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§ 0. Introduction.

The Whittaker model of the principal series representation of Sp(2,R) is
obtained in [MO1]. The system of differential equations for the Whittaker model
is given by the Casimir operator and the shift operator which is defined by the
Schmid operator.

We will give the explicit formula of the system of differential operators satis-
fied by spherical functions of the principal series representation of Sp(2, R) using
the method of [MO1]. Moreover, we will obtain series expansions and integral
formulas of spherical functions. In the end, we will have some results about
hypergeometric functions of two variables.

§ 1. Parabolic subgroups of Sp(2,R).

For G = Sp(2,R), let K be a maximal compact subgroup of G, which is
isomorphic to U(2). We define a minimal parabolic subgroup P = M AN and
the Jacobi parabolic subgroup Py = M A ;N as follows.

We put g = Lie(G) and ¢ = Lie(K). For the Cartan decomposition g = ¢®p,
we define the maximal abelian subspace a = {diag(z,y, —z, —~y)|z,y > 0} C p.
Above A and M are defined by A = expa, M = Zk(a) = {I;,+7y,}. Here

= diag(1,-1,1,-1).

We choose the basis {H; = diag(1,0,-1,0), H; = diag(0,1,0,-1)} of a,
and its dual basis {e;,e2} of a*. Then we have the restricted root system

A = A(g,a) = {£2e;,+2e;3,1(e; * e2)} and we choose the positive system
At = A*(g,a) = {2¢;1,2¢;,¢e; + 62} The above N is defined by expn for

n= ZaeA+ g(a c‘)



For the subspace a;y = RH, of a, we set Ay = expay, My =M -expRH; -
exp(g(2ez, @) ® g(—2ez,0)) = {£1} x SL(2,R), n5 = 3, ca+)\{2¢,) 8(2, @) and
Njy=expnj.

§ 2. Representations of Sp(2,R).
We will define two types of representations of Sp(2, R).

Definition 2.1. Let o be a irreducible unstary representation of M and we set
BEGY P=7FDaca+t®=2e1+e

. We call the representation (7w, Hyx) of G induced from the representation o @
a**t? ® 1N of P the principal series representation of G. This means

Hy=Ind§(c ® a*** @ 1y)
— {f € C®(G) | f(mang) = o(m)a***f(g),
for Vg€ G,Ym e M,Ya € A,"n € N}.
and the action of G is defined by n(g)f(z) = f(zg) for f € H, and Vg € G.
Definition 2.2. Let o7 = (€,£) be a discrete series representation of My =~
{£1} x SLQ&Q) and we set vy € ajc,ps = %{(el —e2)+2e; + (€1 +e2)} = 2¢;.
Here, € € {£1} and £ is a discrete series representation of SL(2,R).

We call the representation (wy,Hy,) of G induced from the representation
o5 ® a}"""" ® 1N, of Py the generalized principal series representation of G.
This means

H,, =Tndg,(0; ® 6 @ 1y,)
={f:G—V,, | fis of C®-class, f(myaynsg)=acs(ms)a}* f(g)
forYg € G, Ymye My, Yay € Ay, Yny € Ny},
and the action of G is defined by 7 ;(g)f(z) = f(zg) for Vf € H,, and Yg € G.

Definition 2.3. Irreducible representations of K are parameirized by the fol-
lowing set.

A=(,L)eZDZ| 1l > 1,}.

The irreducsble representation (1, 1,), Vi, 1)) of K is (ly — Iz + 1)-dimensional
representation. We choose a basis {vx |0 < k < d =1, — 1} of Vjy, 1,) such that
each v is a weight vector and vy is the lowest weight vector, vy is the highest
weight vector.

We denote K-finite vectors of Hy and Hx, by Hr k,Hx s,k respectively.
Then we have the following propositions about the multiplicity of K-types
(IMO1], [MO2}).



Proposition 2.4. For o € M, write e, = o(—v2) and g3 = o(v2). The follow-
ing hold. :

(i) If 1 = €2, then the representation 7y 1y occurs in Hy kx with multiplicity one
for any I € Z such that (—1)' = ¢; = ¢, and other 1-dimensional representations
do not occur. We call this case the even case.

