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Orbits on the flag variety and images of the moment map
— For U(p, ) and Sp(p,q) —
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0.1 Introduction

Let Gg be a real classical group whose Cartan subgroups are all connected. It is known
that there is a correspondence of irreducible representations of Gy and the orbits of
the complexification of a maximal compact subgroup of Gy on the flag variety of the
complexification of Gg. Essentially, a parametrization of the orbits is given by Matsuki-
Oshima [MO]. In this paper, at first, we get an algorithm which gives a representative
element of the orbit for the parametrization for the case of Gg = U(p,n —p). We get an
algorithm which gives the image of the moment map of a fiber of the conormal bundle
of the orbits. For a closed orbit, the image is the associated variety of a representation.
By this method, we get the representative element from a parameter directly. Second,
we get the similar result for the case of Gg = Sp(p, n—p). For the case of Sp(p,n—p) we
define other parameters which is an improvement of the Matsuki-Oshima’s parameters.
In this definition the set of parameters for Sp(p, n—p) is a subset of the set of parameters
of U(2p,2n — 2p). By using the parameter, we can also get a representative element
directly. Then we can parametrize the orbit O for Sp(p,n — p) by the parameter of the
orbit for U(2p, 2n — 2p) which includes O by using a suitable realization of the groups.

0.2 Notation

Notation 0.2.1 Let N denote the set of non negative integers; N = {0,1,2,...}. For
n € N, let an n X n matrix E;; (1 £4,7 < n) denote the matrix unit which has 1 for the
(2,7)-entry and 0 for other entries. Let an n-column vector e; be the vector which has
1 for the i-th entry and 0 for other entries. For a matrix X, let X;; be the (i, j)-entry
of X. Let Mat(n,m) be the set of n X m-matrices. Let I, €Mat(n,n) be the identity
matrix, J, €Mat(n,n) satisfy J.(e;) = enp1-::

(Jn)ij = 51’,n+1—j1

T, € Mat(n,n) satisfy

0 1 0
T = 0 " 1 € Mat(n,n).
1 0 0
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For A €eMat(n,n) and subset {i(1),7(2),...,i(m)} of {1,...,n}, let Aiu)i()...im)) be
an m X m-matrix which has A;(y as (s,t)-entry for 1 < s5,t < n. Let #S5 denotes
cardinality of the finite set S. For m vectors {g;,...,9, |8 € C™} (m < n) let
(91,---,9n) be m-dimensional vector space spanned by { g1,...,9n }.

Definition 0.2.2 Let Gy be a real classical Lie group, G be the complexification of
Ghy, gz be the Lie algebra of Gy, 8 be a Cartan involution of gg. Let gg = tg + pg be the
Cartan decomposition corresponding to 8, ¢ the complexification of tg, K the analytic
subgroup of G for ¢, and B a Borel subgroup of G. '

1 Type AIIl
1.1 Clans for AIII type

In this section, we define the parametrization of K-orbits on the flag variety G/B of
the type AIIL For the type AIIl, we treat the case of U(p,n — p).

We realize a group U(p,n — p) as the group of matrices g in GL(n,C) which leave
invariant the Hermitian form

1T+ -+ ZpTp — TppaTpp1 — * — TnTn

U(p,n—p)={g€GL(n,C)|‘9({{ 0 )§=({;‘ 0 )}

Iy Iy

1.e.

Define the numbers of the signature of a Hermitian form. For U(p,n — p), the number
of the plus of the Hermitian form is p and the number of the minus of the Hermitian
form is n — p.

We fix a Cartan involution 6:

. I, o I, 0
0-1"_) (0 "'In-—-p)x(o "'In—p)'

Now we have

P (Ku 0 ) Ky € Mat(p, p) (1)
0 Ky ng € Mat(n —-p,n— P)
and
_ {( 0 Pm) Py, € Ma't(Pvn - P) (2)
4 Pz] 0 Pg] € Mat(n _P,P)

Definition 1.1.1 (clan) [MO] We define a set C(Gy) for Gy of type AIIl. A element
* of the set C(Gy) is an equivalence class of an ordered set C = (c; ... ¢,) of n symbols
satisfying the following four conditions.

1. Each symbol ¢; is ¢; = 4+, —, or an element of N.



2. If ¢; = a €N, then there exists unique j # ¢ with a = ¢;:

#{i|lc,=a}=00r2 for any a €N.

3. If ¢; = a > 1, then there exists c;=a—1.

4. The difference of the number of the signature of the symbols coincides with the

difference of the number of the signature of the Hermitian form defining the group
Gx:
#ila=+}-#ila=-}=p-(r-p)=2-n.

5. A symbols C = (¢; ... ¢,) is equivalent to D = (d; ... d,) if there exists a
permutation o € &,,, m := max{ ¢; € N} such that

d(d,') ifd; EN
=49 + if d; =+
- if d; = —

for all 1 < i < n. For example, (2211) =(1122) as clans.

We call the element of C(Gg) clan for type AIIL

Definition 1.1.2 (representative lndncatlon) For aclan C = (¢1 ... ¢,), we define
the representative indication €' = (€1 ... &) of C, as follows. Suppose & = &; = a for
t1<jand ¢ =¢ =bfors<t Ifi <s,thena<b.

