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Boundary value problems on
Hermitian symmetric spaces

Nobukazu Shimeno *

Abstract

In this article the images of the Poisson transform on the degenerate series
representations on various boundaries of a Hermitian symmetric spaces are
considered. We characterize the images by means of differential equations.

1 Introduction

Throughout this article we consider representations of non-compact real semisim-
ple Lie groups. Let G denote a non-compact real semisimple Lie group with finite
center and K be a maximal compact subgroup of G. Then G/K is a Riemannian
symmetric space of the non-compact type.

1.1' Backgrounds

Studies on realizations of representations and those of intertwining operators are
important theme in representation theory and harmonic analysis on homogen€ous
spaces. In several cases representations are realized on solution spaces of differen-
tial equations or images of intertwining operators are characterized by differential
equations. These differential equations naturally come from left ideals of the uni-
versal enveloping algebra of the complexification of the Lie algebra of G.

I give some examples;

(1) Realization of discrete series. Schmid [19] realized a discrete series rep-
resentation as a kernel of a first order differential operator between certain
vector bundles over G/ K.
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Szegé mapping. Knapp and Wallach [14] realized a discrete series repre-
sentation as the image of the Szegd mapping from a principal series repre-
sentation to smooth sections of a vector bundle over G/K. The image is
contained in the kernel of the Schmid operator. Barchini 1] studied Szego
mapping from the cohomologically induced representations to smooth sec-
tions of a vector bundles over G/K.

Realization of irreducible highest weight modules. Davidson, Enright,
and Stanke [3] realized an irreducible unitary highest weight module as the
kernel of homogeneous differential operators between certain homogeneous
vector bundles over G/ K. Their result can be considered as a generalization
of the result of Schmid. Davidson and Stanke [4] proved that the represen-
tation is characterized as the image of the Szegd mapping from a principal
series representation to a vector bundle over G/ K.

the Penrose transform. Several people studied the Penrose transform from
representations that are realized on Dolbeau cohomology spaces to smooth
sections of vector bundles on G/K (cf. [13]). In a case, when the repre-
sentation is an irreducible unitary highest weight module, H. Sekiguchi [20]
showed that the image of the Penrose transform is characterized as the ker-
nel of a homogeneous differential operator between certain vector bundles
over G/K. ‘

the Radon transform. Characterizations of the images of the Radon trans-
form by differential equations have been studied by Gonzalez, Ishikawa [10],
and Oshima [17].

Helgason’s conjecture. For generic parameter, the Poisson transform gives
an isomorphism of a space of hyperfunction sections of spherical principal
series representation to a joint eigenspace of invariant differential operators.
This fact was conjectures by Helgason [6] and proved by Kashiwara et al
[12].

the Hua operators. Hua [8] defined the Poisson integrals of functions on the
Shilov boundary of a bounded symmetric domain of tube type and showed
that the Poisson integrals belong to the kernel of certain second order differ-
ential operators (the Hua operators). Conversely, Johnson and Koranyi [11]
showed that the Hua operators characterize the image of the Poisson inte-
grals.

Hypergeometric functions. Radial parts of differential equations in exam-
ples above give interesting classes of holonomic systems of differential equa-
tions (cf. [5], [71, [9], [15], [17], [18], [26D).



1.2 Problem

There are several interesting connections between (1)-(8). In this article we mainly
consider the Poisson transform and the Hua operators ((6) and (7) above).

Let Pg be a standard parabolic subgroup of G and consider the spaces of hyper-
function sections of degenerate series representations on the boundary component
G/Pg of G/K. The Poisson transform gives an intertwining operator from a de-
generate series representation to the space of functions on G/K. It is known that
the image can be characterized by differential equations (cf. [18]). We consider
the following problem;

Determine explicitly the differential equations that characterize the image of the
Poisson transform from the boundary G/ Pg.

If Pz = P, a minimal parabolic subgroup, and the parameter is generic, then
the answer is given by (6).

If G/ P is the Shilov boundary of a bounded symmetric domain of tube type
and the Poisson integrals are harmonic functions, then the answer is given by John-
son and Koranyi {11] and Lassalle [16] ((7) above).

