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About Commutant Algebra
of Cartan-Type Lie Superalgebra W(n)
Kyo NisHryaAMA! (1) ) and Haiquan WANG? (E #ER)
Introduction.

Undoubtedly, Weyl’s classical reciprocity law is very important in Lie theory([7]). Let us
review the main points briefly. Let GL(V) be the general linear group on a vecter space V
and consider the m-fold tensor product V®™

V®m=V®V®...®V

as a GL(V)-module. Observe that the permutation group &,, acts on V®™ by permuting
the factors in a tensor:

8(1)1 RU---® 'v,,.) = Uy-1(1) @ Us-1(2) @+ * B Uy-1(my) (8 €6, v; € V).

SCHUR THEOREM (7, p.130]. The algebras in End(V®™) generated by GL(V) and
by 6., are mutual commiutants: each is the full subalgebra of operators commuting with the
other.

Combining Schur’s Theorem with the Double Commutant Theorem (7, Chapter 3], we
conclude Wey!’s reciprocity law.

Theorem 0.1. As a GL(V) X 6,,-module, the space V®™ decomposes as follows:
V@m = Z op® J D,
D

where op is an irreducible representation of GL(V) and Jp is an irreducible representation
of &,,. The decomposition is such that op determines Jp and vice versa.

Using the above results, Weyl obtained all the irreducible polynomial representations of
GL(V) and studied invariant theory of the natrual representation of GL(V'). Weyl's work is
a classical work. For a new algebra, we want to follow Weyl’s idea to get the classification of
irreducible representation of the algebra. This paper is a kind of attempt in this direction.

In the present paper, we want to consider a Cartan-type Lie superalgebra W(n). By
definition W (n) is a Lie superalgebra of all the superderivations on a Grassmann algebra A(n)
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of n-variables (see [1]), so W(n) acts on A(n) naturally. We call it the naturual representation
of W(n) and denote it by 9. To study an analogue of Weyl’s reciprocity, the first important
thing is to calculate the commutant algebra of the natural representation of W(n) in the
m-fold tensor product ®™A(n) of Grassmann algebra A(n). Let End [m] be the set of all the
maps from [m] to [m], where [m] = {1,2,---,m}, and denote the semigroup ring of End [m]
by €,.. There is a natural action of &, on ®™A(n) and denote the image algebra of this
representation by £,,. Also we denote the commutant algebra of ¥®™(W(n)) in Eid®™A(n)
by C,n. One of the main results is the identification of the commutant algebra C,, and the
image £,, of the semigroup ring for the case (1) m < n and for the case (2) n = 1 and
arbitrary m, and finally for the case (3) n =2,m =3.

Another main result is that the bicommutant algebra of W (1) coincides with the image
of its universal enveloping algebra U(W(1)). We consider it an analogy of Weyl’s reciprocity
for W(1) x End[m]. However, we did not get any decomposition of the (non-semisimple)
representation of W(1) x End[m] on @™A(1) ~ A(m) yet, and it is a future subject of ours.

We divide this article into five sections. In Section 1, the basic definitions are introduced.
In Section 2, we give some lemmas and in Section 3 the commutant algebra C,, is calculated
for the case m < n. In Section 4, we get the commutant algebra and the bicommutant
algebra for the case n = 1 and arbitrary m. In Section 5 we obtain the commutant algebra
for the case n =2,m = 3.

1. Lie superalgebra W(n) and its natural representation.

Let A(n) be the Grassmann algebra over C in n-variables {£;,&3,---,£,}. If we set
degé; = 1, then A(n) becomes a Z -graded algebra. Let A, be the space of k-homogeneous
elements of A(n):

A= (&1 /\fi,/\"'/\f.'.ll < << 4 Sn),
where (B) denotes the vector space over C spanned by B. Then A(n) = @}, As, a direct
sum, wheré Ag = C. We can naturally consider A(n) as a superalgebra, where even elements
are Ag = @pr.cven Ak, and odd elements are A1 = @y.0qq Ax-