Example 1.1.3 The set C(U(2,1)) has six elements represented by the following sym-

bols:
++-,4+-4+, -+ +
+11,114+,1+1("

Example 1.1.4 The set C(U(2,2)) has 21 elements represented by the following sym-
bols:

(++ ==, + =4 =, ==+, —F + =)
—+ -+, - =44+, 11 +-,11-+
+11 -, 114 ,4—-11, 411
Y141 -, 1-14,4+41-1,—-1+1/(
14-1,1-4+1,1122,1212
(1221 J

We define a graph which has clans as verteces and in which an edge connecting two
clans is labelled by 7 for some 1 <1 < n.

Definition 1.1.5 Let v(U(p,n — p)) denote the set of all triples (C,(’,3), C,C’ €
C(U(p,n — p)), 1 <i < n -1, satisfying the following conditions.
Aclan C = (¢;...¢,) € C(U(p,n — p)) satisfies ¢; # cit1-



K (c,-,c,-;q) = (+,—) or (—,+), then C' = (¢1...¢i_18aCi43...Cp).
If (¢, ciy1) # (+,—) nor (—,+), then C' = (¢1-.. ci_1€ip1CiCiga - - - Cn)-

Definition 1.1.6 (M-O graph) We define a subset I',(U(p, n — p)) of v(U(p,n — p))
for m > 1 and a subset C,(U(p,n — p)) of C(U(p,n — p)) for m > 0 inductively as
follows:

Co(U(p,n—p)) == {C =(c1...cs) €C(U(p,n —p)) [ci =+ 0r — foralli} (3)

o— (Ca C', 1) € 7(U(Pan - P)) l
- In(Ulpyn —p)) = Cecm_g(m_p»{ C' ¢ Cro(U(p,n — p)) for all m' < m } :
Ca(U(p,n —p)):={C"|(C,C",3) €Tn(U(p,n—p))} (1< m).

The M-O graph of U(p,n—p) is a finite oriented graph whose verteces are C(U(p,n—
p)) and whose oriented edges are T'(U(p,n — p)) := Upen'm(U(p,n —p)) .

Remark 1.1.7 The following conditions are satisfied:

CU(p,n —p)) = || CalU(p,n — p))- 4)

m2>0

Notation 1.1.8 Let B; denote the parabolic subgroup of G for the root —a; and all
positive roots. Let

;: K\G/B — K\G/B;

be the canonical projection.

Theorem 1.1.9 [MO] The clans of U(p,n — p) parametrize K-orbits on the flag
variety G/ B. This parametrization satisfies the following property.

Suppose clans C and C' correspond to orbits ©@ and O' respectively. Then (C,C',3) €
T'(U(p,n— p)) if and only if dim O + 1 = dim ¢’ and =;(0) = =;(0').

1.2 The function F

In this section, we define a function from C(U(p,n — p)) to N which gives a natural
number m such that the clan belongs to C,.(U(p,n — p)).

Definition 1.2.1 We define a function F' from C(U(p,n — p)) to N as follows:

F(C) = max{a€N|&=a,1<i<n}
+20éﬂ#{tEN|ét=+0r—,i<t<j, ég=éj=a}
+Zeen#{tEN| & > & =a, for somei >t}

= #{a€N|¢=cj=a forsome 1<i,j<n}
+206N,c.'=c,'=a,i<j(j - C)
—#{(a,b)EN|cs=cj=a,c,=c;=b for i<s<j<t}

Where, (¢, ... &) is the representative indication of clan C.



Proposition 1.2.2 Suppose C € C(U(p,n — p)).
If F(C) = m, then C € C,(U(p,n — p))-

Notation 1.2.3 For each clan C, let O¢ be the K-orbit on the flag variety G/B
corresponding to C.

For Gg = U(p,n — p), p<n—p, aclan

(12...p—...—p...21
p n—2p P

corresponds to the open orbit and
Fl2...p—...—p...21)=p(n-Dp).
Therefore we have the following corollary.

Corollary 1.2.4 For all C € C(U(p,n — p)),
codimO¢ = p(n — p) — F(C).

1.3 Representatives of K-orbits for clans

From now on fix the Cartan subalgebra a and the simple root system
U :={a;,a2,...,0n-1}
such that the corresponding Borel subalgebra b is the set of upper triangular matrices:
b= {X € Mat(n,n) | X;; =0if s > t}’.
Then the parabolic subgroup B; is
Bi={X€e€G|Xu=0if s>tand (s,t) # (i +1,7)}.

Definition 1.3.1 (signed clan) Signed clansof aclan C' = (¢, ... ¢,) are ordered sets
Cy = (dy ... d,) of n symbols +, —, a, and a_ satisfies the following two conditions.

1. d; =+ or — if ¢; =+ or — respectively.
2. (di,d;) = (a4,a-) or (d;,d;) = (a—,a4) if (¢, ¢;) = (a,a) for some a € N.
Example 1.3.2 All signed clans of C =(1122) are
C=(141-242),0=(1,1-2.2,),C=(1-1,2,2_),and C = (1-1,2_2,).



Theorem 1.3.3 Let Cy = (c; ... ¢,) be a signed clan of C € C(U(p,n — p)), the
matrix g(C) = (g1 92 --- gn) is a representative of O¢c. Here g; € C, is the column
vector defined by the following.

o If c; = %, then g; = e,(;).
o Ifc; =ay, c;=a_, then

) 1
9= (e +ean) and g5 = 5=+ ety

Where we can take any ¢ € 6, satisfying the following condition.