(ii) If &1 = —&q, then for any integer | the K-type 711y occurs in Hp i with
multiplicity one. We call this case the odd case.

Proposition 2.5. For o3 = (¢,&) € Mi(I > 2) and v, € aj ¢, the following
hold. Here { 1s the discrete series representation of SL(2,R) with the Blatiner
parameter l.

(i) If e(—v2) = (—1)', the representation 7(; 1)(k € Z,k =1 mod 2,k > 1) and
Tak)(k € Z,k =1 mod 2,k < 1) occurs in Hy, x with multiplicity one and
other 1-dimensional representations do not occur. We call this case the even
case.

(ii) If e(—y2) = (=1)"*1, the representation 74 k—1)(k € Z,k > 1) and 7 x_1)
(k€Z,k =1k <) occurs in Hy, g with multiplicity one and no 1-dimensional
representations occur. We call this case the odd case.

§ 3. Spherical functions.
For (n,Vy), (7, V) € K, we define the following function spaces.

C°(K\G) = {f : G =V, | f is of C*-class,

 f(kg) =n(k)f(9),"k € K,"g € G},
Co(KE\G/K) ={f : G -V, @ Vos | f is of C™-class,

f(kigks) =n(k1) ® T*(kz)—lf(g),vkhkz € K, V.q € G}

Here V;« is the contragredient representation of V.

Let H be an admissible (g, K)-module and assume there is a non-trivial K
homomorphism i : V;, < H. Consider a (g, K )-module |

¢ : H — C°(K\G).
Then,
¥ = oi € Homg(Vy, CP(K\G)) = CP(K\G) ® Vie ~ C2,(K\G/K).

We call this function the spherical function attached to H.
We can write ¥y explicitly as follows.



Let H* be the contragredient representation of H. If we assume there is a
non-trivial K-homomorphism

J:Vy— H,
then there exist non-trivial K-homomorphisms

™* V,-t — H*,
§*: Ve — H*.

Choose bases {v7|0 < n < d,}, {v2]0 < n < d,} of V; and V, and let {w] |0 <
n <de}, {w?|0 < n < dye} be dual base of V;+ and V, respectively. Then

Yu(g) = Y _(n(g)i(vi),i*(wh )l ® w] .

n,m
We will study spherical functions attached to Hr x and Hp, k.

¢ € C°.(K\G/K) is determined by its restriction on A by the Cartan de-
composition G = KAK. Since A ~ a = RH; + RH,, we consider ¢ as a function
on R? by ¢(z,y) = (zH, + yHy).

For a differential operator D on G, there is the differential operator R(D)
on A such that (D¢)|4a = R(D)(¢|A) for any ¢ € C°.(K\G/K). We call the
operator R(A) the radial part of D.

From the action of M and the Weyl group on the spherical function, the
following propositions are easily proved.

Proposition 3.1(the even case). Let n = (k, k), = (I,1) € K (This means
dimV, =dimV; =1 aend 7* = (=1,-1)). For ¢ € C;°.(K\G/K), we have the
following.

1) Ifk—1=1 mod 2, then ¢ =0.

(i) é(y,z) = d(z,y).

[ $(z,y) FEk=1 mod4,

(i) ¢z, —y) = { —¢(z,y) otherwise.

Lemma 3.2(2-dimensional case). Lety = (k,k—1),7 = (I,I—1) € K (This
means dmVy =dimV, =2 and 7* = (-1 +1,~1) ). For ¢ =3, ic; $ijv] ®
vI" € C&.(K\G/K), we have the following.

2

(.){¢oo=¢11 =0 If k—1=0 mod 2,
i
$01=6¢10=0 If k—1=1 mod 2.



(ii)'{ $10(z,y) = —dor(y,z) If k—1=0 mod 2,
$11(2,y) = oo(y,z) If k—I=1 mod 2.
_f #(z,y) If k—1=0,3 mod 4,
(i) ¢(2,—v) = { ~¢(z,y) If k—1=1,2 mod 4.
§ 4 Casimir operator.

