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CAPELLI IDENTITIES, DEGENERATE SERIES
AND HYPERGEOMETRIC FUNCTIONS*

TosHIO OSHIMAT

ABSTRACT. The Capelli identity is extended to the case of minors. Related differ-
ential operators in the generalized identities give the annihilator of the degenerate
principal series for GL(n) and characterizes the image of the Poisson transform of
the hyperfunctions on several boundaries of GL(n). Hypergeometric functions are
defined through realizations of some special sections of the degenerate principal se-
ries and the realizations on boundaries of GL(n) generalize Gelfand’s hypergeometric
functions. Related Radon transforms for Grassmannians are examined.

1. Generalized Capelli identities and related operators

The classical Capelli identity can be considered as a quantization of the formula
det‘AB = det A - det B in the linear algebra. We quantize more general identities

(1.1) det (Z z,,iy,,j) 1<i<m = Z det (m,,‘.j) 1<i<m - det (y.,,-j) 1<i<m
o 152m gy loum<n 1<5<m 1<j<m

for 2mn commutative variables r,; and y,; with 1 <7 <m and 1 < v < n (cf. [Sj,
IT §5 Theorem 9}), where the left hand side of (1.1) is zero if m > n, and we get

Theorem 1.1. (Generalized Capelli identities) Let I = {tth<k<m and J =
{Je}1<e<m be sequences of positive integers. Then

i o
(1.2) det (; Tyi, . +(m — e)‘sikjt)iéﬁfm

147 <m

0 .
Z det (m“piq)lﬁpﬁm - det (33: : )ISPSm if m<n,
= 1<v < <vm<n 1<g<m Vple

0 : if m>n.

Here 6;; is the Kronecker symbol and for a matrix A = (4;;) = (Aij)léism
1< H<m
with (¢, j)-components A;; in an associative algebra, we define

(13) det A = Z Sgn(a)Aa(l)lAa(Zﬂ v Aa(m)m’
0€S,
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where G,, is the m-th symmetric group.
Using the Laplace expansion of the determinant with respect to the first column,
the theorem is proved by induction because (1.2) is a formula for arbitrary minors.

Remark 1.2. If m = n, Theorem 1.1 is reduced to the Capelli identity

det (Zzy, ot (m - J)&:)lggn = det (wv)}g;g: det(af,-,-)}é;é?;

Put g¢ = gl(n, C) = Lie(GL(n,C)). Let U(g) be the universal enveloping algebra
of gc. Then gc is naturally identified with the n2-dimensional vector space of n x n-
matrices whose components are complex numbers. Let Ej; denote the element of
gc whose (i, j)-component equals 6;;6;;. We put E; = E;; for simplicity. Put
a= Z?:l CEi, n= ElSi<j$n CEji and n = Elsiq‘sn CE;;.
Definition 1.3. Let I = {i},... ,i,} and J = {j1,... ,jm} be sequences of posi-
tive integers with 1 < i, <n and 1 < j, < n. Then for A € C we put

(1.4) Dps() = det (By,j, + (A +m )5, j,)1<“<m

<v<m

We naturally identify E;; with the left invariant vector filed on G = GL(n,C).
Then E;; is of the form

(1.5) E,‘j = En::r,,,'—a—-f

under the coordinates (a:.,) 1 é'%n € G and the left hand side of (1.2) is identified
1<)<n
with Dy ;(0) and morover it becomes Dyj()\) under the automorphism of U(g)
satisfying E;; — E;j + A6;;. Hence we call Dy ;()) generalized Capelli operators.
We quote some fundamental properties of Drj(\) from [O4, §2]:
Theorem 1.4. i) Dy(1)o'(5)(A) = sgn(c) sgn(o’)Drj(A) for o, o' € Gpp.
ii) For an ordered set of indices I = {11,...,im} and for k € I, we define
(1) = {iy,... ,im} by
" { l if i, =k,

PTG, i i Ak,
forp=1,...,m. Moreover we put t¥(I) =0 if k ¢ I. Then
[Exe, Drs(M)] = Dt (1)5(A) = Dry5y(A).

Here we define Dyj(A) = 0 if #1 # #J.
ill) Suppose I = {i; < --- <ip}and J = {j1 < -+ < jm}. Then

0 mod aU(g) + U(g)n if T#1J,
Dis(N)={ &
() [I(Eii, + 2 +v-1) mod Ug)n if I=1J.
v=1

The following lemma says that the power of matrices of (D I J) 1 also have the
same property as in Theorem 1.4 i) and ii).



Lemma 1.5. Fix a positive number m with 1 < m < n. Let F(i);; be elements
of U(g) which satisfy

F(2)o(1yor(5) = sgn(o) sgn(o’')F(i);; for 0,0’ € Gy,

(1.6) [Ek[,F(i)IJ] = F(i)zi(I)J - F(z)hf(f)

fori =1 and 2. Here I and J are ordered sets of m positive integers being smaller or
equal ton and we put F(i);; = 0 if #I # #J. Then F(3)r; = 3.y F(1)1v F(2)v ;
also satisfies (1.6) with ¢ = 3. Here the sum runs over all sets V = {vi,vay ... yum}
of indices with1 < v; <vy < -+ < vy < n.