1<e()<p if ¢; =+ or ay,
p+1<¢p(i)<n if¢,=—ora_.

(5)
Remark 1.3.4 The matrix g(C) is real and orthogonal:

g(C)™ ="*4(C).

Remark 1.3.5 We regard the flag variety G/ B as the set (V;, V,...,V,) of sequences
of vector spaces V; C C* (1 < Vi < n) such that V; C Vi, foralll <1 < n-—1,
Vo =C", and dimV; = i forall1 < i < n. Let g = (g192-..-9») and g; € C* for
1 < i< n. Let gB be an element of G/B. We regard the element gB as the set of
sequence (W4, V3, ..., V) such that V; C C* is spanned by i-vectors gy, ga, ..., gi-1, and
9i:

Vii={g1,..-,9)-

Notation 1.3.6 Let V, C C" be a p-dimensional vector space spanned by {ej,...,€p}.
Let V_ C C" be an (n — p)-dimensional vector space spanned by {ep41,...,€5}.

V+ = (61,. . ,ep),

V. = <€p+1, “es ,en).
Remark 1.3.7 The vector spaces V, and V_ are preserved by the action of K. They
satisfy C* =V, @ V_.

Lemma 1.3.8 Let (V},...,V,) be the flag g(C)B. By definition of g(C), we have the
following condition.
Em(VinVy)= #{j|e=+ for j<i}
+#{alcij=ca=a, §#1 for max(j,l) <},
dm(V,NV.)= #{j|c¢;=— for j<i}
+#{a|c;=a=a, j#1 for max(j,l) <i},



dm((Vi+ V)N Vi) = #{j|ej=+ for j<i}
+#{a|c;=cq=a, j#1 for min(j,1) <i},
dim(V; N (Vi+ V)N V) = #{j [ ej=+ for j <s)

¢ci=cq=a, j#l1 for max(j,!) <1,
r#{e min(j, 1) < s

Because V, and V_ are preserved by action of K,

dim(kV; N V) = dim(V; N k~1V,)

for all k € K and so on. Therefore we have the following Lemma.

Lemma 1.3.9 For a flag (V4,...,V,) € G/B, dim(V;NV,), dim(V; N V_), and
dim(V, N (V; + V_) N V) are invariants by an action of K.

1.4 Driving matrix for U(p,n — p)

In this section we get an algorithm to get the image of the moment map of a fiber of
the conormal bundle of the K-orbit which corresponds to each clan.

Suppose C = (¢; . ..¢,) is an element of C(U(p,n—p)). Fix a signed clan of C. From
now on, we regard the signed clan as a clan C. The matrix g(C) is the representative
element which is given in Theorem 1.3.3, we describe the algorithm to get the image of
the moment map g(C)b*g(C)~! Np. Where bt is a subalgebra of g that is orthogonal
to b:

bt ={beg|B(b,¥)=0 forall b€ B}
Let B( -, - ) be a natural inner product on g.
Definition 1.4.1 For a clan C = (¢;...¢,) € C(U(p,n — p)), give an n X n-matrix

Dri(C) as follows. As (j,7)-entry, Dri(C) has zero or z, for some 1 < s,t < n as the
following steps.

e Forl <4,j <n, Dri(C);; = zj; if (c;, c;) satisfies one of the following conditions.
(ciyej) = (+,—) or (=, +) for i < j.

(¢i,¢;) = (+,a-) with ¢, = a; and ¢ < min(j, s).

(¢iy¢;) = (—,a4) with ¢, = a_ and 7 < min(y, s).

(¢i,¢;) = (a—,+) with ¢, = a; and max(, s) < j.

(ciy¢;) = (a4, —) with ¢, = a_ and max(z,s) < j.

S ok W

(¢iy¢j) = (a4, b-) with (¢, ¢;) = (a—, b} ), max(i, s) < max(j,t), and min(i, s)
< min(y,1).

7. (ci,¢;) = (a-,by) with (¢, ;) = (a4,b-) and max(i, s) < min(j, ).



e For1<1i,j <n, Dri(C);, = —xj; if (csy 1) = (a=,by) with (¢, ¢;) = (ay,b-) and
min(z, s) < min(j,t) < max(z,s) < max(j,?).

e Other entries are zero.
We call Dri(C) a driving matriz of C for U(p,n — p).
Theorem 1.4.2 For a clan C € C(U(p,n — p)), the image of the moment map is as
follows: N .
g(C)b 9(C)'np ={pDri(C)p|z;€C}
= {Dri(C)e-1(1),..o-r () | i €C }.
We can regard Dri(C) as an element of
(9(C)6"9(C) ™" N ) (e(a)...otm)-

That is
Dri(C);; = (9(C)b*9(C) ™" Np)y(irets)-

Since g(C) = (ep(1) - - - €p(n)) if C € Co(U(p,n — p)), we have the following lemma.

Lemma 1.4.3 If a clan C corresponds to a closed orbit, then
{ Dri(C) | 2 € €} = b4 1 (4(C)p9(C)).
Example 1.4.4 For C = (— + +), we have

0 00
T2,1 00
3,1 00 )

1.5 Signed Young diagram

z;j € C} =6N(g(Chg(C))-

Definition 1.5.1 We define a signed Young diagram to be a Young diagram in which
every box is labelled with a + or — sign in such a way that signs alternate across rows
and they need not alternate down columns. Two signed Young diagram are regarded as
equal if and only if one can be obtained from the other by interchanging rows of equal
length.

