, it follows immediately the following lemma.

LEMMA 4.1. The set A is parameterized by

Ac={a: [\ € &/B.}.

Let a be the representative of the class C. In the following we assume that a is integral.
Put & = Oa. Since & is an ideal of O, @ has the inverse ideal @}, It is easy to see that
& C @' and @ /a is a finite additive group.

DEFINITION 4.1. Let & be the pseudo inverse ideal of the representative a of C. Denote
by B* the character group of B = a~1/a.

Let Eo be the unit group of 0. Eo is a direct product of a finite group Hop and a
finitely generated free group Eo. Put E, = E. N Eo, Hy = Eq N Ho. Let (ifi"'l)’< be the
set of all invetible elements in @~ 1. Then

(4.2) Eo(a™ ') c (a)*.

DEFINITION 4.2. Fix a representative A for each class [A] in (8 )% /E,, and let x be a
caracter of B. The L-function L(s : x) associated to x is defined by

x(2)
M= D woar

[Ale(a=2)x/Eq

where s is a complex number and N () is the ideal norm of ().

We remark that x(A) and hence L(s : x) depend on the choice of the representatives A.
We choose a representative A and fix it once and for all.
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THEOREM 4.2. Let C = C(a) be an ideal class of G. Then the geta function (c(s) is
‘expressed as

(NVa)
|Ho|(@™ ! : &) (Na)

e(s) = {) L(s:x)}-

x€B*

Proof. The assertion follows from the orthogonality relations ( see Theorem 7.3, [5]) on
the group B.

Let x be a character of B. For each ¢ € Eg, define x¢ by

(4.3) Xe(a) = x(ea), @ € a .

xe is well defined and is a character of the finite additive group ! /e~ 1a. The orbit classes
(871)% /B, is decomposed as follows:

(a_l)x/Ea = U U aek,.

[€Eo/E. [a)e(5™")* [Eo
Therefore
(44 O D YD Y~
[e€Eo/E. [a]e(3™7)*/Eo
Define an ideal §; of O; (1 <i<g) by
(4.5) a;e; = ae;.

Note that @ = @1e; ® Gges & -+ D e,
DEFINITION 4.3. For x in B* and ¢ in Eo, define the geta fanction (;(s : x.) by

(ae;)
C;'(J : Xe) = Z X =
[a)e(b:)*/E; (Naa‘)

where b; = (&)L
From Lemma 2.1 and (4.4) the following lemma can be deduced.

LeMMA 4.3. With the notations being the same as above, we have

L(s:x) = Z HC:‘(-’ : Xe)-

[()EEo [Esi=1

We now state the Abel’s summation formula which is used frequently in the analytic
number theory (cf. Theorem 1.6, [5] ).
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LEMMA 4.4. Let 4 be a function on the interval (0,00) of C'-class. Then for a finite
number of comlex sequence ay,a,, - - ya[¢], we have

3 antlm) = 403(0) - [ M)W (e)ds, 4)= Y am.

0<m<t 0<m<a

LEMMA 4.5. For each positive real number t and € € Eo, let

At 1 xe) = Z Xe(ae;).

[x)€(B;)> /B
N(a8;)<t

Then we have

e ) ./‘ —s-1

g S Ailt i x )t s | Ai(z i xe)eT " e,

Mea%q,i (N(ag;))* (t:xe) 1 ( )
N(n;‘)s‘

Proof. For each positive integer m, put

Y(m)=m~*, a,, = E Xe(ae;).

[=)€(6;)* /B;
Nal;=m

Then This lemma follows from Lemma 4.4.

$5. Density of ideals.

We keep the same notations as in the previous section. Let C = C(a) be the fixed class
of the ideal class semigroup of R. For each i, consider the i-th component & (resp. b;) of
G (resp. @7'). Let ¢ be a positive real number. Define a subset Ti(t) of (b;)*/E; by

(5.1) Ti($) = {{e] € (5)* /B : |Na| < ).