Define Hj., = H; (i = 1,2), He,+e, = Hi & H; and choose the basis Eq of
g(a, @) for o € At such that [E,,*E,] = H, holds. Then, the Casimir operator
L of Sp(2,R) is given by L = H} + H} — 4H, — 2H; + 2E,, ¢, E_. 4, +
4E2e1 E4—2e1 + 2Ee1+62E—81—52 + 4E262E—282'

We set A' = {a € A|a®* #1 for any a € AT},

Lemma 4.1. For a € A' and a € At,

BoPmo = rr—gmap(Adla™)Xe)? — o o (M)XK,
a® 1 2
+ a® — ag—° HO‘ + (atx — a—a)2 o

holds. Here, Xo = E, —*E, € &
For X,Y € U(%),H € U(a),a € A' and ¢ € C;°.(K\G/K), we have

(Ad(a™")X - H-Y¢)(a)

i .
= 50t0u,__._, ¢(a-exps Ad(a™")X)exptH expuY)
- 5 ¢(expsX - a-exptH expuY)

T 088tOu | ,_ w0 expsA - a-explll eXpu
o® | . L
T 0s0tOu | ,_ 1 umo n(expsX) ® 7*(expuY )™ ¢(a- exptH)
a *
=zl 1X) @ (=T (¥)é(a exptH).
t=0

Therefore we can calculate the radial part of L by Lemma 4.1.

Proposition 4.2(the even case). For n = (k,k),r = (,1) € K and ¢ €
CZ.(K\G/K), the radial part R(L) of L is given by

R(L)¢ = {Lo — (K® + 1*)(sh ~?2z + sh ~22y)
+ 2ki(ch 2z - sh ~22z + ch 2y - sh ~%2y)} ¢.



Here,
Lo = 8% + 8} + {2 coth 2z + coth(z + y) + coth(z — y)}0;
+ {2 coth 2y + coth(z + y) — coth(z — y)}9,

and 0; = 5‘9;,6,, = %.
Proposition 4.3(the odd case). Forn = (k,k—1),7r =(l,l-1) € K with

k=1 mod2 and ¢ = ¢p1v] @ v] + $10v] ®vj € CZ(K\G/K), the radigl
part R(L) of L is given by

R(L)$ = [{Lo —sh ~*(z + y) —sh ~*(z —y) = (k- 1)’ + (I = 1)*)sh ~*2
—(k* + 1*)sh =22y + 2(k — 1)(I — 1) ch 2z - sh ™22z
~ +2kich2y-sh 22y} 01 (2, y)
—{ch(z +y) - sh ~*(z + y) + ch(z — y) - sh ~*(z — y) } 1o (2, y)lvg @ v}
+{{Lo —sh ~%(z + y) —sh "%(z — y) — (k* + I*)sh %22
—((k=1)2 4+ (1 -1)*)sh ~22y + 2kich 2z - sh ~22z
+2(k — 1)(1 — 1) ch 2y - sh ~*2y}¢10(, y)
—{ch(z +y) - sh (2 +y) + ch(z — y) - sh (2 — y)}oa (2, y)o] @] -

§ 5 Shift operators.
Let h C g be the compact Cartan subalgebra of g. We define subspaces p4
of pc by p+ =) gex+ 9¢,4p for the set of noncompact positive root

2: = {ﬂl + ﬂ2’2ﬂ1a2ﬂ2} C 2(901bC)+ = {ﬂl * ﬁ272/317252}

with a certain basis {#;, 82} of h*. Then pc is decomposed into the sum of two
irreducible components p >~ V(; o) and p_ =~ V|o,_3) with respect to the adjoint
action of K. We denote these K-modules by Ady,. Note that Adp_ ~ Adg_.

Definition 5.1(the Schmid operator). Let {X;} be an orthonormal basis of
p with respect to the Killing form. We define the Schmid operator V, by

V,:C®(G/K)> ¢ — Z Rx,$ ® X; € CZgaq,(G/K).