Proposition 1.5.2 For Gx = U(p,n — p) nilpotent orbits in p are parametrized by
signed Young diagram which has p boxes labeled + and (n — p) boxes labeled —.

An element A of p satisfies

AV, C V.,
AV. C V.



Definition 1.5.3 The signed Young diagram of a nilpotent orbit is as follows.
Take an element A of the orbit.

1. The number of boxes which are in a j-column (V5 < 7) and labeled + is

dim(ker(A’|v,)):

25 1#{(5,7) | (s,)-box labelled with + sign.} = dim(ker(A'|v, )).

2. The number of boxes which are in a j-column (Vj < ¢) and labeled — is
dim(ker(A|y._)):

Bi_1#{(s,5) | (3,7)-box labelled with — sign.} = dim(ker(A'[y.)).

Proposition 1.5.4 Let

YV, = (ew(l) ces ew(n))_1V+ = (e¢-1(1), ceey e¢-1(p)),
pV_ = (e¢(1) N e‘p(n))—lv_ = (e¢-1(p+l), cee e,,,-n(n)),
then,

dim(ker((Dri(C))'lyv,)) = dim(ker(A’ly,)),
dim(ker((Dri(C))|,v.)) = dim(ker(A’lv.)).

Example 1.5.5 For a clan C' = (+11 — +), let choose a signed clan (+ 1, 1_
We get a permutation, a driving matrix, and two vector spaces as follows:

0 0 0 0 0
0 0 0 0 0
P = 123453 ;, Dri(C)=1] %31 0 0 0o o],
1 2 45 3 !
Ty1 T4,2 0 0 0
0 0 Ts3 Ts4 0
ay 0
ag 0
(pV+= 0 a; €C ;, (pV_= b3 b,EC
0 by
Qas 0
Calculate the kernel. .
a1 0
ag 0
Dri(C) | b3 | = T3101 =: v,
by ZTq1a1 + T42a2
as Z53b3 + T54b4



V/ker(Dri(C)) = (a}a,a};|a}; € Vi) @ (b, | b5 € V),
ker(Dri(C)) = (ay;|ay € Vi) @ (b |8, € V).
We have (dim ker(Dri(C))|v, ,dimker(Dri(C))|v_) = (1,1).

0 0
0 0
Dri(C) T304 = 0 =: vy,
Zgya) + T42a2 0
T53bs + Ts4by (zs3Za1 + Ts54%a1)01 + T5aTe2a2

V] kex(Dri(C)! = (dho | € V3),
ker(Dri(C))? = {dhy, gl € Vi) @ V..
We have (dim ker(Dri(C))?|v, ,dimker(Dri(C))*|v_) = (2,2).

0 0
0 0
Dri(C) 0 o,
0 0
(53731 + T54%41)81 + T54Ta2a3 0

V/ker(Dri(C))® = {0},

ker(Dri(C))® =V, V..

We have
(dimker(Dri(C))3v, , dimker(Dri(C))%|v.) = (3,2).

Therefore the signed Young diagram for the clan C is

1
1

We can have an element A’ of {Dri(C)} as follows:
0 00O

A=

Q= O
o
-0 o0
(=]
(- e i = I e Y o}

0 0

The (%, j)-entry of A’ means (¢(z),¢(j))- entry of A that is an element of the image of
the moment map. For example, 1 that is (3,1)-entry means (¢(3),¢(1)) = (4,1)-entry

of A. That is
0 00 0O

0
A=1|0
1
0

- O O
o OO
SO OO

0
1
0
0



2 Type CII

In this section, we treat the type CII. For the type CII, we use group Gg = Sp(p,n —p).
At first, we will change the realization of U(2p, 2q).

2.1 Changing the realization of U(2p, 2q)
In order to include Sp(p,n—p) to U(2p, 2n—2p), we change the realization of U(2p, 2n—

2p). Let
I, 0 0 I, 0 0
t.q 0 ;I2n—2p 0lg=1]0 —Ign_zp 0 .
0 0 I, 0 0 I,

Let mark all notation subscript am, if they are defined as the case of Gg = U(2p,2n —
2p). For example,ba are the Borel subalgebra for U(2p,2n — 2p). Fix a Cartan

involution
I, 0 0 I, 0 0
0:z— 0 _IZn—2p 0z} 0 ~12n—2p 0 .

0 0 I 0o 0 I

Ky 0 Kj
tam = 0 K22 0
Ksi 0 Ka

0 P, O
pAm = Py 0 Py
0 Py O

and b is the set of upper triangular matrices. Under this rea.lizaf.ion, we have the
following proposition.

U(2p,2n — 2p) = {g € GL(2n,C)

Then
K1, Kis, Ka, Kas € Mat(p, p) }

K3 € Mat(2n — p,2n — p)

Py3, P;; € Mat(p, 2n — 2p)
Py, Pys € Mat(2n — 2p, p)

Proposition 2.1.1 Suppose C be a clan of U(2p,2n—2p) and (c; . . . c3,) a signed clan
of C. Then the matrix g(C) = (g1 g2 - .. g2n) is a representative element of Qg rr Here
gi is the following column vector.

o If c; =+ or —, then ¢; = €y(i)-
o If (ci,c;) = (ci,c;), then
1 1
9= Z5(eet H o) and - gj = —5(=eg) + ey))-
Where, ¢ € 6, satisfy the following condition. If ¢; = + or a,, then
1<e(i)<p or 2n—-p+1<p(i)<2n.