In this article we consider this problem for boundaries of Hermitian symmetric
spaces. We also consider generalizations to homogeneous line bundles over G/ K.
Though several statements hold for general Hermitian symmetric spaces G/ K and
for the universal covering group of G, we explain the results for G = Sp(n, R) and
give remarks for general cases.

When G is areal form of GL(n, C) the answer to the above problem and some
related topics are studied by Oshima [17], [18].

2 Notation and preliminary results

2.1 Siegel’s upper half plane
Let n be an integer greater than 1. Let

G = Sp(n,R) = {g € SL(2n,R) ; *gJg = J},

(0 I,
7=( % %)

and I, be the n x n identity matrix. The group K = O(2n)NSp(n, R) is a maximal
compact subgroup of G, which is isomorphic to U(n) by

(a b)eKr—»a+\/——1beU(n).

where

-b a



We often identify K with U(n) by this isomorphism. Let 8 denote the correspond-
ing Cartan involution of G, which is given by 6(g) = g~!.
Let
H, = {z € M,(C); 'z = z, Imz > 0}

Each g € G gives rise to a holomorphic diffeomorphism
2z (az+ b)(cz +d)™!

of H,, where

The isotropy subgroup at /=11, is K and we have H, ~ G/K.

Let g and & be the Lie algebras of G and K respectively. We denote the differ-
ential of @ also by 6 and let p be the —1-eigenspace of 4 in g.

For | € Z let 1; denote the one-dimensional representation of U(n) given by
1(z) = (detz)" (z € U(n)) and we denote the corresponding representations of
K and £ by the same notation.

2.2 Root systems

Let E;; denote the n x n matrix with (%, j)-entry 1 and all other entries being 0,
and put E; = E;; for simplicity. We choose a Cartan subalgebra t of u(n) ~ €to
be the set of diagonal matrices. We define ¢; € t; by &;(E;) = §;; (1 < 4,5 < n).
Let A denote the root system of (g., t.) and A* be the positive system of A given
by

AT ={2,6;+e,;1<i<n,1<j<k<n}.

Let A, (resp. A,) denote the set of compact (resp. non-compact) roots. Let y; =
2¢; for 1 < i < n. Then {71,...,7,} is the maximal set of strongly orthogonal
noncompact positive roots. Fory € A let g, C g. denote the root space for 7. Let
pE = T cat By, Where Af = AT N A,. Then we have

p* = {(;,;(X f’;’ﬁ) X=X Egl(n,C)},

p.=pt @p~, [pt,pE] =0, and [pt,p] = E..
We put

_(E 0 .
X,—(O _Ez)ep (IS’LS’N)

and a = Y%, RX;. Then a is a maximal abelian subspace of p. We put X, =
X1 +---+ X,. Lete; (1 < i < n) be the linear form on a given by e;(X;) = &;;.



Let X denote the restricted root system of the pair (g, a) and X't be the positive
system of X' given by

It ={2¢,e;+e;1<i<n1<j<k<n}

Let W denote the Weyl group of X. Puta; = ¢; — e€;41(1 < i < n—1)and
ay, = 2e,. Then the set of simple roots is

¥ = {01,02,. ..,O.'n}.

Let {H,,..., H,} be the basis of a that is dual to ¥. Fora € X'let g* C gbe
the root space for a. For g = sp(n,R) we have dimg, = 1foralla € X. We
putp = % Y acx+ a. Forany A € a? let Ay be the element of a. determined by
B(H,A)) = A(H) forall H € a, where B denotes the Killing form of g.. For
A, u € at weput (\,u) = B(Ax, A,). Since {ey,...,e,} forms a basis of a*,
any A\ € a can be written A = >, \e; (A € C). We identify a} with C" by
A+ (A1,...,An). In this identification, p = (n,n —1,...,1).

2.3 Parabolic subgroups

Let A be the analytic subgroups of G corresponding to a. Let nt = 3 .5+ g°
and n~ = f(n*). Let N* and N~ be the corresponding analytic subgroups of G.
Let M be the centralizer of a in K. Then P = MAN is a minimal parabolic
subgroup of G.