Here, ¢ € C°(G/K) and Rx ¢(z) = -:—t|¢=of(a: exptX). Then 'V, is independent
of the choice of an orthonormal basis of p.
We choose Xz € gg,c (8 € £}) and set X_g = X such that
C|B|

{CIBI(Xs + X_p), 7—3(Xﬂ -X_p) | BexTt}



is an orthonormal basis of p for some constant C > 0. If we set
VI:iCP(GIK)3 ¢ Z IBI°Rx,,¢ ® X35 € Clgaa,, (G/K),
ﬂez+
we can write V, = 8C(V} + V) with respect to the above basis.

Definition 5.2 (Shift operators for the even case). For 7 = (I,1), 7 ®
Ady, ®Adyp, has t4 = (1£2,142) as a irreducible component with multiplicity
1 respectively. We define pr¥ by

pr¥: Cread,, oad,, (G/K) — CZ(G/K) : projection,
and we call the following differential operators of order 2 shift operators.
Dt =pr} OV:-@Ad,,_,_ oVt: CEy(G/K) = CFig.142)(G/K)
{ D~ =pr; OV:®Adp_ oVr: C(TI)(G/K) - C&O—W—?)(G/K)

Shift operators are elements of the universal enveloping algebra U(g) and they
are of the form

1
DY = Xap, Xap, + X2, X2p, — §X§1+p,,

_ 1
= X2 X2, + X 28, X _2p, — EX?-ﬂl—ﬂz'

We denote D, for D* IC(I o(G/K)-

Remark 5.3. D}, 0D} is a map from Cin(G/K) to CF ,)(G’/K) Especially
for anyn € K andr = (1,1), this is a map from Co.(K\G/K) to C35,(K\G/K).

Definition 5.4(Shift operators for the odd case). Forr = (I,1-1), 7 ®
Adyy has 7y = (14+1,1),7— = (I — 1,1 — 2) as an irreducible component with
multiplicity 1 respectively. We define pr¥ by

pr¥: %Adpi (G/K) = CZ2(G/K) : the projection.

and we call the following matrices whose entries are differential operators of
order 1 shift operators.

{ Et = pr;" oV C(oz?z_n(G/K) - C(°1°+1,1)(G/K)
E™ =pry oV : CP 1) (G/K) = CF, _o)(G/K)



EZ* are of the form

(‘Pi) — ('—%Xﬁﬁ-ﬂz 1-X2ﬁ1 ) (‘PO)
¥ Xﬁﬂz EXﬂH'ﬁz ¥1

(‘P(_)—_) — (%X—ﬂl—ﬂz ;'X—2ﬂ2 ) (‘PO)
o1 X-2p —3X-p-p/ \¥1

for @ov3” + 10} € CX(G/K), pyvg* +piv,* € C3(G/K).
+
We denote E;~ for Eilca'_l)((;/;().

Remark 5.5. Ejf, iE,‘ is a map from CF,_;)(G/K) to Cii-1)(G/K). Es-
pecially for any n € K and 7 = (1,1 — 1), this is a map from C35.(K\G/K) to
C(K\G/K). |

We obtain radial parts of shift operators as below.

Proposition 5.6(the even case). For ¢ € C35.(K\G/K) with n = (k,k),7 =
(1,1), radial parts of Di¥ are given as follows.

(i) R(D;’-)‘ﬁ = [20:,0:,

+ {2l coth 2z3 + 2k sh ~'2z; + coth(z; + z2) — coth(z; — z2)}8s,
+ {—2l coth2z; + 2k sh 19z, + coth(z; + z2) + coth(z; — 22)}0;,
+ 2(I coth 2z; — ksh ~'2z,)(I coth 2z, — ksh ~'2z5)
— (Icoth 2z — ksh ~12z;)(coth(z1 + z2) + coth(z1 — z2))
— (I coth 2z, — ksh ™12z, )(coth(zy + z2) — coth(z1 — z2))]4.