Ifc; =— ora_, then
p+1=< (i) <2n—p.



2.2 Generalized clans of the type CII

In this section, we define generalized clans for the type CII. They also parametrize
K-orbits on the flag variety G/B. The generalized clans are improvement of Matsuki-
Oshima’s clans [MO]. The number of symbols of the generalized clan is the size of
matrices of the element of group G. By using generalized clan , we can get a repre-
sentative element of the K-orbits on G/B directly. The set of generalized clans of the
type CII are subset of clans of the type AIIL For the type CII, we treat the case of
Gx = Sp(p,n — p). We can parametrize K-orbits of G = Sp(p,n — p) by generalized
clan which coincide the clan of K-orbit of Gx = U(2p,2n — 2p) which includes the
K-orbit of Gg = Sp(p,n — p) by good realization of groups.

We realize G = Sp(p,n — p) as the group of matrices g in GL(2n,C) which leave
invariant the Hermitian form

7Ty +---+ xpz—p — ZTp41Tp41 — °*° — Toan—pTon—p + Tm-p+1T2n-p41 + -+ T2 Top
and the exterior form

Ty AT + T2 AZon 1+ + Ty A Tpya.

1.e.
(0 T (0 U,
-"(—J,. 0)-"‘(—J,. 0)’
Sp(p,n —p) = { g € GL(2n,C) I, 0 0 I, 0 0
tg 0 —I2n—2p 0jg=1]0 "IZn—2p 0
0 0 I, 0 0 1,

Then ¢, p and b satisfy
= g N tam, p = g N pam, and b = g N bami-

Definition 2.2.1 We define an order <.. We say that : <, jif0<:<j,; <0<,
or ) <1< 0. In this order, we have : <. j < 0 <. —j <., —tfor 0 <1 < j.

Definition 2.2.2 (generalized clan) We define a set C(Sp(p,n —p)) of type CIL. An
element of C(Sp(p,n — p)) is an equivalence class of an ordered set C of 2n symbols

" C=(c1eg ... gy ... C.3C1).
satisfying the following five conditions.
1. Each symbols c, is ¢; = +, — or an element of N.
2. If ¢; = a € N then there exist unique j # ¢ with a = ¢;:

#{i|ci=a}=0o0r2 for any a € N.



3. If ¢; = a > 1, then there exists ¢; = a — 1.

4. The difference of the number of the signature of the symbols in a symbols coincides
with the difference of the number of the signature of the Hermitian form defining
the group Gg:

#ila=+}-#{i|lcc=—}=2p—(2n—2p) =4p— 2n.

5. A symbols C' = (c; ... c_y) is equivalent to D = (d; ... d_,) if there exists a
permutation ¢ € &,,, m := max{¢; € N} such that

o(d;) ifd; eN
¢ = + if d; =+
- if d; = —
forall1<i<n. (11 4+ 4+22)=(22 + +11) as generalized clans .

6. If ¢; =+, then c_; = +.
If ¢; =—, then c_; = —.
If ¢; =c¢; €N, then c_; = c_; EN.

We call an element of C(Sp(p,n — p)) generalized clan.

Definition 2.2.3 (representative indication of a generalized clan ) For a gen-

eralized clan C = (¢; ... c_;), we define the representatlve indication C = (6, ... é.)
as follows. Suppose & = ¢ =afori<,jand § =& =bfors <, t. Ifi <, s, then
a<hb.

Remark 2.2.4- The representative indication of a generalized clan
=(c1 ... c1)
in the sense of Definition 2.2.3 is equal to the representative indication of the clan
(c1...cm):=(c1...¢4)=C
in the sense of Definition 1.1.2.

Example 2.2.5 The set C(Sp(1,1)) has four elements represented by

+__+3_++_
1122,1212("

Example 2.2.6 The set C(Sp(2,1)) has nine elements represented by
t+-=-++,+-++-4+, —++++ -
+11224,11+4+22,14+412+2°}.
+1212+,14+214+2,12++12



Remark 2.2.7 The set C(Sp(p,n — p)) is subset of C(U(2p,2n — 2p)) and satisfies the
following conditions.

If ¢; =+ then c_; = +.
C(Sp(p,n—p))=4(c1 ... c.1) €C(U(2p,2n —2p))| If ¢;=cj then c_; =c_j.
If ¢; € N then c_; # c;.

Remark 2.2.8 Generalized clans are improvement of Matsuki-Oshima’s clans.

For explaining that generalized clans are improvement of Matsuki-Oshima’s clan, we
prepare some notations.
Let a be a f-stable Cartan subalgebra of g and ¥ be a simple root system of G:

U ={a,as,...,an}.
For a simple root system ¥, take the orthonormal bases a3}, a3, ..., a;, of the dual o*

of a such that .
a; =ai—al, for1<i<n-1,

— *
o, =2a;.

Notation 2.2.9 Let a*; := —a} for 1 <1< n.

Since a Cartan involution @ induces an involution of root system, we have the following
proposition. The following proposition leads Remark 2.2.8.