For each subset E C WV let Pg be the corresponding standard parabolic sub-
group of G with the Langlands decomposition Pe = Mg ANz such that Ag C
A. Let a(E) be the orthogonal complement of ar = Lie(Ag) in a with respect to
B. Let (E) be the set of linear spans of E in X', and Wg be the subgroup of W that
is generated by the reflections with respect to the roots in E. Throughout this arti-
cle we consider the following subsets of ¥ and corresponding parabolic subgroups
of G,

Or={a;;n—-k+1<i<n}(k=0,..., n).

Then we have
n—1
az = RX,, aE) = Y_R(X; — Xita),
i=1

ade, =Yy RX;, a(©x)= Y RX,
i=n—k+1



and Mz ~ GL(n,R), Mg, ~ {£1}"* x Sp(k,R). The space G/P ~ K/M is
the Furstenberg boundary and G/ Pz is the Shilov boundary of G/ K. The set of nx
n real symmetric matrices is an open dense subset of the Shilov boundary. Notice
that the pairs (K, KNMz) ~ (U(n), O(n)) and (K, KNMe, _,) ~ (U(n), {*1}x
U(n — 1)) are Gelfand pairs.

2.4 Eigenspaces of invariant differential operators

We review the main result of [22], which gives a characterization of the image of
the Poisson transform.

For a real analytic manifold X we denote by B(X), A(X) and C®(X) the
space of all hyperfunctions, analytic functions and smooth functions on X respec-
tively. Let A € af and [ € Z. For F = B, A or C*, we define

F(G/P,Lyy) = {f € F(G); f(gman) = PP n(m) f(g)
gEG, mMeM,ac A, ne NT}
and
F(G/K; 1) ={u € F(G); u(gk) = (k) 'u(g) forany g € G, k € K}.

We define the Poisson transform Py by

Paif(9) = L f(gk)yn(K)dk, f € B(G/P;Lyy),

where dk denotes the invariant measure on K with total measure 1.
Let D;(G/K) be the algebra of invariant differential operators on B(G/K; 7).
We have the Harish-Chandra isomorphism

m : D(G/K) = S(ar)?,

where S(a.)" denote the set of W-invariant elements in the symmetric algebra
S(ac). Let A(G/K,M),;) denote the space of all functions in A(G/K, ;) satisfy-
ing the system of differential equations,

My : Du= (D) ANu, D€ D((G/I{).

Put
ei= II T(3a+x+x)T(E0+r-0)
1<j<k<n
x [T rG+1+0)r(f(v+1-1).
1<in



Theorem 2.1 [22] If X € a}, and | € Z satisfy the conditions

(A a)

" *aa)

¢{1,2,3,...} forallae X 2.1)

and
ext 70, (2.2)
then the Poisson transform Py, is a bijection of B(G/P; Ly ;) onto A(G/ K, My ).

Under the conditions of the above theorem, the inverse of the Poisson trans-
form is given by the boundary value map up to a non-zero constant multiple.

2.5 the partial Poisson transforms

We recall the partial Poisson transforms (cf. [22]). Let E be a subset of ¥. Put
PE = plag- Let A € a and put v = A|g,. We define

B(G/Bg; L) = {f € B(G); f(gman) = n(m)~'e¥-Pe)lo82) f(g),
gEG,meKﬂME,aEAE,nENE}.

The algebra D;( Mg/ KNMEg) acts from the right on B(G/Bg; L,;). Let B(E; A, 1)
denote the subspace of B(G/Bg; L,,1) consisting of solutions of the system

M), : Df =1F(D)(Ma(E))f, D eDy(Mg/K N Mpg).

For f € B(G/P; Ly,;) we define

PEf(z) = J f(zk)n(k)dk.