Viewing the above lemma, it is interesting to study the power of (D1s(X)) I

Definition 1.6. We define
F()) = Eij + A6;j,

(Fil;'(’\lan- 3/\1:)) 1gicn = (El,(/\i))llé;éz (Filj-(z\k))1<.:<,,.

1<j<n 1Z;3n

Theorem 1.7. i) F',";'(/\l, ... ,Ak) is a symmetric function of \y,... , Ak.
it) The action of gc¢:

[E’,w, F:’;] = F:j‘svi - Filf"suj'
iii) A formula related to the Bruhat decémposition:

Fz’,;'(’\h--- ;A\ ) =0 mod U(g)n if i > j,
FE(M,...,\) =0 mod AU(g) if i < j,
E’:(Al"" 7’\k) = Ipi):~l()‘1:--- a)\k—l) '(Ei + Ak +1— 1)

11
=Y FE (..., A1) mod U(g)n,

v=1
Fipn Qe s M) = FET O, Mect) (B + A +4)
+ Eiipa Fi7 (A, ..., Ak=1) mod U(g)n.

iv) Let © = {0 < n; < ny < --- < np = n} be a sequence of positive integers.
Put ny = 0 and define

L n,
Tu=Ulgm+d, > U@@(E;j+r +n,1)

v=1j=n, _1+1



Then

FI.‘E(/\l’ SRR Ak)
0 mod J, if i < ny,

— k
H(’\” —Akg1 +np-1—-n,) mod J, if ng <i<ngy,

v=1

i’;+l()‘11 <o Ak)
-1
= H(/\ —Ae+nyy—ny —ne1 + z) H (A —Ag—ne1+ z)Eu-H
v=1 v=L{+1

mod J, if ney <i<ng and k2>¢.

2. Degenerate principal series of GL(n) (global version)

Let G be GL(n,R) or U(p,g) with p > g or GL(m,H) or GL(n,C), where
n = p+q and n = 2m. Our argument in the sequel is valid for the direct product
of these groups but for simplicity we assurne this. We will mainly consider the
case when G # GL(n,C) but the results also hold for GL(n,C) with some obvious
modifications which we will give if necessary.

Then G is a real form of (a direct product of some copies of) GL(n,C) and its
Lie algebra g is defined by the following involutions:

X if g=gl(n,R),

(2 1) g[(n,C) 3 X "'Ipqt:XIpq if g= u(P, Q)7
’ —JnXJm if g=gl(m,H),

gl(n,C) & gl(n,C) > (X,Y) = (¥,X) if g=gl(n,C),

ptq - ptlgtl p g - 1
and J, is the direct product of m-copies of (_01 (1)) Moreover gl(n, C) is identified
with a subalgebra. of gl(n,C) & gl(n,C) by the map gi(n,C) 3 X — (X,X). Then
the element of the quaternion number field H is identified with a 2 x 2 complex
matrix by

. . . . 1 .. 1 e
where I, is the permutation matrix representing ( g gl pptlp +q)

a+bi cH+di

(2.2) H9a+bz+c1+dk»—+(__c+dz. «— bi

) for a,b,¢c,d € R.

We choose maximally split Cartan subalgebras j by

( Y- RE; if G=GL(n,R),
S RE; + RY/-1E; if G=GL(n,C),
(2.3) j={ Z:I'il R(Ezi-1 + Ezi) + RV=1(Ezi-y — E3i)  if G = GL(m,H),
:-—1 R(E En+1—1) + R\/_(E + En+1 ;)

|+ RVETE if G="U(p,q)




so that they are compatible with our arguments in §1. Then K = GNU(n) is a
maximal compact subgroup of Gand 8 : G3 g g7l orgd X — —'X is the
Cartan involution.

Put ay = jNgl(n,R) and t = jN+/=1gl(n,R). Since the complexification (gc,jc)
of (g,j) is (gl(n, C), a) (or the direct sum of its two copies), we define a fundamental
system as in §1 and a compatible fundamental system ®(ayp) for the restricted root
system for (g, ap). Then the restricted root systems are of type A1 _,, A2_ 5 A% |

BCg(p ~02! and 03,17 respectively, where the superfices represent the multiplicities
of roots in the order according to the length of roots.

Let Pz be the compatible parabolic subgroup of G with the Langlands decompo-
sition Pz = MzAzNz and the Levi decomposition Pz = Lz Nz with Lz = Mz Az.

The identity component of Mz is denoted by M& and we put Nz = §(Nz). The
Lie algebras of K, Mz, Az, Nz, Nz and Lz are denoted by ¢, mz, az, nz, fiz and
Iz, respectively and then az Cj C a, C®rj = a and C ®g Lie(Nz) C n. Note that
a and n should be replaced by a @ a and n & n, respectively, if G = GL(n,C).

Fix an irreducible finite dimensional representation (6, Vs) of Mz. For any ele-
ment { of the complex dual a% of az, we have an irreducible representation (75,¢, Vs)
of Pz by P 5 man — §(m)a® € Vs for m € M=, a € Az and n € N=. Then we
define the space of hyperfunction sections of (degenerate) principal series of G:

(2.4) B(G/Ps;6,6) = {f € B(G)®Vs; f(gp) = 156(p™")f(g) for p€ P:}.