Let A be a superalgebra and End,A the set of linear endomorphisms on A of degree s,
i.e., A= Ay ® A1 and End,A = {X € EndA | X(4,) C A;iy,, (1 € Z3)}. A superderivation of
degree s (s € Z3) of A is an endomorphism D € End, A with the property

D(ab) = D(a)b+ (—1)*48%aD(b)

for any homogeneous a,b € A. The space of all the superderivations of degree s is denoted
by Der,A.
Let W(n) be the set of all superderivations over A(n), then it becomes naturally a Lie

superalgebra. According to the results in [1], every derivation D € W(n) can be written in
the form . g

D=3 Py (ReA(m)

=1



where _8_ is a superderivation of degree 1 defined by

B¢

9
0t

By definition, the Lie superalgebra W(n) acts on Grassmann superalgebra A(n) as follows:
for VD € W(n) and V&, A--- A&, € A(n)

§j = b

D(ga A+ A&,) = (-1 VPG A AD(E) A A,
s=1
We call it the natural representation of W(n), and denote it by .
Let us consider the m-fold tensor product @™ A(n). Then we have a natural isomorphism
as W(n)-modules

Q™A(n) = Al¢;]1 <i<n,1<j<m]=:A(n,m),

where A[¢;|1 < i< n,1 < j < m]is a Grassmann algebra generated by ¢&; (1 <i<n,1<
j < m). In the following, we identify ®A(n) with A(n,m). By means of a tensor product,
W(n) is imbedded into End(®™A(n)) & EndA(n,m). More precisely, an element

kil 8
D=3 Pl bu)s € W

corresponds to an element

n m a
¢®m(D) = Z Z Pi(fla) Ty gna)é‘é‘_ € DerA(n, m)
i=la=1 i
via the m-fold tensor product ¥®™ of .
By definition of commutativity in Lie superalgebra, we say that a and b are commutative

if [a,b] = 0, whence ab = (—1)4%629°€bpq if q and b are homogeneous. Let C,, denote the
commutant algebra of 4®™(W(n)) in End A(n,m):

Cm = {E € End(8™A(n)) | [E, D] = 0, VD € $®™(W(n))}.

Then Cy, has a natural Z,-graded structure, Cpn = Cpp 5 @ Cpp 1.

Denote by [m] the set {1,2,:--,m} of integers, and put End[m] = {¢ : [m] — [m]} the set
of all the maps from [m] to itself. By composition of maps, End|m] becomes a semigroup with
unit, whose group elements form permutation group &, of degree m. Denote the semigroup
ring of End[m] by €,,. An element ¢ € End[m] acts on A(n,m) as (pP)(&j) = P(& 4(;))(P €
A(n,m)) and we extend it to &, by linearity (see [2]), thus, we have a representation of &,
on A(n,m). Unforturnately this representation is not faithful in general (¢f Lemma 3.2). So
we denote the image algebra of this representation by £,, C EndA(n,m).



2. Some general lemmas.

Using above lemmas in the Section 1, we introduce some lemmas.

Lemma 2.1. The odd subspace af Cm vanishes, that is C,, 1 = {0}.

Proof. Let Do := T8 X7, &ijo— 3 £ , then Dy € ¥®™(W(n)). Because Dy : A(n,m), —

A(n,m)y, and by EDg = DoE, we have degE = 0. This means C,, 1 = {0}. Q.E.D.
By the above lemma, we have

= {E € EndA(n,m) | ED = DE, VD € ¥®™(W(n))}.