KnMg
The image of PF is contained in B(E; \,1). For f € B(E; \,1) we define
Pf(@) = |_f(ak)n(E)dk
We have '.'PA,[ = ?E o TE.
We put s,; = (p — wA, H;) and sz = (Sw,i)a;¢r, Where 0 € Wg\W and w

is a representative of w in W. Under the assumption

—;—(si —33) €{0,1,2,... Y forallw € Wg\W withw # 1,  (2.3)



we can define boundary value map (g 1, from A(G/K, My;) to B(E; A, 1), which
satisfies

Be i 0 Pe = cE() Did. (2.4)
Here cP(), 1) is the partial c-function given by
D= JI e, (2.5)

where

, (1<i<j<n)

1
ce.:l:e,-(/\y l) -
VT (3
and |
21‘A1'I‘(/\j)

1 1
T(1a+x+0)T(F0+x-1)
Theorem 2.2 If ) € a; satisfies (2.3) and

cf(\ 1) #0, (2.6)
then Pg is a bijection of B(E; A, 1) onto A(G/K,My,).

C2e, (M, 1) = (1<j<n).

3 The Poisson transforms and the Hua equations

In this section we consider the Poisson transform for representations on bound-
aries G/ Pz and G/ Pg,. The system of differential equations that characterize the
image of the Poisson transform, which we call the Hua equations, come from co-
efficients of a homogeneous differential operators between homogeneous vector
bundles over G/K.

3.1 Representations on the Shilov boundary

Let s € Cand e € {£1}. Let o, denote the one-dimensional representation of
Mz that corresponds to the character g — (sgn(det g))¢ (g € GL(n,R)) by the
isomorphism M= ~ GL(n,R). Notice that o, = 1if nisevenore = 0. Let p’ be
the linear form on az defined by p'(Xp) = n. We define

B(G/Psis,€) = {f € B(G); f(gman) = o, (m) el 40 es0) f(g),

geEG, meE Mz,a€ A=z, n € NI}
3.1



For s € C we define \Z € a} by

8

AS = (s—%(n— 1),s—i(n-3),...,8+(n— 1)).
Letl € Zbe such that ! =¢ mod 2. Then we have
B(G/Pz; s,€) C B(G/P, Lys ). (3.2)
For f € B(G/Px; s,€) we define

Pe0if () =J £ (k) (k)dk.
K
By (3.2), we have
Po(B(G/Pz; 5,¢)) C A(G/K, Myg,).

For a representation (7, V;) of K let C*°(G/K, 1) denote the space of C*-
functions f : G — V, satisfying f(gk) = 7(k)~'f(g) forallg € Gand k € K.
Let {E;} be a basis of p* and { E7} be the dual basis of p~ with respect to B. Let
U(g.) denote the universal enveloping algebra of g.. We consider the element of
U(g.) ® & defined by

%7
Notice that H= defines a homogeneous differential operator from C*(G/K;n)
to C*°(G/K;n ® Adk|t.), which does not depend on the choice of basis. Let

q denote the orthogonal complement of ¢ N mz in € and p denote the orthogonal
projection of €, onto q.. We put

H =Y EE; ® p(|E;, EY]).
v
We give the main result for the Shilov boundary;
Theorem 3.1 Lete € {+1}andl € Zbesuchthatl =e mod 2. Assume )5 sat-

isfies conditions (2.1) and (2.2). Then the Poisson transform is a G-isomorphism
of B(G/ Pxz; s,€) onto the space of the functions u € A(G/K;n) that satisfy

(s+.;(n+1))(s-§<n+1>)u®\/:—1(o _1,,)
(3.3)

o 8(n + 1)2 2 \I, O

Uu=

< {1]

Remark 3.2 Equation (3.3) can be written in the coordinates of the Siegel’s upper
half plane (cf. [21]).



Remark 3.3 We give some historical remarks.

(1) For! = 0and \Z = p the above theorem was proved by Johnson and
Koréanyi [11] and Lassalle [16] for general Hermitian symmetric spaces of
tube type. Previously there are several works for Siegel’s upper half planes?.

(2) Forl = 0 the above theorem was proved in [24] for general Hermitian sym-
metric spaces of tube type. Kordnyi? also obtained the result under assump-
tion on s stronger than ours. The generalization to line bundle for all Her-
mitian symmetric spaces of tube type seems to be a tractable problem.