Here B(G) is the space of hyperfunctions on G and they are left G-modules by
(74 f)(z) = f(g™1x) for g € G

Let d(6, ) denote the lowest weight of the representation 75 ¢ of Lz with respect
to the order defined above. Then d(§,£) € a* and d(8,£) = db + &, where dé is the
lowest weight of § and we identified a and a* by the Killing form of gl(n, C). Put

(2.5) d(6,6) =) d(6,€)ie:.
i=1

Here the right hand side is replaced by Y™, d(6,£)i(e;,0) + Y i, d(6,€)4(0, ;) if
G = GL(n,C).

Theorem 2.1. For an irreducible finite dimensional representation § of M= we
define the sequence © = {n; < --- < ny, = n} of positive integers so that for any i
withl<i<n

(2.6) there exists k with ng_y < i < ng
if and only if d(6,€); = d(6,€)i41 for any £ € aZ,

where ng = 0 as in §1. Then any u € B(G/Pxz; 6, ¢) satisfies

(2.7) Drj(—Ak —ng—1)u =0
for #l =#J =n—np+ng_1+1 and k=1,...,L,
(28) .F,IJ'(—-/\l — No,y... ,—-x\L —’I’lL_l)’U. =0 for l,] = 1, , N

_..5_



by putting
(2.9) Ay =d(6,€)n, for v=1,..., L.
Remark 2.2. We give examples in the case when P: is maximal and § is trivial.

Then Mz is characterized by a unique positive simple root aj whose root space is
not contained in mz. Note that dim a2 = 2. Then

¢ {k,n} if G = GL(n,R),
{k,n} if @ = GL(n,C).
(2.10) 0 ={ {2k,2m) if G = GL(m, H),
{9,24} ifG=U(q,q) and k =g,
\ {k,p+q—k,p+q} ifG=U(p,g)and 2k <p+y,

Moreover A; = 0 if G = U(p,q) and 2k < p + q. Note that in the case of the
maximal parabolic subgroup defining Shilov boundary of the symmetric space G/K
with G = U(p, ¢), the above number k equals gq.

We give another realization of B(G/Pz; 6,£). Put Z(a,) = K Nexp v/—1a, whose
elements are, in our case, diagonal matrices with diagonal components +1. Then
the Cartan subgroup J of G which is the centralizer of j equals Z(a,)expj. Note
that J ~ Z£ x expj, where

if G=GL(n,R),
(2.11) 0= { nol (n,R)
0 if G=GL(n,C)or GL(m,H) or U(p,q).

Since Mz is a linear group, the representation 6§ = (75,V;) of Mz has a unique
highest weight vector vs € V5 up to constant multiple. Similarly the dual §* =
(76, Vs') of § has a unique highest weight vector v} with (v},v5) = 1. Then the
map

B(G/Pz;6,€) 3 f = (v}, f) € B(G)
is an injective G-homomorphism whose image equals
B(G/Pz;6,8)n = {u € B(G); Xu =0for X €n,
(2.12) Hu = (d6 + ¢, H) for H € a, dimU(mz)u < oo,

u(gz) = es(z) 'u(g) for z € Z(ap)}

and its inverse is given by B(G/Pz;6,£)n 3 ¢ — ¢ ® vs. Here €5 : Z(a,) — {+1}
is defined so that 75(2)vs = €5(2)vs and the last condition given by e; is necessary
only when Mz is not connected, which means G = GL(n,R).

Theorem 2.4. Fix a function f in B(G/Pz;6,€)n. Let A = (\y,...,A1) € CL and
let © = {n; < --- < ng =n} be a sequence of positive integers. Assume

(2.13) Ao =d(8,6); if ne_y <i < ny,
(2.14)
()\,‘ + n,') — (/\J' + nj_l) ¢ {1,. . ,max{n; —MNj-1,Nnj — nj_l} - 1}
for 1<i<j<L.
If f satisfies (2.7) or (2.8), then
(2.15) Eip..f=0 forng_y<i<ng and k=1,...,L.



3. Representations on symmetric spaces

In this section we review on representations realized on symmetric spaces of
non-compact type and their characterization by differential equations. We consider
a general real connected semisimple Lie group G. The notation used here is in
general restricted only in this section. The statements in this section are known
results or at least a reformulation or an easy consequence of known facts (cf. [H3],
[K- ], [Ko], [KR], [O1], [Sn1] etc.) and this section can be read without referring
to other sections.

Let K be a maximal compact subgroup of G modulo the center of G, 8 be
the corresponding Cartan involution and g = &+ p be the corresponding Cartan
decomposition of the Lie algebra g of G. Fix a maximal abelian subspace ap of
p. Let X(ap) be the set of the roots defined by the pair (g,a,) and fix a positive
system Z(a,)*. We denote its Weyl group by W(a,) and the fundamental system
by @(ay), and the half of the sum of the positive roots counting their multiplicities
is denoted by p. Let G = K AN be the Iwasawa decomposition of G corresponding
to X(ap)*. Then P = M AN is a minimal parabolic subgroup of G. Here M is the
centralizer of a, in K. We denote by ¢, m and n the Lie algebras of K, M and N,
respectively.