Lemma 2.2. For arbitrary n and m, we have

Em C Cpn.
Proof. By the direct calaulations we get the lemma. Q.E.D.
Lemma 2.3. (1). Let D; ;=37 | — 3 f (1 < i < n), then D; € y®™(W(n)) and (D;)? =
0.
(2). Let DY = T2 1bia A biage— (k # 3), then (D) = 0, and [D,, DY =

O;sa
. %
a=1 faax-

Proof. (1) is a consequence of easy calculations.
(2). By calculation, we can get the first equality. For the second one, we have

(D, D)
= E afm(z:fkﬁ/\e‘ﬁaf ) + kaﬁ £.ﬂ8€, Z a&m

a=1 ﬂ-—l 8 a=1
= A&,
az_:lpz_:l 8€m (fkﬂ £ ﬂ) 8£

Put ¢ = k, then we get the result. Q.E.D.
Using the above lemma, we obtain the following lemmas.

DO, if i = k. where DV := ¥

Lemma 2.4. D; is an ezxact operator, i.e.,
0 Appmg, 2o A1, B By L

15 an ezact sequence, if Ip, # 0, where

Ap.pipe =< (&, A+ A gh.") Aces A (5“1." A A fnj") | Wiy, eeeeee JVg,eeeeee >

Lemma 2.5. If E € Cy,, then E(A,,..p,) C Ap,..p.. Furthermore, we have

(2) 2
E(R(D) S R(D)), E(R(D)) € R(DS),

where R(X) denote the range of operator X .



3. Commutant algebra of ¥®™(W(n)) (the case m < n).

Let (¢, A(n)) be the natural representation of W(n) and (¥%®™, A(n,m)) its m-fold tensor
product. Denote by U( W (n)) the universal enveloping algebra of W(n), then we have

Lemma 3.1. Put {(@) = (f1a)*+,€na). Then the subalgebra ¢®™ (U(W(n))) of
EndA(n,m) is generated by

81:
P; o .o P a
1<¢!1."Z',ak<m I(E( 1)) k(f( k))afbxal tet 6&&0:»
where 1 < by,---,by < n are indices, P; is a Grassmannian polynomial in n-variables, and

P(¢(a)) = P(glm **y€na)- -
Proof. Let P; € A(n) be homogeneous and fix 1 < b;,b2 < n. Then it holds that

5 el gz 3 Pale(on) g

ay=1 a3—1

- = {Pl(«al» e PiElon) g + (1) P Pue(an) e :;em, }

By definition of ®™, we know that the left hand side and the first term in the right hand
side of the above formula are in ¥®™(U (W(n))) whence

132

2 Pilt(en)) Pa(é(en)) gr—p—r a,ae e

We can complete the proof of the lemma by using induction on k. Q.E.D.

€ $e™(U(W(n))).

Lemma 3.2. If m < n, then the representation of €, on A(n,m) is faithful, hence we
have
dim &, = dim &, = m™.

Proof. Put

= {_‘P I pE End[m], ﬂIm(S"):k}:{‘Pz | h=1)2""’nk})

where n;, = §N;. Since the semigroup ring &, is generated by NVy’s, so is &,.
Suppose

m B

2 cieh Iamm=0 (ck € C,0f € M)

k=1h=1
We want to prove cf = 0. By the assumption and the condition m < n, we have

i i#‘.sai(fu ANz A Aam A ﬁfﬁ) = 0.
k=1 h=1 =2



Note that ¢} (1 < k < m — 1) kills the vector in the left hand side. So we obtain cf* = 0
from the formula

m
2}; rbiop A brgp@) A+ Aagpem) A I Gip) = 0-

. =2

We prove the result by induction on k. Assume that ¢, = 0 (¢t > k + 1). Let us consider
the case t = k. We have

PIP I A (T fuzb Ao A, A ﬁ i) =0,
T A

=2

where 1 < i3 < i3 < --- < ;. So by the induction hypothesis, we get

Y GerEunbig A Abi A ﬁ €ii)
3

=2

= ; C:fnp:(l) A fl.p:(i,) A---A fw;(i.) A Hz&tp{(-‘) =0.
=

For any two elements ¢f , <p’f,, of N;, obviously,

St ) A agh ) A Aagh o) A i___f‘:[zf‘“’h(‘)
= £1wt,(1) A £1¢g’ R ARAAEA 51.,',;2(.',,) A ‘_=ﬁzfi¢gz @ # 0,
if and only if
(ks (1) 05, (2, -+ 0, () = (2, (1), 04, (2), -+, 0k, (m)), ie., 4, = o,
By the linear independence of the elements