Proposition 2.2.10 A pair (a, ¥) corresponds to a generalized clan
C=(c1c...CaCp ... Cc3C1)
satisfying the following four conditions.
1. 0a}'. = a} if and only if ¢; = + or —.

2. Suppose 0a} = a} and fa} = a}. If the root a] —a} is a compact root, then c; = c;.

Then, if
8(a, a] — a}) C sp(p,C) @ {0} C sp(p,C) ® sp(n — p,C) = ¥,
then ¢, =c; =+. If
8(a, a] — aj) C {0} ® sp(n — p,C) C 5p(p,C) B sp(n — p,C) = ¢,
then ¢; = ¢c; = —.

3. Suppose fa} = a} and 0a} = a]. If the root a] — a is a non-compact root, then
¢ # ¢j.

4. Oa} = a} (¢ # j) if and only if ¢; = ¢; = a for some a € N.



2.3 M-O graph of type CII with generalized clans

In this section, we define a graph which has generalized clans as verteces and in which
edge connecting two generalized clans is labelled by an element of {1,...,n}. At first,
we define a subset ~(Sp(p,n — p)) of

{(c,Ci)|C,C"eC(Sp(p,n—p)), 1<i<n}.

Definition 2.3.1 Let +(Sp(p,n — p)) denote a set of all triples (C,(C",1), C,C' €
C(Sp, (p,n — p)), 1 <1 < n, satisfying the following conditions.
A clan C = (¢1...c_1) € C(Sp(p,n — p)) satisfy ¢; # ciyy OF ¢ # C—n,

Ife, #c_n, then
C'=(c1...€p-1€-nCrCnp1..-C_1)-
If (¢, ciy1) = (+, =) or (—, +), then
C'=(c1...ci10aCi43 ... cj_gbbc_iy ... c-1)
If (¢, ciy1) # (+,—) nor (—,+), then
C'=(e1...Cim1Ci41CiCiga -+ €om2CoiCoim1City -+ C1).

Definition 2.3.2 We define a subset T',,(Sp(p,n — p)) (m > 1) of 7(Sp(p,n — p)) and
a subset C,(Sp(p,n —p)) (m > 0) of C(Sp(p,n — p)) inductively as follows:

Co(Sp(p,n —p)) :={C =(c1...c_1) € C(Sp(p,n —p)) | ¢; =+ or — for all ¢ }.

(07 C’s z) € 7(Sp(pa n-— p)) I
Ln(Sp(p,n — p)) = {
‘ ) CGCm_1(LSJp(p,n—p)) C' ¢ Cri(Sp(p,n —p)) forall m'<m

Cm(Sp(p,n —p)) :={ C"| (C,C",4) € T(Sp(p,n — p))} (m >1).
The M-O graph of Sp(p,n — p) is a finite oriented graph whose verteces are
C(Sp(p,n—p)) and whole oriented edges are I(Sp(p,n—p)) = Upen [m(Sp(p,n~p)) .

The definition of M-O graph is deduce the following remark.
Remark 2.3.3 We have the following conditions:

C(Sp(p,n —p)) = || Cm(Sp(p, — P));

m2>0

Theorem 2.3.4 [MO)] The generalized clans of Sp(p,n — p) parametrize K -orbits on
the flag variety G/B. This parametrization satisfies the following property:
Suppose generalized clans C and C' are parameter of orbits O and O’ respectively.

Then (C,C',i) € T(Sp(p,n — p)) if and only if diim O +1 = dim @’ and 7;(0) = 7;(O').



2.4 'The function Fp

In this section, we define a function C(Sp(p,n — p)) to N which gives a natural number
m such that the generalized clan belongs to C,,(Sp(p,n — p)).

Definition 2.4.1 We define a function Foy from C(U(p,n — p)) to N such that
1 1 . - . .
Fon(C) = 3(F(C) + z#{a €Nla =5 =0, i <. 0 <. ). (6

Where F is the function which is defined in the Definition 1.2.1. Let (& ...é-,) is a
representative indication of C and F(C) is the value with regarding C as a clan of
U(2p,2n — 2p).

By definition, we get the following proposition.

Proposition 2.4.2 If (C,D,n) € I'(Sp(p,n — p)), then (C,D,n) € T(U(p,n — p)).
If (C,D,3) € I'(Sp(p,n — p)) and i # n, then there exists a generalized clan C' €
C(U(2p,2n — 2p)) such that both of (C,C’,t) and (C’,D,2n + 1 — i) are elements of
F(U(2p7 2n — 2P)) |

Proposition 2.4.3 For generalized clan C € C(Sp(p,n — p)), if Fer(C) = m, then
C € Cn(Sp(p,n - p))-

Corollary 2.4.4 For Gx = Sp(p,n — p), p < n — p, a generalized clan

C'=(12...(2) ... = (2 —1)(2p) ... 563412)

2p 2n—-4p 2p

corresponds to open orbit and
F(C') = 2p(n — p).
Therefore we have
codimO¢ = 2p(n — p) — F(C)
for all C € C(Sp(p,n — p)).

2.5 Representative element of K-orbit for generalized clans

Let B; denote the parabolic subgroup of G for the root —a; and all positive roots. Let
m; : K\G/B — K\G/B; be the canonical projection.