(i) R(Dy)$ = (20,0,
+ {2l coth 2z5 — 2k sh ~12z, + coth(z; + z2) — coth(z; — z3)}8;,
+ {2l coth 2z; — 2k sh ~*2z; + coth(z; + z3) + coth(z; — z3)}0,,
+ 2(I1 coth 2z; — ksh 712z, )(I coth 225 — ksh ~12z;)
+ (I coth 2z2 — ksh =12z )(coth(z; + x2) + coth(z; — z2))
+ (I coth 2z; — ksh 712z )(coth(z; + z2) — coth(z; — z2))]¢.

Proposition 5.7 (the odd case). For ¢ = ¢g1v] @ v] + d1ov! @ v €
CZ(K\G/K), and ¢* = ¢fyvg ® vg* + ¢} @ vt € C%, (K\G/K) with

7+



n=(kk-1),7=(1-1) and 7y = (I - 1,1 - 2)(k =1 mod 2) , radial parts
of E,“'_’_I,E',— are given as follows.
(i) R(E},)¢™ = [{0z, — (I — 2) coth 2z, + ksh ~12z,
' 1
+ E(coth(:z:l + z2) — coth(z; — 2))} g
1 _ -
+ 5(sh 7 (21 + 22) + sh T (21 — 22))é; Jvg @ v]
+[—{0s, — (I — 2) coth 2z; + ksh ~12z,
1
+ §(coth(ml + z3) + coth(zy — z3))}é1;
1 .
= 5(sh 7 (@1 + 22) = sh (21 — 22))ggolo] ®@ v§
(i) R(E; )¢ = [-{08:, + lcoth2z, — ksh ™12z,
1
+ E(coth(zl + x2) — coth(z; — z2))}do1
1 — s
- E(Sh 1z + z2)—sh Y(z; — T2))d10lvg ® vy~
+[{0z, + lcoth 2z; — ksh ~'2z;,
1
+ §(coth(x1 + z2) + coth(z; — z2))} 10

1 .
+ §(sh (21 + 22) + sh ™} z1 — 22))do1 ]! @ vy~

§ 6 Differential equations satisfied by spherical functions.

In this section, we will obtain the system of differential equations satisfied
by spherical functions.

The action of X € U(g) on ¥y, (g9) = Zn’m (m(9)i(v3), 7*(wZ ol @ w] is
defined by

X, (9) = Y _(m(g)m(X)i(v7), 5" (wl ol ® w].

n,m
Since the Casimir operator L acts on H, = Ind$(c @ a*** @ 1x) (4 = (p1, p2))

as the scalar called the infinitesimal character p} + p2 — 5, then m(L)i(vY) =
(42 + p3 — 5)i(v7). From this and the above equation, we have

Lpn, = (43 + 43 — 5)¥n, -



It can be shown that D*¢y_ and Et¢y,_ are also spherical functions at-
tached to H,. So are D,tz oD[ ¢y, and El‘*;l oE[ ¢n,. Asfor D, for following

two K-maps
p: Ve ®Ady_ ® Ady_ — Vr; : projection,
m:V;®Adp, ®Ady, 3v@X QY — n(YX)i(v) € Hyg,

m o *p € Homg(V;, and
D¥¢u,(9) = D _(m(g)m(X)m o *p(v}), 5*(wh vl @ w}’

hold. From the fact that the multiplicity of 7 in Hy|k is one in both even and
odd cases, the dimension of spherical functions attached to Hy in C7% (K\G/K)

is one. Therefore D}t , 0 D;” and Ejf | 0 E[ act on ¢y, as scalars. These scalars
can be calculated by the realization of V; in C°°(K) and the explicit action of
the shift operator on the space.

Theorem 6.1 (the even case). For n = (k,k),7 = (I,1) with k = mod 2,
the spherical function Yy, € Cy°.(K\G/K) satisfies the following system of
differential equations.
(i) L¥n, = (b1 + 43 — 5)¥n,,
(i) D", 0 Dy m, = 4{p} — (1-1)’Hpf — (1 - 1)*}om,.
Theorem 6.2 (the odd case). For n = (k,k —1),7 = (,1 — 1) with k =
| mod 2, the spherical function Yy, € C°%(K\G/K) satisfies the following
system of differential equations.
() Lyn, = (43 + 43 — 5)¥H,,

—{p2 - (1-1)? if 1: odd
@) By o By, = { (O

—{n3 —(1-1)*}pn, if 1:even

For the generalized principal series Hy,, we can obtain the system of differ-
ential equations satisfied by ¢y, , similarly.