Observe that

(5.2) | 4i(t : x)l < |Ti(e)]

where x is a character of B = &“1/& and € € Eo. Especially if x, is trivial on E,-e,-, then

(5.3) A;(t:x) =|Ti(?))-

We aim to evaluate the limit:

lim
t— o0

IT()]
t
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Let kgl),k?),- . ,kg"‘) be all conjugates of k; over Q. We assume that
k,w (1 <j<%)are real,

ki(j) (7 +1<j <7 +c¢;) are complez and
k}"“‘"”') (1 <j<g¢)isthe complezxco'n.jugate of kg”ﬂ.)
where n; = »; + 2¢;. Let (k;)* be the set of all invertible elements in k;. We define a map
& from (k;)* to the field of real numbers R by
logla®| 1<j<n
2logla®| m+1<ji<r+e

(5.4) fa= {

where al?) is the j-th conjugate of a € k;. Then we have

riteq

(5.5) Z Ua =log|Ny,al

i=1

The unit group E; of the field k; is decomposed into a product: E; = E; x H; where E;
is a free group with rank »; + ¢; — 1 and H; is a finite group (see [1] or [4]). Define the
regulator R(E;) of E; as follows:

1161 lzél ces £r¢+cs—1€1
Ley Ley ... Lritei-lg,
R(E;) =
1 2 i+ei—1
Uepppei—1 6o it le, hem1

where {€1,€3, ,€,,4¢,-1} is a generator of E;.

We shall identify b; with the lattice Z™ in R™. Let {w1,ws.- -+ ,w,,} be a Z-basis of
b;. For each x = (2,23, ,2,,) in R™, we put

(5.6) a(x) = ziwy + 2qwa + -+« + 2, Wy, .

Then the map x — a(x) from Q™ to k; is bijective. Also through this map, b; can be
identified with the lattice Z™. Let wﬁ’ ), 1 < j < 7; + 2¢; be the algebraic conjugates of
wy. For x € R™, we put

rit2¢;

(5.7) Na(x) = H o (x)

i=1

where aU)(x) = zlwg") + Zz‘ng) +- 4 z,,.ws.’;). Note that N is an extension of Ny, to

R™. Let S be the subset of R™ defined by
| S ={x € R : Na(x) = 0}.
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We can define a map &: R™ \ § — R ¥
(58) Q(x) = (lla(x.)a Tt ’[’i-’-c‘a(x))'

Let {f1,72, " ,Tr;+ci-1} be a free basis of E;. To parameterize (b;)%/E; we choose the
following basis for R™#1¢;

ri-times ci-times
.

1 ——r—
u = ;(1’1' e 1,2,2,.. ')23: vi= Q("h)avz = &(1n2),--- 1 Veitei-1 = §(17n+ci—1)'
i

LeMMA 5.1. The vectors u,vy,Vv3, -+ ,V,, 4c;,~1 forms a basis of R7i¢,

Proof. We put d = det(uT,vlT;-“ yVe;+ei—1 7). Then it is sufficient to prove that
d # 0. Recalling that

riteq

Y Em =log|Na(m)| =0,

i=1
we have immediately d = +R((E,);). This gives d # 0.
Let V(= V;) be the subset of R7¢t< defined by

?iteci—1
V={uu+ Z Ve €ER,0< 1, <1(1<k<m+c—-1)}
k=1
We now put
(5.9) P(= P)=3&"Y(V).

Let R™ be the set of non-zero real numbers. It is easy to see that
(5.10) : tPC P forallt e R

The following lemma asserts that the set (b;)%/FE; is parametrized by P N Z™.
LEMMA 5.2. The map x — a(x)E; from P NZ™ to (b;)* /E; is a bijection.

Proof. First we shall prove the surjectivity. Let a E; be an element in (b;)* /E;. Choose
an element x in Z™ satisfying a(x) = a. Put

Pitsi—1

$(x) = wu + Z vV, v = [vi] + {vs}.
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where mj = [v3] is the Gaussian integral part of v; and {vs} = vy — [v3). Put

m;, _m3 Moiteci—1

n=mn ’72_ "'nra-l—ce-l °
Then 5 € E;. Put
B=an"!,p=a(y)andn = ofs) (y € PN Z™,5 € Z™).