Notation 2.5.1 For a generalized clan C = (¢}...c.,), let C1 = (¢;...c_,) be a
signed clan such that (c;, ¢;) = (a4,a-) if ¢, = ¢, = a € Nfor i <. j and |i| < |j|, and
(ciy¢j) = (a-,ay) if ¢, = ¢; = a €N for i <. j and [i| > |j],

we define a map ¢’ : {1,...,n,—n,...,~1} — {1,---,2n} satisfying the following
conditions:



o If 7 # j, then ¢'(3) # ¢'(j).

o ' satisfies

1 ¢'(2)

< if 1<,0 and ¢; =+ or a,,
p+1 < ¢'(3)

IN A

n if 1<, 0 and ¢;=—
orif (ci,c;)=(a-,a4) for j<.0,
¢'(1) :==2n+ 1 — ¢'(—i) otherwise.

Remark 2.5.2 We can regard ¢’ as an element of 6, such that ¢'(2n+1—1) := ¢/(—1)
for 1 <1 < n. Then ¢’ satisfies the conditions of  in Proposition 2.1.1.

Theorem 2.5.3 Suppose Cy = (c1...c_1) be a signed generalized clan of Sp(p,n — p).
Then the matrix

9(C) = (9192 --- g2n) € Mat(2n,2n)

is a representative of Og. Here g; is the following column vector.
o Ifc; = £, then g; = ;).

o If (ci,c;) = (a4,a_) for some a € N and 1 <. 0, then
.1 1
9= 5o tewn) and g = —5(=e) +ep()

o If(ci,cj) = (a4,a_) for some a € N and 0 <. i, then

1 715(6‘/,/(,-) - ev,:(j)) if 7<.0

i = —=\Cyu/(; A d s = . .

d \/5( w6 tep) and g, { Jil—epi) tepm) i 0<. .
Where ¢’ satisfies the conditions in Notation 2.5.1.

Proposition 2.5.4 The matrix g(C) which we got in Theorem 2.5.3 is also a repre-
sentative of K spr-orbit on the flag variety G app/Bamr which corresponds to the clan
(Cl RPN Czn) = (Cl ca C_l) =C.

Remark 2.5.5 If C € C(Sp(p,n — p)), then
Kg(C)B C Kamg(C)Bam.

Therefore for C, C' € C(Sp(p,n — p)), if C # C' then Kg(C)BN Kg¢(C")B =9.
Outline of proof of Theorem 2.5.8. If (C,C",%) € T'(Sp(p,n — p)), then

Kxug(C)Bamm N Kamg(C')Bam = 0
U U
Kg¢(C)B Kg(C")B.



Therefore
Kg(ChBnNn Kg(C')B = 0.

TiamTan+1—iam(Kamg(C)Bam) = miam™an+1-iam(Kamg(C') Bam)
U U
7:(Kg(C)B) m(Kg(C')B)
We also have

T;Am T 2n+1—iam( Kamg(C) Bam) N m;am™2n+1-iam( K amg (D) Bam) = 0.

for D # C,C".

If (C,C",i) € T(Sp(p,n — p)) i # n, then there exist just one K-orbit which is
not Kg(C)B and the projection of which by =; is equal to m;(K g(C)B). It should be
7i(Kg(C")B):

7i(Kg(C)B) = m(Kg(C")B).

Now we know that one of the following two conditions is satisfied:

:

Kg(C)B C Kg¢(C')B, (7)
Kg(C"\B Cc Kg(C)B. (8)

By the condition
Kamg(C)Bam C Kamg(C")Bam, (9)

we get condition (7).

2.6 Driving matrix for Sp(p,n — p)

In this section we get an algorithm to get the image of the moment map of a fiber of
the conormal bundle of the K-orbit which corresponds to each generalized clan .

Suppose C = (c; ...c-1) is an element of C(Sp(p,n — p)). From now on, the signed
clan Cy can be regarded as generalized clan C. Because we define Cy uniquely, the
matrix g(C) is the representative element which is given in Theorem 2.5.3. we describe
the algorithm to get the image of the moment map g(C)btg(C)~! Np. Where bt is
orthogonal of b. Because

9(C)rg(C) Ny = g(C)(bxm N 8)g(C)™ N (pam Ng)
= (9(C)bamg(C)™ Npam) N g

and because we get ¢(C)bxg(C)~ N pam in Theorem 1.4.2, we get the following defi-
nition and theorem.

Definition 2.6.1 Give a 2n x 2n-matrix Dri(C) as follows.
As (j,)-entry, Dri(C) has z,; some 1 < s,t < n or zero as the following steps.



Fori,j <n (1<.4,j <.0), (j,1)-entry is z;; and (2n + 1 —4,2n + 1 — j)-entry is
—z;,; if (c;, c;) satisfies one of the following conditions.

1. (C,',Cj) = (isz)7 1<J.

2. (ci,¢;) = (£, a5) with ¢, = ay for some ¢ <. min.(j, s).

3. (¢ir¢j) = (ax, F) with ¢, = az for some max,(, ) <. j.

4. (¢, ¢;) = (ag,bs) with (c,, ¢;) = (ag, by ) for some max.(s,s) <. min.(j, ).
Fori,j <n(1<.t<, -5 <:9), (J,%)-entry and (2n +1 — j,2n + 1 —i)-entry are
xz;; if (¢, ¢;) satisfies one of the following conditions.

L. (ci,c) = (:t::F)_a 1<y

2. (ci,¢cj) = (£, a5) with ¢, = ay for some ¢ <, min.(j, s).