(3) Forl = 0 the above theorem was proved by Sekiguchi [21]. He assumed
that the image consists of an eigenspace of invariant differential operators in
addition to (3.3) and conjectured that the assumption can be removed. The
assumption can be removed by using the fact that the space of the radial so-
lution of (3.3) is one-dimensional (cf: Section 4).

(4) Berline and Vergne [2] generalized the above theorem to the Shilov bound-
ary of all Hermitian symmetric space for [ = 0 and A\Z = p.

3.2 Representations on G/ P,
Let s € (ag,): ~C"*and [ € Z. We put

p)=mn-lLn-1-1,...,1=1),

As,i (S1y-+ v Sn—ks Fl+k,Fl+k-1,...,Fl+ 1),

and A9+ = /\3 0,+- Throughout this subsection we sometimes write A = ,\s, 4 for
s1mp11c1ty

Let mek = g, +Pe, be the Cartan decomposmon correspondmg to f|me, and
put Pek = p* N pe, .. Each element of Pe acts on B(6; )\s !4,1) from the right
asa dxfferentlal operator. We denote by 3(G /Pe,;s,l,£) the space of functions
f in B(Oy; /\s, 1+, 1) that satisfy p3, f = 0. If I > k (resp I < —k), the space of
functions f in 13(Mek/K N Mek,Tz) that satisfy pg _ f = 0 (resp. pg, f = 0) is
the space of holomorphic (resp. antiholomorphic) discrete series representation of
Me, with lowest K-type 7. Let

B(G/Pe,; ) = {f € B(G); f(gman) = e?-PN8%) f(g),
geEG, me Mek, aEAek, ne Ngk}

1We refer to the references of the papers mentioned above.
2unpublished result



Notice that
3(G/Pe“ S) = B(G/Peu S8, 01 +) N ‘B(G/Pem s, 0’ —)

Let p, denote the projection of ®" p* onto the K -irreducible component with
highest weight 7, + - - - ya—x41. Let V), denote the irreducible representation of K
with highest weight ;1. We define an element of U(g.) ® V,, 4.y, _,ps DY

W= Y E.. .E._,, ®p(E®  ®FE,,,),

In—k+1
1eatnek41

which does not depend on the choice of basis. Notice that H®* defines a homoge-
neous differential operator from C°(G/K; 1) to C*°(G/ K; n®Adk |V 4..cvyp_ii1)-
Define H2* in a similar way.

We give the main result for G/Peg, ;

Theorem 34 Fix1 < k <n—1. Let s € (ag,); and assume that Agﬁi satisfies
conditions (2.3) and (2.6). Then the Poisson transform Pe, is a G-isomorphism
of B(G/Pe,; 3,1, 1) onto the space of the functions u € A(G/K;T;) that satisfy

Hu=0 (3.4)
and
Du=y(D)(Xky)u, DeD(G/K). (3.5)

For l = 0, we have the following corollary for the Poisson transform on the
degenerate series representations;

Corollary 3.5 Assume that \o* satisfies conditions (2.3) and (2.6). Then the Pois-
son transform Pe, is a G-isomorphism of B(G/Pe, ; 8) onto the space of analytic
Junctions u on G/ K that satisfy

HQu =0,

FHOxy =0,

and
Du =v(D)(A\®)u, D e D(G/K).

For the maximal parabolic subgroup Pg,_,, we have the following refinement
of the above theorem and the corollary;



Theorem 3.6 Assume that /\2;:;‘ satisfies conditions (2.3) and (2.6). Then the Pois-
son transform Pe,,_, is a G-isomorphism of B(G/Ps,_,; 8,1, %) onto the space of
the functions u € A(G/K;n) that satisfy

Heu=0
and
(S n—
Liu= (A1, sel 1) = {p, p))u
where Ly is the Laplace-Beltrami operator on A(G/K ; 1y).
Corollary 3.7 Assume that )\se“—‘ satisfies conditions (2.3) and (2.6). Then the

Poisson transform Pe,, _, is a G-isomorphism of B(G/Pe,,_, ; 8) onto the space of
analytic functions u on G/ K that satisfy

HI'u =0,

HE 1y =0,
and
Lu = ({(AZ-1,A9~1) — (p, p))u,

where L is the Laplace-Beltrami operator on G/K.