Then &(y) = &(x) — ®(2) € V. Soy € PNZ™. From this it follows that the map
x — a(x)E; is surjective. Let us prove the injectivity. Suppose a(y) = d(x)a(z) and
a(z) € E; for x,y € PNZ"™ and z € Z™. Since ¥(y) = &(x) + ¥(z) and a(z) € E;, we
have a(z) = 1. Thus y = x as claimed.

For each positive real number ¢, we put

(511)  P(t)={xeP:|Na(x)| < va&-} P*={xeP:|Na(x) <1}.

LEMMA 5.3. Let P* be the same as in (5.11). Then we have
|G _ 1 .
‘1_1'120 t Ny vol(P*)

where vol(P*) is the volume of P*.

Proof. Define a map &;: R" — R"': &(x) = (N—fi);lfx, x € R™. We have &,(P(t)) =
P*. Therefore the area P* is meshed by the n;-dimensional fundamental parallelepipeds
with edges in the lattice $;(Z"‘). On the other hand by Lemma 5.2, a~(T;(t)) is the set
of all lattice in P(t). From the definition of the integration we may conclude that

. lfl,-(t)l 1
2R wol(P*).
‘hm " Na vol(P*)

The volume of P* is given by
vol(P*) = / dx with dx =dzy Adza A...Adz,,.

We can calculate vol(P*) explicitly (cf. §1.3, Chapt.5, [1]). Then we have the following

lemma.

LEMMA 5.4. With notations as above in force, we have

L B 2o R(R))
twoo ¢ Nb; Ng; \/ID,'I

where D; is the discriminant of the field k;.

For a,b (a # 0) in R™, consider a line {(a:b) = {za+b :z € R}. Let P(t) be the
closure of P(t) in R™.
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LEMMA 5.5. Let a,b(a ¢ S) be two elements in Z™. Denote by n(a : b) the number of
cconnected components of P(t)N{(a:b). Then we have n(a:b) < 2n; ?(n; +1).

Proof. For x in R™ \ §, put &(x) = wu+ 3 ;5% ! v, v4. Then u and vy are expressed
as in the forms:

{ u  =log|Na(x)|,

v, = E;‘:lc‘ cixloglal)(x)| (1 <k <7 +¢ —1), ¢jx €R.

Define the functions Fi(x) (1 <k <7 +¢ —1) by

ritei—-1

Fx)= Y 3logla®@).

i=t
For each nonnegative real number a, we put
Sa ={x€R™:|Na(x)|=a}, Sop = {xeR\S:F(x)=a} (1<k<r+e-1)
Let 8 P(t) be the boundary of P(t). Then
(5.12) OP(t) C SUS . U(LL " (S04 U Sia))-
As a¢ S, it follows that
(5.13) |SN4(a:b)| < g, Isw’z N{(a:b)| < 2n;.

Let us prove that for each k, there are the following two cases:
(5.14)
Case(1): ({(a:b)\ S) C (So,x US1s), Case(2): [f(a:b)N(SosUSia)| < 4ni(n; + 1).

Put J={z € R:za+b ¢ S}. The first derivative of the function Fy(2za +b) on J is
expressed as

9x(z)
(Na(za+b))?

where g is a polynomial in z and degg, < 2n; — 1. Suppose gi = 0 on J. Then
Fy(za+b) is a constant fanction on J. Therefore ({(a : b)\ S) N (Sos U S14) = ¢ or
({(a:b)\ S) C (So,1 US1x). Suppose that gy is not identically 0 on J. Then the equation
Fi(za+b) = 0 has at most 2n; solutions on each connected component of J. Furthermore,
by the first inequality of (5.13), J has at most n; + 1 connected components. Hence, if
g # 0 on J, then {(a: b) intersects to Sy 4 U 51,k at most 4n;(n; + 1) times. Let us now
prove this lemma. If {(a : b) satisfies Case (1) for a number k, then n(a : b) < n; + 1.
Suppose {(a : b) stisfies Case (2) forall k = 1,2,--- ,7;+¢; — 1. Then by (5.12) and (5.13),

d
E;F,,(za + b) =

n(a:b) < -;—(n; + 20 + 4(r; + ¢; — )n;(n; + 1)) < 2n; 2(n; + 1).
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§6. Asymptotic formula for (;(s: x.).