Since the Casimir operator L acts of Hy, = Ind gJ(O'J ® a} 't @ 1y,) as
the scalar called the infinitesimal character v? + (I —1)2 — 5,

Lgn,, = (v} + (1—1)* - 5)¢n, .

On the other hand, for 7 = (1,1), D; ¢ H,, is the spherical function attached
to in Hy, included in.C%;_3 ;_2)(K\G/K), which must be 0 from Lemma 2.5.

Therefore D ¥n,, = 0.



Similarly, for 7 = (I,1 - 1), E; $u,, =0.
Thus we have the following.

Theorem 6.3 (the even case). For n = (k,k),7 = (1,1) with k =1 mod 2,
the spherical function Yp, € C5.(K\G/K) satisfies the following system of
differential equations.

() Ln,, = {1 +(1-1)* - 5}Ym,,,
(ii) Dl—ng” =0.

Theorem 6.4 (the odd case). For n = (k,k —1),7 = (,1 - 1) with k =
I mod 2, the spherical function Yy, € C;%(K\G/K) satisfies the following
system of differential equations.

() Lyn,, = {v{ + (1 - 1)* - 5}¢mn, ,
(i) Ef v, = 0.

Remark 6.5.

(1) In the case k = I = 0 and more than or equal two variables, systems of differ-
ential equations in Theorem 6.1 and Theorem 6.3 are defined in [DG1], [DG2]
with more general parameters, which are generalizations of root multiplicities
without using the geometry of G/K.

The polynomial solutions of the system in Theorem 6.1 with k = | = 0
are given in [DG2] and the general solution of the system in Theorem 6.3 with
k =1=0 are obtained in [DG1].

(ii) In the case k =1 = 0, the system in Theorem 6.1 are defined as a member
of the family of commuting differential operators invariant under the action of
Bs-type Weyl group in [OO] and the system in Theorem 6.3 are defined as the
reducible system of that. Those systems have more parameters than the systems

defined in [DG1], [DG2].

§ 7 Spherical functions of H,,.

We will obtain solutions of systems of differential equations in Theorem 6.3
and 6.4. At first, we take the conjugate of differential equations by the function
6(z,y; k,1) = (chz - chy)%ﬂ(shx - sh y)_"!';'l. In the even case, this makes the
shift operator independent from k and ! and the Casimir operator become the
similar form in the case k = ! = 0. This is done in [H2] and [Sh] for the Casimir
operator. Secondly, we change variables as z; = —sh %z, z3 = —sh?y.

Proposition 7.1(the even case). If ¢ € C°.(K\G/K) is the solution of the
system in Theorem 6.3, then ¢(z,y) = 6(z,y; k,1)d(z,y) satisfies the following



differential equations with r; = —sh?z,23 = —sh?y. Here 8;, = -5%—‘

O 13 vl =~ D + {2 = —1- 51 4 =Ly

1 — Y2
k-1 1
HE-Du-1- 50 -y et -2 =0,
Y1 —
iy 1 1 11 _
(ii) [By, 0y, ~ YT T I 3yz]¢ = 0.

Proposition 7.2(the odd case). Let ¢ = Z:’jﬂ ¢.-,-v?®v € C7%(K\G/K)
satisfy the system sn Theorem 6.4. If we set

{ "/)Ol(z: y) = 6(3:, y;k7 l) ) (Chx)—1¢01(xa y)a
Y10(2,y) = 8(z,y; k,1) - (ch y)—'1¢10($, Y),

then o1 satisfies the following differential equations with ; = —sh?z,z9 =
—sh?y.

() D vy —1)82, +{2- Dy —1- Bl g 1 1)}3;“

i=1 2 Y1 — Y2
k—1 1
ot - S0 -3 = g 2t (1 1) - Y =0,
s 1 1 3 1
(i) [By, By, — smomonts ;I—_ga’“]'/’“ = 0.
In order to obtain these equations, we use the relation ¢10(y,z) = —do1(z,y).