{612y A 1ok A - A bigrn A T Eiro)(# 0Nk € Ma},
=2

we obtain ¢} = 0. By induction, we complete the proof. Q.E.D.
Now we can prove the following

Theorem 3.3. If m < n, then the commutant algebra C,,, of y®™(W(n)) coincides with
the representation image £, of the semigroup ring €,, of the permutation semigroup End[m)]:

Com = Em.



Proof. Take an E € C,,. For Grassmannian polynomials P;,- - -, P, in n-variables, put

X(PoPorPu)= Y Pilt(as)) - Pa(€(cm)) e

1<a;,,am<m aflal e 8£ma,,.
which is in ¢®™(U(W(n))) by Lemma 2.1. Then we have
E(P(£(1))Py(£(2)) - - - Pm(é(m))) = EX(Py,Pay--+,Pu)(éua A2 A-- Ainm)
= X(P, Py, Pn)E(6ui A2 A+ Amm)-

Since A(n,m) is generated by {P1(£(1)) - - - Pm(&(m))|Pi € A(n)}, E is completely deter-
mined by E(£13 A2 A -+ A €mm). On the other hand, Euler operators

ijaagja ]-Sjsn)

a=1
are in ¢®™( W(n)), and
™. 8
3 G Bl A Abwm) = B(3 Gjage—(n A+ Abm)

E(ﬁll/\"'/\fmm) lf]-SJSm’ (2 1)
0 ifm<j<n. ’

This means that if 1 < j < m, then E(&;1 A - - Aénm) i an eigenvector of the Eular operator
with eigenvalue 1 and if m + 1 < j < n, then E(&; A+ A nm) is in the kernel of the Euler
operator. So E(é11 A -+ A €nm) is degree 1 in (1, +,&jm) if 1 < j < m and degree 0 in
(&1, *+»&éim) if m + 1 < j < n. Hence we obtain

E(£11 ARERNAY fmm) = Z | aj;---j...(flj; A-e A fmi'»)'

1S53, imS<m

So dim C,, is less than or equal to m™.
On the other hand, by Lemma 1.2, C,, contains the subalgebra £,, and by Lemma 2.2, its
dimension is equal to m™ if m < n. Therefore we conclude the theorem. Q.E.D.

4. A kind of Weyl reciprocity for W(1) x End[m)].
4.1. Commutant algebra of ¥®™(W(1)).

In this section, we consider the case n = 1. In this case, we get a stronger result which is
independent of m. For n = 1, it becomes

W) = (g gg). cee(gg) =1 cee(ezg) =o

For convenience, we use the isomorphism

A(1,m) := (&, &, -, €m) = A(m).



So we have

D= () = =9 (eg) = L6
=97 5 Z og 0=V ._Ef 56
Obviously, D_;(Ax) C Ax-1, Do(Ax) C Ay for any k. Further, by Lemma 2.5 we have

Lemma 4.1. The operator D_, is an ezact derivation, i.e., (D_;)? = 0 and the chain

complex

00— Ap 23 Ay 253 253 A, 253 6, 2 pp—0

is ezact.
By the above lemmas, we can prove the following

Theorem 4.2. Let n = 1 and the notations be as above. Then the commutant algebra
Cm of Y®™(W(1)) coincides with the representation image £,, of semigroup ring &,, of the
permutation semigroup End[m]:

Em =Cam.

Proof. By Lemma 1.2, we have &, C Cn, so it is enough to prove C,, C &,,. For this
purpose, we introduce some notations. For any F € C,,, put

E..=F 'An D—1,k = D-—-l lAp

Qr:={E€Cn|E=0(Vl>k)}

Clearly,
Cm=3m23m—12”'281:_)80=(0)’

and :
Cm = (Sm/Vm-1) ® (Sm-1/Sm—2) D --- ® X (as a vector space).