Let C = C( a) be an ideal class of R with a representative a C R. Put @ = Oa, and
denote by a~ ! thei 1nverse ideal of the ideal d of O. Let &~ = b1e1 + b,eg R 2 b,e, be
the decomposition of @~ by the fractional ideals b; of 0;. By Lemma 4.3 and Lemma 5.2,
we can consider the L-functions L(s : x) (x € B*) wh‘ich have the following properties:

(1): L(s:x) = E HC.-(: P Xe)s

[J€Eo/E.i=1

(51) @ Gleix)= Y XD ;o)

cerign (No(a)a;)

In this section we shall prove that the zeta function (;(s : x.) is holomorphic in the half
plane R(s) > 1, and calculate the value:

hm (‘7— I)C‘!(a x:)

—=140

The follwing lemma, which is well known (cf. (2.1.2), [13]), plays a crucial role in calcu-
lating this value.

LEMMA 6.1. Suppose 9 is a function on R of Cl-class Then for each closed interval [a, b]
C R, we have

> $(m)

b < b
= [ $(eMa+ [ (2~ ] - W)z~ (a = Ld] - )¥a) -~ (- Bl - 51000
where [2] is the Gaussian integral part of .

LEMMA 6.2. Let p and g be two positive integers satisfying 2 < 1. For the function

¥(z) = e"‘/:f;"’, we have
S p
¢§<b¢(m)l <= p— vz:l " (g)z

Proof. We shall apply Lemma 6.1 to the function 9. By the Fourier expansion theorem,
we have

[e o] .
= —-1- Z smiﬂ/z forz ¢ Z.

T
v=1

DO =

z—[z] -
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Therefore ) . b
' sin 27xve
/“ (2~ [2] - ¥ (e)de = ',2‘/‘“1_% / ; ——¥(2)dz.

ey

Since the series 57 | #222¥2 jg yniformly convergent on each closed interval I C [a,8]\ Z,
the summation and the integration are interchanged. Consequently

b 1, ., _ g s [?sin2xve
[l ¥ ena == 2/ TEY [T ey

b
-9 i l/ (621\/—_1(}—1;)3 _ ez-x\/_——f(;-+v)z)dz.
pv:l Via

Therefore
[l - e < L3
) 2z~ 2] = 5)¥(2)de _7"1’,=1"2—(§)2.
Hence by Lemma 6.1 we have our assertion.

DEFINITION 6.1. We say that a = (0«1,(1.2,,"" y@y;) in Z™* is primitive if the greatest
common divisor of ay,a3,: - ,a,, is equal to 1. '

PEMMA 6.3. Let V =1V; and P = P; be the same as in (5.9). Suppose x. is nontrivial on
bie;. Then there exists a primitive element a in P N Z™ such that x(a(a)e;) # 1.

Proof. Denote by V° the set of all interior points in V. Put P° = &~1(V°). Then
P° C P and PP is open in R™. Therefore P° N Z™ # ¢. Let b be a primitive element in
P®NZ". Choose a Z-basis {b; = b, by, - ,b,,} of Z**. We shall prove that P° N Z™
contains a Z-basis of Z"*. Since P® is open in R™, there exists a (sufficiently small)
positive irrational number § such that by + éb; € P°. Let U(C P°) be a n;-dimensional
open ball in R™ centered at by + §b;. Put

ClU)={ex:2 € R*, x € U}.