In [DG1}, the solution of the system in Theorem 7.1 is studied. We can
obtain the solution of the system in Theorem 7.2 by the same method in [DG1].
Key lemmas are the following two lemmas. For B; = B;, Lemma 7.3 is proved
in [DG1] and Lemma 7.4 is proved in [DG2].

Lemma 7.3. When Re By,Re By > 0, the function f(y1,y2) which is analytic
around the origin and satisfies

1 1
o, + B
—y T Ty =

[am allz — B, " yz]f 0

has the following series ezpansion and integral representation.



. B1)my (B2)m
@) 'f(yl’y2)=z:m,->o( 1) l(nz;z'n:f'(m1+mz) imy;nz

Here we set "
(A = _(_I‘_Z-)‘:)_)

and £ 13 some function on N.
(i) f(y1,v2) = fy Fltyr + (1 = t)yo)tB~1(1 ~ 1) Bty
Here F is some analytic function around the origin.
(iii) If two equations in (i) and (ii) coincide with each other, then

[(B; + B,) Z (B: + Bz)kf(k) o
I‘(Bl)P(Bz)

F(s) =

holds.

Lemma 7.4. Let P = Y0 yi(yi — 1)8% + {(A+ B — By + L)y + B, —
C+ZB Aﬁi}am +{(A~B1+ By + 1)y + B; - C - 2B, Bz=l}p ),

= z(z - 1)71 {C—(A+ By + By + 1)z} — X and let the linear operator
TB1 ,By on the functions which are analytic amund the origin be

Touma$)ans ) = [ St + (1 - )1~ 9P
for A,C, ) € C and Re B;,Re B, > 0. Then we have
PoTp, B, =Tg,,B,0L.
Using these lemmas, we can show the following theorems.

Theorem 7.5(the even case).

(i) The analytic solution of the system in Theorem 7.1 has the following series
ezpan.sion up to scalar.

( )ml( )mz( l‘+)m1+mz( H— )m1+mz m
Y(y1,y2) = ST
mgo 'mzl(l)ml-i-mz(s -t l)m1+m2 T
Here we set py = (1 —2+14)/2.

(ii) The analytic solution of the system in Theorem 7.1 has the following integral
representation up to scalar.

1 3+k-—1 1 _1
¢(y1,yz)=/ 2F1(~ﬂ+,—#—;—é———;ty1 +(1—t)y2)t™2(1—t)"2dt
0

Here o Fy is the classical Gaussian hypergeometric function which is analytic
around the origin.



Remark 7.6. When vy = +l (this means —uz = 1), the solution given above
becomes Appell’s hypergeometric function

Fl("'l+ 1, 1/25 1/2,(3 +k- I)/z;yl’y2)'

Theorem 7.7(the odd case). (i) The analytic solution of the system in The-
orem 7.2 has the following series expansion up to scalar.

3 1 —- _
¢01(y1’y2)= Z (2)m1(2)mz( f‘+)m1+m,( #")mt-i-mz my y ma

— Y1 Y2
m; >0 my !mz!(2)m1+mz(£-—2k—-’)m1+mz

Here we set py = (1 -2+ \/v? - 21+ 1)/2.

(i1) The analytic solution of the system in Theorem 7.2 has the following integral
representation up to scalar.

1 3+k-1 1 _1
Yo1(y1,y2) = / 2Fi(—py, —p—; —2————;ty1 + (1 —t)y)t3(1—t)"2dt
0

Here 3 Fy 1is the classical Gaussian hypergeometric function which is analytic
around the origin.

Remark 7.8. When vy = £V1? + 61+ 3 (this means —u_ = 2), the solution
given above is Appell’s hypergeometric function

Fl(—l’ 3/21 1/2: (3 + k— l)/zﬁ ylvyZ)'

Remark 7.9. The hypergeometric series defined in above theorems is denoted

by
a b ¢ ¢
FIO( ! 2 y Y1, yZ)
d e
— Z (a)m1+m2(b)mx+mz(cl)mt(c2)m2 ymlymz
m> ml!mZ!(d)m1+mz(e)m1+mz 172
in [T)].