We divide the proof into 5 steps. -

STEP 1. Taking a complementary subspace A} of ®(D_;441) (here R(D_;441) is the
image space of D_; ;41), we have

Ay =R(D_1441) ® AL (3.1)
We define a linear operator P, : S3/S%-1 — Hom(A}, A;) by
Pk(E) = Ey IAL’ for any E € 8k/%k—l’

where E € 8‘,, is a representative of £ € }/S_;. This map is well-defined, because if two
elements E, E' € C,, satisfy E — E' € Sy_,, then by definition, (E — E'); = E — E, =0.

STEP 2. We show that P, is an injection. Assume that Py(E) =0 for an E € S /Sk-1,
then there exists a representative E € Sy such that E | a=0. On the other hand, for any
z € R(D—_1x41), there exists y € Ayy; such that z = D_ly,

Exz = EyD_1y=D_1Ep 1y =0,



whence Ej |, +1= 0. Then we see E = 0 in total and E € j_;. Thus we obtain £ = 0.

STEP 3. We show P, is surjective. For any H € Homc(A},A;), we define E €
Homg¢(A(n), A(n)) as follows:

Ela=0 (1#k—1k),
E IR(D—x.Hx): 0, E|p_=H,

k-1

E |op_,)= D-12H, E |p,=0.

By Lemma 3.1 and the definiton of E, we have DoE = EDo, D_,E = ED_; and E € .
Furthermore, let E be the image of E in 8 /Sy—1, then

P.(E) = E, |y = H.
So P is surjective .
So far, we have the following result:
Cm = (S /Sm-1) © (Sm1/Sma) B © S
& Homc(A7,; Am) ® Home(A}, 3, Am—1) ® -+ - @ Homg(A], Ay).

STEP 4. Let us prove that the above A}, can be replaced by A;_; A &, that is,
A = R(D_1,41) © (A1 A ém), (32)
where k = 1,2,---,;mand D11 =0. HT A ¢, = D_j 31y with ¢ € Ay_1, y € Agyg, then
D_1i(zAém) = D_14D_1511y =0,

and

D_U,(z A fm) = (D-l,kz) ANém — (—1)""1:2:.
So it holds that

TAbn = ((-1)’=-1(D_1 42) A f,,.) Abm = 0.

This means that

R(D_1k+1) N (Ak-1 A &n) = (0). (3.3)

. r m—l
dim A —(m—k)’

On the other hand, we have

which is proved by induction on k. By a direct calculation, we get

dim (Ax_1 A £n) = (’;‘_‘11 ) =(7’::}c)



Thus, from (3.1) and (3.3), we obtain the direct sum relation (3.2).
STEP 5. A basis of the space Ay = Ay—1 A &, is given by

{gle"'Afj; ;A£m|1<jl <].2<'“<jg_1<m}.

For any basis element &, A &, A--- A &, of Ay, we define ¢f*77*-'™ ¢ End[m) as follows:
i de—1m 1 2 -+ 51 ¢ Jg1 =-- m
f1dh-1ta T fk e 8y cee fh_p v i

ie., PRI Gy = (1T k—1), PRTB0G) = iy ( ¢ {51, -+ a-1})- Then we have

81 tk—18%
.:::__:::(611 A---A €j|_1 A fm) = &1 A+ A £i§_1 A £"u

and
.:::::::({:; A--- A fo;_; A fm) =0 for (31, co 13k—1) # (jla e :jb—l)-
Therefore the set

{ l'"'_lmll.s_h <j2<---<j,,_1§m—1,1$i1<i3<~--<i1.$m}

i1 in—yia
is a basis of Hom¢(A}, Ai). So we get a surjection

Em — O Home(A}, Ar) ~ Cr
and dim C,, < dim &,,. By Lemma 1.2, we have finally £,, = C,,. Q.E.D.