Let U(g) be the universal enveloping algebra of the complexification gc of g,
which we identify with the algebra of left invariant differential operators on G. In
general, for a subalgebra [ of g, we denote by U([) the universal enveloping algebra
of the complexification [¢ of I. Let S(g) be the symmetric algebra of gc. Then
the map sym of symmetrization of S(g) to U(g) defines a K-linear bijection. By
the Killing form on gc we identify the space O(pc) of polynomial functions on
the complexification pc of p with the symmetric algebra of pe. Let O(p)X be the
space of all K-invariant polynomials on pc and H be the space of all K-harmonic
polynomials on pc. Then we have the following K-linear bijection

H®O(p)* ®U(t) = U(g)
h®p®k — sym(h)®sym(p)®k

because of the Cartan decomposition g = ¢ + p and the K-linear bijection H ®
O(p)¥ 3 A ® p— hp € O(p) studied by [KR].

We denote by A(G) and B(G) the space of real analytic functions and that of
hyperfunctions on G, respectively. Then they are left G-modules by (g f)(z) =
f(97'z) for g € G and the functions f in the spaces. We write A(G)k for the space
of all the K-finite elements of A(G).

By the decomposition
(3.2) U(g) =nU(n+ap) ®U(ap) & U(g)t
coming from the Iwasawa decomposition g = ¢ + a; + n, we define Dy, € U(ap)
for D € U(g) so that D — D, € nU(n+a,) + U(g)t and put y(D) = e Po D, oe®.
Here ¢” is the function on A defined by e?(a) = a”.

Note that the kernel of the restriction of v to the space of all the K-invariants
U(g)¥ of U(g) equals U(g)* NU(g)t and the restriction defines the Harish-Chandra

isomorphism

(3.3) 7 :D(G/K) = U(g)* /(U(g)* N U(g)t) = U(a,)"

(3.1)



onto the space U(ay)" of all the W(ap)-invariants in U(ap). Here D(G/K) is the
ring of invariant differential operators on G/K. Note also that sym(O(p)¥) is
isomorphic to D(G/K) through v and ¥ as K-modules.

Identifying U(a,) with the space of polynomial functions on the complex dual
ag of ap, we put

(3.4) (D) =v(D)*) eC

for A € ag and D € U(g). Now we define

(3.5) K=U@t+ 3 Ue)sym(p) - 1a(sym(p))
PEO(p)XK

and

(3.6) A(G/K;M))={u € A(G); Du =0 for D € Jr}

and put A(G/K; M)k = A(G)k N A(G/K; M,). Here A(G/K; M,) is naturally
a subspace of the space A(G/K) of real analytic functions on G/K because the
function in A(G/K; M,) is right K-invariant. Now we can state our basic theorem.

Theorem 3.1. Fix ) € ag and define a bilinear form

HQR AG/K;M)) —» C
(hyu) — (h,u) = (sym(h)u)(e)

and for a subspace V of A(G/K; M)), put

(3.7)

(3.8) H(V)={h € H;(h,u) =0 forueV}.

1) The bilinear form ( , ) is K-invariant and non-degenerate.
it) If V is a subspace of A(G/K; M))k, then

V={ue A(G/K;M))k;(h,u) =0 for h € H(V)}.
iii) There are natural bijections between the following sets of modules.

U()\) = {V C A(G/K;M,);V is a close subspace of C*°(G) and G-invariant},
V(N k = {Vk C A(G/K; M))k;Vk is a g-invariant subspace},
JON) = {J D Jx; J is a left ideal of U(g)}.

Here the bijections are given by

(3.9) B(A)3V —» VNAG)k € BNk,

(310) BNk dVk = I+ Y Ugsym(p) € I,
PEH(VK)

(3.11) JAN) 3T - {u€ AG);Du=0for D € J} € B(\).

...8__



The G-module
(3.12)
B(G/P; Lx) = {f € B(G); f(gman) = a*"*f(g) for (g,m,a,n) € GXxMxAxN}

is the space of hyperfunction sections of spherical principal series of G parametrized
by A € ag. Put A(G/P; L)) = B(G/P; L)) N A(G). Define the K-fixed element
KxAxXN 3 (k,a,n) — 1x(kan) = a*~* of A(G/P; L)) and put Px(g) = 1_x(g7").
By the G-invariant bilinear form

B(G/P; L) x A(G/P;L_y) — C
(1) = (6 f)r= /K $(k)F()dk

with the normalized Haar measure dk on K, we have the Poisson transform

Pr: B(G/P; L)) — B(G)
(3.14) ¢ = Pag(g) = (mg-1¢,13)a = /K d(gk)dk

- / o(k)Py(k~" g)dk.
K

Then it is known that the image of P) is contained in A(G/K; M)) because DP) =
Ya(D)P) for D € U(g)K.