Remark 3.8 We have coordinate expressions of (3.4). A function u on H,
G/K satisfies .'J{+ u = 0 if and only if « is annihilated by all minors of order
n — k + 1 of the matrix (8/02ij)1<i j<n. For H*u = 0, replace 8/0z; by 8/0%;.

Remark 3.9 All results of this subsection hold for all Hermitian symmetric spaces?.

4 Radial parts of the Hua equations

Forl, m € Z, (7—y,, 7—;)-radial parts of the elements of ID;(G/K) gives the hy-
pergeometric differential operators of Heckman and Opdam [7] (cf. [23]). Radial
part of the system of the differential equations that characterizes the image of the
Poisson transform gives a quotient of the system of hypergeometric differential
equations of Heckman and Opdam as D-modules.

3The paper on this subject is in preparation.



4.1 Case of the Shilov boundary
Let m, | € Z. Let h(t; m, 1) be the function on R" given by

n.
h(t; m,l) = H (cosh tj)%(mﬂ) (sinh tj)%(l—m) .
Jj=1

We will give (7_p, 7_;)-radial parts the system H{=u = 0. For | = m = 0 this
was done by Lassalle [16] for all tube domains. If u € C*°(G) satisfies

u(kigks) = (k1) 'u(g)m(ks)™ forallg € G, ki, ks € K
4.1)

and H=u = 0, then the function
$(t) = h(t; m, Du(exp(TF_ 1t X;))
satisfies
(af + (2mcotht; + 2(1 — I — m) coth 2t;)0,,

+ i(coth(t,- + tj)(ati + Bt,.) + (COth(ti - t,-)(c’)t‘ - 6t_.,~ ))¢
=1
J#

- (= G+ ) - D) 42

forl <i<mn.

The system of differential equations (4.2) for 1 < i < n was investigated by
Koréanyi [15] and Yan [26]. By [26, Theorem 2.1], there is a unique solution up to
constant multiple subject to condition that it is W-invariant and analytic at ¢ = 0,
which corresponds to the (7_,,, 7—;)-spherical function on G.

4.2 Caseof G/Ps,_,

We will give (7_p, 7_;)-radial parts of the system Hi""'u = 0. The calculation
for general n reduces to the case of n = 2, which was given by lida [9]*.
If u € C™(G) satisfies (4.1) and H3"~'u = 0, then the function

n

#(t) = h(t; £m, xl)u(exp(}_t;X;)) 4.3)

j=1

4See also his article in this volume.



satisfies
(26tj6tk + (COth(tj + tk) - COth(tj —'tk))atj
+ (coth(t; + ty) + coth(t; — tx)8, )p = 0 4.4)

foral 1 < j < k < n. Moreover, if u is an eigenfunction of the Laplace-
Beltrami operator with eigenvalue (AS;‘,;’ : /\se’;j:‘tl )—(p, p), then by [22, Proposition
2.6}, the function ¢ given by (4.3)is a solution of the differential equation

(Z 8.+ Y ((coth(t; + tx)+ coth(t; — t;)),
i=1

1<j<k<n
+ (coth(t; + tx) — coth(t; — tx))0;, )

n
+ Y _(F2m cotht; + 2(1F I F m) coth 2t;)8,, )¢

i=1

= (s = (nF1)))¢. 4.5)

By the change of variables y; = —sinh®¢; (1 < i < n), the system of differential
equations (4.4) for 1 < j < k < n and (4.5) becomes a system of differential
equation that was investigated by Debiard and Gaveau [5]. In particular, if m =
[, there is a unique solution up to constant multiple subject to condition that it is
W -invariant and analytic at ¢ = 0, which corresponds to the (7_;, 7_;)-spherical
function on G.
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