4.2. The bicommutant algebra.

In the special case where n = 1, we also get the bicommutant algebra of ¥®™(W(1)).
The next Theorem 4.3 states that it is the image of the enveloping algebra ¥®™(U(W(1))).
Therefore, in this case, we have an analogue of Schur duality for W(1) x End[m)].

Theorem 4.3. The bicommutant algebra of the m-fold tensor product ¥®™ of the natural
representation ¢ of W(1) is equal to the image y®™(U(W(1))) of the enveloping aigebra.

Proof. Let U(W(1)) be the universal enveloping algebra of W(1). Then by Poincaré-
Birkhoff-Witt theorem, U(W (1)) is spanned over C as

U(W(l))=<(£:%)k’(£;) |k=0,1, >/c.

Denote the bicommutant algebra by C;,. Obviously ¥®™(U(W(1))) C C., holds. Put

Do=#*"(¢z). D-1=v*"(30)

—100—



then, under the representation %™,
¢em(U(W(1))) = (I) D(’:r DO_ID—I I k=1,2,-- )/C

We prove that {I, Dy, --, D, D_y, DyD_,,- -+, D5 *D_,} are linearly independent, hence
dim ¥®™(U(W(n))) > 2m + 1.
In fact, assume that
> kiDy+ Y kmyiDy Dy =0,
i=0 i=1
then
m . m .
(kD + Y kmti D5 ID_1)(E1 A -+ A ) =0.
=0 . =1

Take r = 0,1,:--,m, then we get ko = 0 and

1 1 ... 1 kq
2 22 ... 2m k2
. : - . = Oa
m m? m™ km
1 0 0 ko1
1 1 .. 1 kmi2 |
1 2 2m-1 km+s | = 0.
1 m-1) -.. (m=-1)m71 kom
Sowehave ky =k =--- = ky,, = 0.

Second, we prove that
dimC, <2m+1.

For this purpose, let Qi be the projection from A(m) onto A, then
Cn = 6;',;'=OQiC:nQJ"

For any E € C,,, we have E = 1", E;;, where E;; = Q;EQ);, and E;; is essentially a linear
operator from A; to A;. For any multi-index (jy, - -+, ji), take a ¢ € &,, such that

e(F)=t (1<t<k).
By Ep = pE, we have
E(fﬁ A-ee Afjk) = ‘P—IE(EI Ao Aé’:)'

So the value E(¢;, A--- A¢;,) is determined uniquely by E(& A« -+ A &).
Let us now consider E;;.

—-101—



1°. THE CASE Ej; (j < 1). Put

Ej(an---Ag)= 3 cnabu AN
1<H < <t; <m
Take a ¢ € End[m] such that ¢(k) = k(1 < k < j),¢(k) = j (j < k < m). Then, because of
Eijp = oEij,

Ej(6aA---AN&G) = Y chetbom A Ay =0,
1<t < <t;<m )

whence E;; = 0.

2°. THE CASE E;; (j > i+ 2). Put

Eij(&uA---N&j) = Y cpebu AN

1< <-<t;<m

Forany 1 <ki <k <--<k<m,1<k<m,and k ¢ {ki,---,k}, take ¢ € End[m)] such
that (k) = ki (1 <1 <4),0(t) =k(t ¢ {k1, -, ki}). Then ({1 A--- AEj) = 0, and it holds
that

0=Ejp(fa A---A&) = pE(laA--- A )
= Z c‘x"".'f«p(h) A~ A i)

1<t <-<t;<m
Therefore we obtain cy,..x; = 0, whence E;; = 0.
According to the above facts, an operator E € C}, is determined completely by the values

EO,O(I)) El,-l(fl)a R} Em,m(el Ao A Em);

and :
Ero(é1), BEap(&1 A &)y s Emm1(61 A -+ A &)
Further, if we take

= 12...rr+1...j...m
Y= 1 2 oo ¢ r N TR ’

then ¢ maps A,(m) into the one-dimensional subspace C {; A--- A &,. So by Ep = ¢E, we
get
E (1A NE)ECEHA-- A,

Er,r—l(fl ARERNAY 67—1) € C £1 Ao A f,..
Therefore, it holds that
dim C], < 2m + 1.