For A € af and w € W(ay), let A(A,w) denote the intertwining operator of
B(G/P; L)) to B(G/P;Ly)), which meromorphically depends on A and satisfies
(A()\, w)¢)(g) = [, #(99nw)dny if ¢ is continuous and moreover if Re(A,a) <0

for all @ € ©(a,)*. Here @ € K is a representative of w, Ny, = §(N)Nw~! N and
dn,, is the Haar measure on N,, normalized by [ N, _gp(nw)dnw = 1.
For a € X(ap) and w € W(ap), we put

E(ap);* ={a € E(C‘p)+§% ¢ Z(ap)},
B(w) = {a € T(ap)F; ~wa € B(ay)*},
ea(V) = {T (3 + Zo + DT (3 + %o + =)} 7,
eN= [ e eu= J] eal®,

(3.13)

(3.15)

a€B(ap)f a€X(w)
L(ma + m2a) gl—23p—ma
do(A) = it /7l (2=
() = R 2 VAT (),
i = ] de®, dM= [[ da(¥),

«€Z(ap)F a€X(w)

where m,, is the multiplicity of the root @ and A, = 2 22)
It is known that the regularized intertwining operators

(3.16) A(w, A) = dy(=2)A(w, \)

depend holomorphically on X € ag. Note that A(w, \) may be zero for some A.
The following theorem is the main result in [K- }.

- 9 —



Theorem 3.2. Fix A € ag. Let w be an element of W with the minimal length
which satisfies

(3.17) Re{w),a) >0 for all « € I(ap)*.

i) Py defines a topological G-isomorphism of A(G/P;Ly) onto A(G/K;M,) if
and only if e()\) #0.

ii) Im A(\, w) and Im P, are G-isomorphic under the Poisson transform

(3.18) Puwx : B(G/P; Lur) = A(G/K;M,).

Remark 8.9. i) Since the image of the intertwining operator A(), w) is always closed
(cf. [O4, Lemma 7.3]), Theorem 3.1 says that the image of the Poisson transform
Py of B(G/P; L)) is always characterized as the space of solutions of a system of
differential operators corresponding to suitable elements of U(g).

ii) Suppose e(A) # 0. Let D'(G) and C*°(G) denote the space of distributions
and that of C*°-functions on G, respectively. Then (cf. [OS])

PA(B(G/P; £3) N D'(G))
= {u € A(G/K; M,);there exist C and k with |u(g)| < Cexp klg|},
PA(B(G/P; £2) N C*(G))
= {u € A(G/K; M)); there exist k such that for any D € U(%)
we can choose Cp > 0 with |rpu(g)| < Cpexpklg|}.

Here U(?) is the universal enveloping algebra of the complexification of ¢ and |g] =
(H,H)} with the Killing form ( , ) if g € K exp HK with H € a,. Note that U(#)
in the above may be replaced by U (9)-

Theorem 3.4. i) The map

(3.19) H3h - Toymnyls € A(G/P; L)k
is K-linear. It is bijective if and only if e(—\) # 0.
i)

(3.20) 7A(D) = 7TD(1_,\)(6) for D e U(g)

iii) Putting

(3.21) Hx = {h € H;vr(sym(Ad(k)h)) =0 for all k € K}
and
(3.22) Ja=Jv+ ) U(g)sym(h),

heM



we have
(3.23) ImPy={u€ AG); Du=0 for D€ J,}.

For a subset = of ®(ay), let W= be a subgroup of W(ay) generated by reflections
with respect to the elements of = and put Ps = PWgzP. Let Pz = Mz A=z Nxz be the
Langlands decomposition of Pz with Az C A. For an element x of the complex dual
az ¢ of the Lie algebra az of Az, the space of hyperfunction sections of spherical
degenerate series is defined by

(3.24) B(G/Pz;Lz,) = {f € B(G); f(gman) = a?~* f(g)
for (9,m,a,n) € G x M=z x Az x N=}.

Then as in the case of the minimal parabolic subgroup, we can define Poisson
transform

Pz, :B(G/Ps;L:,) — B(G)
(3.25) ¢ = (PE,P¢)(9) = <7rg"‘¢1 IE:_”)EJ‘
= [ otab)dk = [ 4(k)Ps (- g)dk
K K

Here ( , )z,, is the bilinear form of B(G/Pz;Lz,,) X A(G/Pz; Lz,—,) defined on
the integral over K, 1z ,(kman) = a®~* for (k,m,a,n) € K x M=z x Az x Nz and

Pz u(9) = 15,#(9-1)-
Now we remark

Lemma 3.5. We have naturally

(326) B(G/P?.a ‘CE,p) C B(G/P1 £u+p(3))’
(3.27) ImPz, =ImP,_,z.

Here we identify a, with its dual by the Killing form and define pz = p|,. and
P(E) =p— p=.

Corollary 3.8. i) Pz, is injective if e(u + p(£)) # 0. In particular, the Poisson
transform P, : B(G/Pz) — A(G/K; M,) is injective.
ii) If e(—p + p(E))e(u + p(E)) # 0, then B(G/Ps; Lz ,) is irreducible.

Remark 3.7. i) The calculation of H) in (3.21) is equivalent to the determnination
of the kernel of P7()) defined by [Ko, §4].

ii) Under the notation in Lemma 3.5
(3.28) [Hutpz) : 6] > [ndX 1: 6] - [IndKE(K) 1:6] for6e K

and the equality holds if and only if Pz, is injective.