By (5.10), C(U) is an open cone in R™. Furthermore, it is easy to see that C(U) C P°.
On the other hand, by a theorem of continued fractions (cf. Theorem 7.9, [11]), there
exists an infinite sequence (pm,¢m) € Z* (m = 1,2,---) such that

(1) : 0 <pm,0< dm < Im+1,
(2) ! Pm+19m — Gm+1Pm = E1,
(3): lim Pm _s.

m— o0 qm
Put v;, = gnby + pmbs. By (3), the series of angles 6,, between the two vectors v,,
and by + b, converges to 0. Consequently, Vm,Vm4+1 € C(U) C P° for a sufficiently
large number m. Put b} = v,,,, b} = v,,1;. Then b;- € P°NZ™ for j = 1,2. On the
other hand, from (2) it follows that {b},bj,bs,---,b,.} is a Z-basis of Z™*. By the same
arguments as above, we may conclude that P® N Z™ contains a Z-basis of Z**. Hence we
can choose a primitive element a in Z™ satisfying x.(a(a)e;) # 1.
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LEMMA 6.4. Let A;(t : xc) be the function given in Lemma 4.6. Suppose X is nontrivial
on b;e;. Then there exists a positive constant K such that

ni—1
|4i(t = xe)| < Kt = forall t > 0.

Proof. Since x. # 1 on b;e;, Lemma 6.3 implies that there exists a primjtive element
a € P(t) N Z™ such that x(a(a)e;) # 1. Therefore x.(a(a)) = e?*V=1} for two suitable
positive integers p,q (¢ < p). Let {a =b;,b;,--- ,b,,} be a Z-basis of Z"* and W be the
n; — 1 dimensional subspace of R"* generated by {bz,bs,:-- ,b,,}. Define a projection
map w: R™ - W:

w(z1by + z2ba + -+ 2,,b,,) = 23ba + -+ - + 24, by,
Put S(t) = w(P(t)). S(t) is bounded. Let b be each element in S(t) N Z™. Then
w~1({b}) is a line which is parallel to the vector a. Let n(b) be the number of the
connected components of w~!({b}) N P(t). By Lemma 5.5 we have

(6.2) n(b) < 2n; 2(11,' + 1).

Hence there exist a finite number of the intervals (a;,5;](1 < j < n(b)) such that

n(b)
P#)NZ* Nnw '({b}) = U {ua+b :u € (a;,b]NZ}.
ji=1
Since
Pt)NZ™ = U P(t)nw~}({b}) N Z™,
bewm(P()nZ")
we have
n(b)

Alt:x)= Y, > Y xela(ma)e)xa(b)e;).

bew(P(t)NZ™i) j=1 ¢ <sz‘;'
me

Hence, by Lemma 6.2 and (6.2), there exists a positive constant K; such that

(6.3) |4i(t : xe)| < K1|w(P(t) NZ™)| for all t > 0.
Since iy
Jin ZEQE st (piay)

the assertion follows from (6.3).
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LEMMA 6.5. The zeta function (;(s : x.) is holomorphic in the half plane where R(s) > 1.
Furthermore, we have

lim (0‘ .— I)C,(

o—140

{ 5i(C) xe=1on bie
Xe) =
otherwise

where

2eteinsi | R(E;)

N& Nb; /|Di|

Proof. We first prove that the series (;(s : x) is holomorphic in the complex half plane
R(s) > 1. By Lemma 4.6 we have

Xe(ae,-) _ /‘ »

—— = At x It + s Ai(z : xe)z da.

["]E(G.-Z)x/y.. (N(ad;)) (t:xe) A (2 : xe)
N(uﬂi)S‘

K.,'(C) =

Since |4;(t : x.)| < |Ti(t)|, Lemma 5.4 impl’ies that lﬂ‘;—"—'ﬂ- is bounded on the half line:
t > 1. Therefore lim;_, o, A;(t : x¢)t* = 0. Hence we have

(6.4) G(s:xe)= a/ Ai(z: x )2 " Ude.
' 1
Let b be the upper bound of E‘-“ﬁ)—l (1 <'t). Then we have

|/ Ai(z 1 xe )2 " Mde| < b/ 2”7 %de < o0
1 . 1

where o = R(s). Consequently by (6.4), ¢;(s : Xe) is a convergent series in the half plane
R(s) > 1.