3. (ci,¢;) = (ax, F) with ¢, = az for some max,(z, s) <, j.

4. (ci,cj) = (ax, by) with (cq, ¢;) = (ag, by ) for some max.(i,s) <. ming(j,¢).
For1<4,j<n(1<.1<.j<.0),(j,i)-entry and (2n 4+ 1 — 5,2n + 1 — t)-entry

are z;;. (t,8)-entry and (2n + 1 —1,2n + 1 — j)-entry are —z;; if (¢, ¢;) satisfies
the following condition.

L. (c,¢;) = (ag,b.) with (e,,e) = (a_,by) for i <. min,(j,t) <. s <,
max(j,t).

For1<i,j,8,t<n(i<.t<;.—j <. —8<;n), (J,i)-entry and (2n +1 —3,2n +
1 — j)-entry are z;;. (t,3)-entry and (2n + 1 — s,2n + 1 — t)-entry are —z;; if
(¢, ¢;) satisfies the following condition.

L. (ciy¢;) = (a4,b-) with (¢s,¢) = (a-,by) for ¢ <. min(j,t) <. s <.
max,(j, ).

e Other entries are zero.

Where, max, and min, gives a maximal number and a minimal number by order <,
respectively.

We call Dri(C) the driving matriz of C for Sp(p,n — p).

Theorem 2.6.2 For a generalized clan C € C(Sp(p,n — p)), the image of the moment
map is as follows:

9(Ctg(C) Ny = {¢'Dri(C)¢' | zij€C} (10)
= {Dri(c)zw‘l(l), w9~ 1(-1)) I zi; €C } (‘”)

That is we can regard Dri(C) as an element of
(9(C)e9(C) ™! N p)pr(a)...er(-1);
Dri(C);j = (9(CIv"9(C) ™" NP)priiertiy



If C € Co(Sp,(p,n — p)), then g(C) = (eyqy---€-y1))- Therefore we have the

following lemma.

Lemma 2.6.3 If a generalized clan C corresponds to closed orbit, then
{ Dri(C) | zi; € €} =6 N 'g(C) pg(C).

Example 2.6.4 For C = (— ++-)

0 0 0 0

2)2,1 0 0 0 B _ t

m3,1 0 0 0 xt] E C =b n ( g(C)’pg(C))'
0 Z3,1 —Z21 0

Definition 2.6.5 Let V, be a 2p-dimensional vector space spanned by

{81, ceey ep, e2n+1_p, cey €2n}.

Let V. CC" bea (2n — 2p)-dimensional vector subspace of C* spanned by

{€pt1y---»€m—p}-

Theorem 2.6.8 For Gy = Sp(p, n—p) nilpotent orbits in p are parametrized by signed
Young diagram which has 2p boxes labeled + and 2(n — p) boxes labeled —.

Definition 2.6.7 The signed Young diagram of a nilpotent orbit is as follows. Take a
regular element A of the orbit.

1. The number of boxes which are in a
j-column (Vj < 1) and labeled + is dim(ker(A4'|v, )).

2. The number of boxes which are in a
j-column (Vj < 1) and labeled — is dim(ker(A’|y_)).

Proposition 2.6.8 Let

¢'Vy = (epq)-.-- ev’(2n))—lv+ = (ev'f’(l)’ 3 €= (p), Epi=1(2m—p+1); €4/~ (2n))
PV_ = (e --€ui-1)) V- = (€p-1(p41)s- - - » €2 (2n—p))
then,

dim(ker((Dri(C))'|yv,)) = dim(ker(A'|v,)),
dim(ker((Dri(C))'|pv.)) = dim(ker(A'|v_)).

Where e_; := eanq1-i for 0 <.



Corollary 2.6.9 By definition, we have

¢'Vi=(e|ci=+ or ay forsomea €N),
¢'V_= (e |ci=— or a_ for some a €EN).

Example 2.6.10 For generalized clan C = (11 + +22), the signed clan is (141~ +
+2_24) we get ¢, a driving matrix Dri(C), and two vector spaces V; and V_ as

follows:
(1 23 -3 =2 -1
¥ = 32 5 4 6 )°
0

[ 0 0 0 00
0 0 0 0 00
. _ 0 Z3,2 0 0 00
DrilC)=1 ¢ 2, 0 o0 oo
51 0 z42 —z32 0 0
\ 0 =z, 0 0 00
([ a; ) (/0 w
0 by
! as / 0
Vi =4 ay GEC v, ¢V_=4 | 4 becC ;.
0 bs
\ a¢ J \ 0 J
Calculate the kernel.
ay 0
by 0
. a T
Dri(C) aj = :0222 = vy,
bs T5101 + T4203 — T3204
ag Z51 by

V/ker(Dri(C)) = (aiq|ai, € V2) @ (b5 | by, € V)

ker(Dri(C)) = (a1, 045, 013] ai; € V) & (b, | by, € V).
We have (dim ker(Dri(C))|y, ,dimker(Dri(C))|v_) = (3,1).

0
0
T32b,
Ta2b;
T5101 + T42a3 — T3204
T51by

Dri(C)

=iy,

OO O O OO



V/ker(Dri(C))* = {0}

ker(Dri(C)): =V, V.

We have

(dim ker(Dri(C))?|v, , dimker(Dri(C))2}v.) = (4,2).

Therefore the signed Young diagram for the generalized clan C is

ua
ad
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