Many statements in this section can be generalized to line bundles (cf. [Sn1}) or
vector bundles over G/K but we will omit here.
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4. Poisson transforms!

In this section we study the realization of degenerate principal series on the
Riemannian symmetric space G/K. For simplicity we mention a result here when
G = GL(n,R) but a similar result holds in other cases (cf. [OSn]) where G =
GL(n,C) and GL(n,H) and also in the case of sections of a homogeneous line
bundles over U(p, q)/U(p) x U(g).

Given a positive integer L and a sequence of positive integers © = {n,,... ,nr}
with 0 = ng < ny < -:- < n; = n, we define a parabolic subgroup
91
* 92 O

(4.1) Pg=<p= € GL(n,R);gk € GL(ny — nk_.l,R)

E 3 * e gL

Note that the subgroup Py, . .} = {(zij) € G;z;; = 0if i < j} is a minimal
parabolic subgroup of G, which will be simply denoted by P.
For p = (p1,...,ur) € CL, we define a G-submodule

(4.2)  B(G/Pe;u) = {f € B(G); f(zp) = 7e,u(p™")f(z) for p € Po}
belonging to degenerate spherical principal series of G, where
(4.3) 7o,u(p) = |det g1|™# --- | det g| ¥ for p € Pe

is the character of Pg under the expression of p in (4.1).
Now we introduce the Poisson kernel

85(z) = Bn,(2)% -+ By (),

gy = 2

1< < <yp<n
26 = (#k + nk—l) - (#k+1 + nk+1) fork=1,...,L~ 1,
2L =pL+nL-s.

2

’

det (xiv,- ) 1<i<m
15;3m

It is easy to see that
Pe(pzk) = To,—u—240)(P)25(z) for p€ Po and k € K

and therefore we have a G-homomorphism

P4+ B(G/Poiu) 3 f = (P41)e) = [ flak)dh = [ fwes@ i)
€ B(G/K).

Note that B(G/Pe;#) C B(G/P;() with { = ((1,... ,(a) defined by {, = p, for
ng—1 < p < ng. The map ’P{Cl,_” ,n) Was studied in [K- ] (cf. §3) and for a generic ¢

it is injective and the image is the totality of the real analytic functions « on G/K
which satisfy

(4.6) Diu = x¢(Dy)u for k=1,... ,n.
Here D(G/K) = C[D,,... ,D,] with ord D} = k.

(4.5)

1 Most parts in this section are taken from [O4, §5].



Theorem 4.1. i) Any u € Im P§ is real analytic and satisfies
(4.7) Drj(—pr —ng—1)u=0
for Il =H#J=n—nx+ng_1+1land k=1,...,L
and
4.8) Fi(=p1—mo,...,—pr —np_1)u = (Di — x¢(Di))u =0
for i,7=1,...,nandk=1,... ,L -1

ii) If the condition
(4.9) (pi+ni)—(pj+nj—1+1)¢{0,1,2,3,4,...} for1<i<j;<L

holds, P} is a topological G-isomorphism onto the subspace of C*°(G/K) which is
the totality of the solutions of the system of equations (4.7) or equivalently (4.8).

Example 4.2. Suppose G = SL(2,R) and P = { (: :) € G’}. Then the natural
action on P{ = (C? — {0})/C* > [2] is given by the left multiplication. The
fixed point group with respect to i = 2;/z; equals SO(2) and the symmetric space
G/S0(2) is identified with the upper half plane H = { [x";yi] € PL;y > 0}. Since

Y Z_ . z + ..ﬁ_: .
(£ )-[757)- e
Vi ]
we have ¥; = (\/37)2 + (\/Li’-)2 = -”-—2—%'”1. Hence if p; = pz = 0, we get the usual
Poisson kernel QI{JM} = ;,—_%; for H, and Theorem 4.1 says the isomorphism of
the space of harmonic functions on Hy onto that of hyperfunctions on the circle
G/P ~RU {0} C P¢.
Example 4.3. Suppose © = {n}. Then Pg = G and B(G/Pe; ) = C|det z|* for
generic u € C and we have the equality (cf. Theorem 1.4 iii)):
Dy,..n3 (1, my(Mldet 2 = (u+ X)(p + A+ 1) (p+ A+ n —1)|det z|*.
If we put A = 0 and p = s + 1, this corresponds to Cayley’s formula
a s+1 8
det (%)@éz(det 2)™ = (s +1)(s +2) -+ (s + n)(det z)
in view of the Capelli identity. Note that this equality defines the b-function of det z
and hence u is the meromorphic parameter of |det z|# and its poles are contained

in {-1,-2,-3,...} (cf. [B], [Sm]).
Remark 4.4. i) Theorem 4.1 in the case ©® = {1,n} is given in [O1], where it
is conjectured that in general there exists a system of operators D satisfying a
suitable condition for 4(D) and characterizing the image of the Poisson transform.
When G = GL(n,R), the conjecture corresponds to Theorem 4.1 and Corollary 2.1.

ii) If Rep; < Repjpr + 1 for j=1,...,L —1, then (4.9) is valid.

iii) In [J1] and [J2] some differential equations characterizing Im Pg are given,
which are less explicit than ours.

iv) Let we € 6, with Ad(we)ANn = Lie(Pe) N n. As is mentioned in §3,
ImP§ = Im"Pﬁ,m,n} with ¢} = Cue(j) + we(j) — 7 and hence for n € C", it is
interesting to study the system of differential equations characterizing Im P?l,... n}




5. Hypergeometric functions®

In general, suppose G is a linear reductive Lie group and moreover suppose that
we are given three closed subgroups Pe, @, and @2 of G and their finite dimen-
sional representations (7o, Vo), (11, V1) and (72, V3), respectively, which satisfy the
conditions
(5.1) Pe is a parabolic subgroup of G,

(5.2) the double cosets Q;\G/Pe have open cosets for j = 1 and 2.