_ Finally we prove the asymptotic formula of (;(s : x.). Assume that x, is nontrivial on
bie;. By Lemma 6.5 and (6.4) we have

I6i(s < %)) < K| / - da.

Therefore lim,_,;(s — 1)¢;(s : xe) = 0.
Let us consider the case: x, is trivial on E;e,-.
From Lemma 5.4 it follows that

T3(t)]

Jim = x:(C).
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Put

(6.5) A"(tt‘ D 'T"t(t)l = x:(C) + R(t).

Then for each positive real number §, there exists a number Np such that
|R(t)] < & for all t > Ny.
On the other hand
(o — 1)Gi(o : 1) - x:(C)
=(o — 1)}{o /1°° Ai(z:1)2" Yz - /lm xi(C)z™%dz}
—(o — 1){ri(C) + & /1 ” R(z)2=?dz}.
Let Ry be the upper bound of the set: {|R(2)|: z € [1, Ng]}. Then we have

(e — 1)Gi(o : 1) - mi(C)|

<(o - 1)x;(C) + o(c — 1){Ro '/lNo %dz +6 . z"%dz}

=(o — 1){xi(C) + e Ry log No} + a&(No)_U'f'l.

Therefore
im |(c-1)G(o:1)—ri(C)| <6

o—1+40

for all positive real numbers §. This implies that

agﬁo(a - 1)G(o: 1) = 5:(C).

This completes our proof of the lemma.

§7. Main theorems.

Let ¢ be a regular element of GL(n,Z) with the characteristic polynomial f(X) =
H(X)f2(X) - f5(X) and R = Z[(] the ring generated by ¢ over Z. Let 7; (resp. 2c;) be
the number of real (resp. complex ) roots of f;(X). Put r = > {_mand c= 37 ci.
The following lemma is a direct consequence of Lemma 6.5.

LEMMA 7.1. The fanction L(s : x) is holomorphic in the complex half plane where R(s) >
1. Furthermore, we have

' 2"t x*(Eo:E.)|R(Bo
i —~ 1) vy ={ N&IN&[]Y /D4l
’Hrltlo(o' 1)9L(o : x) { ) || RVEY

x=1
x#1
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TuEOREM 7.2. Let (¢(3) be the zeta function of an ideal class C = C(a), which is defined

by
1

0= 2w

Then we have

(1) : {c(s) is holomorphic in the complez half planeR(s) > 1, ahd

. 'm o — g o) = r+¢ x ¢ (EO :Ea)lR(EO)I
(2): a£1+o( D¥ole) =27(x) N(8)Na|Ho|/INF(O]

Proof. By Theorem 4.2 and Lemma 7.1 the assertion of (1) is obvious. Furthermore,

| by (Bo:BJIRES)
o_l_'ul‘}‘_o(d' - 1)%c(o) = IHul(a—l . &) NaNa ! v /lD"'

It is easy to see that Nf'(¢) = (O : R)*[[’{_, D; and (&' : §)Nd@™* = (O : R)Na.
Hence the theorem follows.

THEOREM 7.3. We define a Dirichlet series (g(s) by
a(b
() =3 ow
b

where 3, runs over all nonsingular ideals of R and a(b) the constant defined by a(b) =

{?IYOG—:NET?J' Then we have

) |R(Eo)|
1 o—1) c)=N 2'+°1r°_-——-
(7 () = Ny e

where N; is the number of orbits of GL(n,Z) on Gz(f).

Proof. Let b be an integral ideal in C(a). Then there exists an invertible element A
in Q[(] such that Aa = b. Since Xa = A~'d, we have NbNb = NaNa. Also since ) is
invertible, we have By = E,. Therefore a(b) = a(a). From this it follows that (p(s) =
EC( a)ec 2(@)¢c(s). Hence by Theorem 3.3 and Theorem 7.2 we have our assertion.
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