§ 8 Appell’s hypergeometric functions.
Differential operators
Ry = wi(1 — wy)02 — wiw38,,0,,
+{7 = (@ + B+ 1)w1}Bu, — fro28u, — af,
R; = wo(1 - wg)aﬁ,2 — W1wW2 0y, O,
Y = (@ + B+ 1)ws}B, — B'undy, — af,

are known as Appell’s hypergeometric differential operators whose analytic ker-
nel is usually written by Fy(e; 8, 8';7,7'; w1, ws).

~ On the other hand, the system of differential equations in Theorem 7.1 and
7.2 can be written by the following P and Q in general.

2
P=> yi(yi — 1),

=1

+{(A+B1 - By +1)y1 + B, — C + 2B, %@——l)}ayl
1

+{(A-=B1+ B2+ 1)y + B; —C - 2B, zzy-g-yz—zi)}ay
L —

1 1
=6162'—B 61+B 62
@ -y Y1 — Y2 Y 1y1—y2 y

For parameters A, By, By, A, we denote —u4 by solutions of the quadratic
equation z? — (A + By + B;)z — A = 0. From easy calculation, we can see these
operators are related as follows.

Lemma 8.1. Let P,Q, R, and R; be as above. If we set wy =1 — Y1 /Y2, w2 =
1/ya, then we have

(~wg)™* o Po (—wg)t = 2 — 2w; — 2w + wyw,

R + w2 R,

wq

(~w2)™* 0 Qo (~wa)* = ~ 2R,
wy

with
a=k,

p=DB,B =k+1-C,
Yy=B1+B3,7=2k+1—-A—- B, — By,
k=—py ork=—

From above lemma and Theorem 7.5 and 7.7, we expect that there is a rela-

tion between Appell’s hypergeometric functions F; and hypergeometric function
Fyo. In fact, the following theorem holds.



Theorem 8.2. Appell’s hypergeometric function F, and hypergeometric func-
tion Fyg have the following relation for B,C,u4,C+psy,D+ps,D+2uy,C —
D—py ¢ Z. Here we set B= By + B; and D = A+ B; + B,.

—p+ —p- B B
Fm( B c 7 U, yz)

_ T(ps — p-)T(C)
I(—p-)T(ps+ + C)
X (—y2)#* Fa(—p4; Br,—p4 —C+ ;B — py 151 — 41 /y2,1/y2)
D(p- — p4)I(C)
P(—p4)T(p- +C)
X (—y2)*-Fy(—p—; By, —p- —C+1;Bpuy — p_ + 151 —y1/y2,1/y2).

Here (—y2)*+ and (—yz)*- are defined in |arg(—y2)| < .

Remark 8.3.
(i) The equation in Theorem 8.2 is reduced to the relation between Appell’s hy-
pergeometric functions Fy and Fy:

Fi(A; By, B2;C; 91, 42)

_I(B - A)I(C)

I(B)I'(C - A)

X (—y2) 4 F(4;B1,A—C+1;B,A- B+1;1—-v1/y2,1/y2)

I'(A - B)I'(C)

I'(A)I'(C - B)

X (—y2) P Fy(B; B1,B—C+1;B,—A+ B+ 1;1—y1/y2,1/w2),

for A B,C,A—B,B—-C,C —A¢Z, when A = —AB.

Moreover, this relation is reduced to the famous relation of the Gaussian
hypergeometric function:
(B - A)I(C)
I'(B)I'(C - A)
I'(A - B)I'(C)
I'(A)T'(C - B)

by settingy; = y2 = x.

2F1(A,B;C;z) =

(—z) " 42F(A,A-C+1;A- B +1;1/x)

(-z) "B, (B,B-C+1;B—A+1;1/z)

(ii) The equation in Theorem 8.2 can be also obtained by using connection for-
mulas of Fy given in [T Proposition 2.1 (5)], where the relation between Fy and
F, is not mentioned.
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