Define the degenerate principal series as in §2:

B(G/Pe;1e) = {$(g) € B(G) ® Ve; ¢(9p) = Te(p™")¢(g) for p € Pe}

Let Po = LeNg be a Levi decomposition of Pg. Fix a Cartan involution 8 of G
with 6(Le) = Le. Then K = {g € G;0(g) = g} is a maximal compact subgroup of
G. Let V3 be the dual space of Vg and let 7§ be the representation of Pe on Vg
such that

(5.3) B(G/Po;re) x A(G/Po;18) 3 (6,%) = (,¥)0 = jK (B(k), p(k))dk € C

defines a G-invariant bilinear form. Note that (8, Vg) is the tensor product of
the contragredient representation of 7¢ and the character det(Ad) of P on ne =
Lie(Ne), and that if {¢(k),(k)) is an integrable functions on K,

(5.4) ($.%)0 = /N ($(n), $(n))dn

with a suitably normalized Haar measure dn on Ng = 6(Neg).

Definition 5.1. For given functions ¢ € B(G/Pe;76)®V; and ¢ € B(G/Pe;18)®
V> satisfying

#(q1z) = 11(q1)d(z) for 1 € Q1,
¥(q22) = 12(g2)¥(z) for g2 € Qs,
we call a V] ® V3-valued function

(5.6) By (z) = /K ((zk), b(k))dk

on G a hypergeometric function.

(5.5)

By the G-invariance of the bilinear form we have

(5.7) B4,y(01202) = 1i(@)72(z " )f(2) for (01,42) € Q1 X Q2
-and for elements D of the universal enveloping algebra U(g) of gc = C ® Lie(G)
(5.8) mp(®g,9) =0 if 7p(¢) =

Note that the following map defines a G-homomorphism:

(59)  B(G/Poite)3 f o (Tof)(x) = /K (f(zk), (k) dk € B(G/Qa; 72).

2This section is extracted from [O4, §6].



Example 5.2. Suppose Pg is a minimal parabolic subgroup. If Q; and Q; are a
maximal compact subgroup, the integral representations of the corresponding hy-
pergeometric functions are Eisenstein integrals. In particular, if 7, and 7, are trivial
representations, we have the integral representations of zonal spherical functions.

Now we will consider the case when G = GL(n,R) and furthermore Pg and Q,
are parabolic subgroups. In particular, we examine the case when they are maximal,
namely, © = {{,n} and Q; = Py ,}. Suppose £ < k < n and n = m/f with a positive
integer m satisfying m > 1. To assure the existence of the nontrivial intertwining
operator (5.9), we assume 7¢ = 7,0 with p = (k,0) € C2. In this case, the inter-

1 2 e 142k k41 - n)
k—l+1 k=42 -k 1 2 - k—Lk+l - n
converges for any continuous function f € B(G/Pe;7e). Note that the correspond-
ing kernel function is a measure whose support is the compact double coset in
Qz\G/P@ and Nw = {(.’I;','J‘) € G;a:,-j = 6,']' if ¢ > l?orj < eOI‘j > k}

Lemma 5.3. The intertwining operator A()\,w) defines a G-homomorphism

twining operator A(A,w) in §3 with w =

(5.10) Tw : B(G/Pie,ny; (k,0)) = B(G/Px,ny; (¢£,0)).

¢ - $(gk)dk
O(k)XIn-h

Through the anti-automorphism G 3 g — g~ € G, B(G/P(q,a}; (k,0)) is canon-
ically identified with the space of hyperfunctions ¢ on the n-dimensional manifold

(611)  M(n)={(t;) = (t ."."); ti; €R and rank (4;) = £}

tiy o Un

which satisfy
(5.12) #(g(ti;)) = | det g| ¥ ¢((t:;)) for g € GL(L,R).

Similarly B(G /Py n);(£,0)) is canonically identified with the space of hyperfunc-
tions @ on the kn-dimensional manifold

(5.13) M(k,n) = {(y,-,-) = (yu fh-n> ; ¥ij €ER and rank (y;j) = k}
which satisfy

(5.14) D(g(yi;)) = |det g|~*®((yi;)) for g € GL(k,R).

Denoting GL(¢,R), = {g € GL(¥, R); det g > 0}, we choose @; = GL(¢,R)4 x
- X GL(¢,R)4+ C GL(n,R) and define 7; by

71(g) = (det 1) 7% -~ - (det gm)™*™ for g=(g1,... ,9m) € Qu,
where o = (@1,... ,a,) € C™ with the condition

(5.15) ay+--+an+k=0.