In conclusion, we have dim C}, = 2m + 1 and C}, = ¢®™(U(W(1))). This completes the
proof of the theorem. Q.E.D.

The content in §§1 — 4 will be published in [3] and [4].
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5. Commutant Algebra of %®™"(W(2))

For the case n = 2 and m = 3, since the rank and the dimensions are small, we can
calculate out the commutant algebra C; explicitly as shown here (cf, [6]). At first, by the
definition of ¥®3, we have

¥&(W(2)) = (D;, Dij, Dz | i,5 = 1,2)/c,
where

3.9 3 0 > 4
D;=Y %, D;; = ;fiab?gj y Digi = 2_:1&“ A &aa—ﬁia'

a=1
Using the notations in Section 2 for the case W(2), we have Ay = A,[é1 | 1 < i < 3|®@A (&5 |
1<j <3|, where Ap[€yi | 1 < i < 3] (resp. Aglé2; | 1 < j < 3]) is a subspace of all the
Grassmannian polynomials of homogeneous degree p (resp. g) generated by {£;; | 1 < i <
3} (resp. {&2; |1 < j < 3}). Then we have a direct sum decomposition

®3A(2) = ®§,q=oAp,q-
By lemmas in Section 2, we have the following results.
Lemma 5.1. For any E € C3, we obtain E(A, ) C Ayq.
If we set Epg := E |3,,, then E = @3 _,Ep,.
Lemma 5.2. In the algebra 4®3(W(2)) we have the following relations:
(Di)?=0, (D1x)?=0 (i=1,2),

(D1D122 + D122Dy) = [Dy, D1z2] = D3,

(D2D1z1 + D11 D3) = [D2, D1z} = Dy
Lemma 5.3. For any E € End(®3%A(2)), if E belongs to C3, then

Ep(R(D;)) C R(D;), Epg(R(D12:)) C R(D12i) (P9 =0,1,2,3;i=1,2).
Lemma 5.4. Any E € C; is completely determined by its components Ez; and Ey;.
Proof. Obviously, Asz = (€11 A €12 A €13 A €21 A €23 A €a3), one-dimensional, and
E(§11 A b1z A €13 A €a1 A oz A €23) = EDyon Dyga(—€11 A 12 A € A €22)

= —Dia1 D122 E(€11 A €12 A €1 A €22).
Hence, E33 is determined by Ezz. Because of D122(A22) = A32, and Dlz(Azz) = A31, we see
that E3; and Ej; are also determined by Ej,.

For Az;, we have Ag; = R(D;) @ R(D122) by Lemma 2.2, so Ey; is determined by F3; and
Eyy. For A3g, Az, and Ay, because Dy(A;1) = Ay (i = 1,2,3), the maps E3g, E29 and Ejg
are determined by Fj,, E; and Ej;. Further Ey is determined by Ey;.

By the same argument, we see that E,, (p < ¢) is also determined by Ey,; and Ej;. So
the lemma is proved. Q.E.D.
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Lemma 5.5. For Ey; and E,;, we have
dim{FE |5,,€ EndAz; | E € C3} < 11,
dim{E |5,,€ EndA,, | E € C3} < 13.
Lemma 5.6. For n =2 and m = 3, we have
dim & = 24.

- The proofs of Lemmas 5.5, and 5.6 consist of solving certain systems of linear equations
and we omit them. From Lemma 2.1, we know that £ C C; and using the above facts on
dimensions, we get the following theorem.

Theorem 5.7. Let n = 2 and m = 3. Then the commutant algebra C3 of &3 (W (2))
coincides with the representation image €3 of the semigroup ring €3 of the permutation semi-
group End(3]: C;3 = &;. Moreover the dimension of C3 is equal to 24.
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