Let € = (€1,--. ,€m) € {1,—~1}™. Using a function

|s|*»  if €ps >0,
0 if s <0

(5.16) ls|e? = {

on R, we give a function

(5.17)  ¢(t) = %(ﬁ ldet (t.',) 1<i<e
. p=1

(p—1)t<j<pt

| det u) 1<i<t
(p—1)¢<j<pt

—€p

€p

in Definition 5.1, which belongs to B(G/Pj¢ n); (k,0)).
Put 2w =yijfori=1,... ,fandj=1,... ,n. Thenin GL(n,R)

t t ;
1 1k Y11 > Yin Z:=l tisZTpy v E:=l tivZTyn

I
.........................

...........................

---------------------------

.
--------------------------

and we have our hypergeometric function

m k ap
(5.19) &(a,z)= / II det (Z t.',,myj) 1<i<t H dt;;
RY(s-2) p=1 v=1 (p—lTl(JSPl €p 1S'S¢<i$"
with the convention
(5.20) t;; = 5,‘_,‘ if 1<j<L

Theorem 5.4. The hypergeometric function ®(a, €;z) on M(k,n) = {(zij); zij €
R,1<:<%k,1<3<n, rank(x,,) = k} satisfies the following equatmns
i) A right G’L(€ R); X .-+ x GL(¢,R)-invariance:

®(zg) = ( H(det 9p)°?)®(z) for g=91® - Qgm with g, € GL({,R)+.
r=1

i) A left GL(k,R)-invariance:
®(gz) = |det g|~'®(z) for g € GL(k,R).
ili) Generalized Capelli operators:

a
det(————-— <u<t+1P(z) =0
621) ey g%
for 1<t < - <141 Skand1$j1<~-<jg+1_<_n.



The two invariances in Theorem 5.4 are infinitesimally as follows:

(5.22)

k
0®
Zwi’l""‘l‘—_ =0pbu,® for 1< u<l 1<v<eL 0<p<m,
i=1 a‘”i,r&lp
- 9% _ ,
(5.23) inu'a*;pf = —£6;;® for 1<i<k, 1<j<k.
v=1 Jv

Remark 5.5. i) Note that GL(n,R)/P, .3 ~ O(n)/O(£) x O(n — £). Hence the
definition of ®(a,¢;z) is an integration of a function on O(n)/O(£) x O(n — £)
over its submanifold O(k)/O(€) x O(k — £), which is a Radon transform on real
Grassmannians (cf. [H4, Chap. 1)).

- i) Suppose £ = 1. The integration can be rewritten as

n k
o

(5.24) ®(a,62) =C H l tha:m- "o

ti++g=1 ;0 o0 K
with a suitable constant C' and

k
(5.25) O = (1P ldt; Adtz A--- Adty_y Adtyyy Ao Adty.
r=1

This integral representation coincides with the one given in [G] and the correspond-
ing equations in Theorem 5.4 with £ = 1 are same as in [GG]. This hypergeometric
function is also studied by [A].

For the analysis of hypergeometric functions in the case when G = Py ny and
Q2 = Py k,n}, the following theorem is essential.

Theorem 5.6. The intertwining operator in Lemma 5.3 is the topological G-
isomorphism onto the solution space Vk’, » Of the system (5.21) under our realization
using (5.13) and (5.14) if

(5.26) 0<f<k<n and £+Fk<n.

Corollary 5.7. Let Q be a closed subgroup of GL(n,R) and let (7,V) be a finite
dimensional representation of Q. If (5.26) holds, the integral transformation R :
¢ fso(k) ¢(kz)dk is a bijection between S(€,n; ) and S(k,n; ¢, 7). Here S(£,n; 1)
is the space of V-valued hyperfunctions ¢ on M(¢,n) satisfying (5.12) and

(5.27) $(tg) =(97")g(t) for g€ Q.

Moreover S(k,n;#, 'r) is the space of of V-valued hyperfunctions (z) on M(k,n)
satisfying the equations given in Theorem 5.4 ii) and iii) and

(5.28) ®(zg) = 7(¢7")®(z) for g€ Q.

In this corollary ‘hyperfunctions’ can be replaced by ‘Schwartz’s distributions’ or
‘C*°-functions’ or ‘real analytic functions’, which is clear by our way of the proof.

Lastly we give other examples of Q; for the same Pg and Q.



Example 5.9. For A = (4;;) € gl(n,R) with n = mf and for p = 1,... ,m and

=1,

... ,m, put

u; = {A€gl(nR); M, (A) =0 if p#v-1},
u; = {A €gl(n,R); M, (A) =0 if pu>v,

My’y+i(A) = My+l,y+i+l(A) for 1 = 1,.. S (e 2 and v= 1, cee M — 1 — 1},

M;w(A) = (A(p—x)t+i,(u—1)¢+j)1gsgt-
1<t

If @, equals the nilpotent group expu, or exp u,, condition (5.2) is valid and we can
define hypergeometric functions with respect to the character of Q; which has m—1
continuous parameters. When £ = 1, the hypergeometric functions correspond to
those discussed in [GRS] and [KHT].
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