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Introduction.

Let F be a non-archimedean local field of residue characteristic
b > 2. Associated to an anisotropic maximal F-torus 7, which splits over
a tamely ramified extension of F, of a symplectic group G, L. Morris
defined, in [M1], a system &, ca\Iled a cuspidal datum, which consists of
elements c¢; of the Lie algebra J of T (accurately, the algebra of
F-rational points of J), linear characters ¢; of the centralizer in G
of ¢, in G, their conductoral exponents [f; and their dual elements
c; in 3‘ , and an irreducible (cuspidal) representation of a certain open
compact subgroup of G. When G is a general linear group, this system
generalizes an admissible character, defined by R. Howe [H1, of such a
minisotropic maximal F-torus of G. Having used the methods of R. Howe
(HJ and A. Moy [Mol, associated to such a datum &, L. Morris constructed
an open compact subgroup K of the symplectic group G and i‘t,s an
irreducible representation p, and showed that the representation = of
G compactly induced from p is irreducible and supercuspidal. Slightly
modifying the definition of cuspidal data of [M1]l, K. Kariyama showed in [K1
that for a certain unitary group G over F with an involution except
a symplectic group, the representations given in [M1] associated to special
cuspidal data @ with ¢;'s (and c}’s) restricted are also irreducible

and supercuspidal.

—101-—



In this note, we report that for a unitary group G over the
quaternion division algebra D of F, similarly, we can define a cuspidal
datum @ . related to an unramified quadratic extension ¥ of F in D,
and can construct an irreducible supercuspidal representation n# of G
associated to such a cuspidal datum &. Simultaneously, we can get an
irreducible supercuspidal representation =n’ of the centralizer G’ =
Zg(F') of F in G, which is isomorphic to a unitary group over F/F’ .
This shows that the representation =n of G corresponds to ‘the

representation n»’ of G = Zg(F’) via the cuspidal datum &.

Notations. Let p be a prime integer > 2. For a p-field F,
commutative or not, we denote b)\r Op, Pr and o, the maximal order
of F, the maximal ideal of Op, and a prime element of F, respectively.
For commutative (p-)fields L > F of finite extension degree, we denote -
by Tr.,, the trace map from L into F. We denote by Z the set
of rational integers.

§1. Unitary groups.

Throughout this note, F will be a non-archimedean local field of
residue characteristic p > 2, and D will be the quaternion division
algebra of F with the canonical involution x | 2 Put ® = & for
simplicity. We may put

Let r be an integer > 2, and V a vector space of dimension
2r over D. Let I = {#1,--,+r), and {e,);c; be a basis of V.
Let € = +1. We define the form f:VxV —- D by
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I

f(zeixi» ey;) = Z(xiy_—-t +  eX_;7;)

i€l tel i=1
where x;, y; € D for all i ¢ I. Then [f is obviously a

non-degenerate e-hermitian form, and {e;};; is the Witt basis for [.

Denote by End,(V) the ring of all the D-endomorphisms of V,
and write
A = End, (V).
Denote by
G =U(V./)
the unitary group of the form f on V. Then
G={g € A=Endy(V): f(gv,gw) = f(v,w) for all v, we V).

By means of <{e;)y:;c;,» €ach g € A = End,(V) is expressed as

IQ (Z esXxs) = zez (zgijxj)

iel iel tel
with g;; € D for all i, j € I. Thus we may set g = (@) €

follows:

M,. (D), where M,.(D) denotes the ring of all the 2rx2r matrices with
coefficients in D. So we may identify A = End,(V) with M,.(D).

From now on, we shall use this identification freely. Put

J = [ O 1.
el, O,
where 0, and 1, denote the zero and the identity matrices of rank r,
respectively. We define the involution o on A = M;.(D) by
oX = J1XJ
where for X = (x;;), we put tX = (®;5) . By the identification A =

End, (V) = Mp.(D), we have
G={g € Mpr (D) : 0g-g = 13}
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where 1,. denotes the identity matrix of rank r.

Throughout this note, F’ will be a maximal subfield of D
which is unramified extension of F. We identify every element x € D
with x-1,. € A = Mp.(D). Then D 1is a subfield of A = M,.(D) and
the involution o on D coincides with the canonical involution. Thus
F’ is also a subfield of A = M,.(D), and by Lemma 11.3 of [S]
cx =% for all x € F'. ‘

We define a F’ -vector subspace V’ Dby
Vo= PeF .

iel
Denote by Z,(F’) the centralizer of /¥ in A = M,.(D). Since it is

well-known that the centralizer of F' in D is F' itself , we have
Zy(F') = Mp (F") .
Put A’ = M,.(F’). By the identification A = End,(V) = M,.(D), we
thus have
A" = Endp (V') = M (F7) .

Denote by f’ the restriction of f to V. Then [f/:V'xV —
F’ is obviously a non-degenerate hermitian form over the quadratic
extension F’ /F with the non-trivial F-automorphism as the involution.
Put Z;(F') = Z,(F') ~ G. Then it follows easily that Zg(F') Iis
equal to the unitary group U(V’',f’) of the form f° on V/'. We
denote by G’ this. Thus

G = Zg(F) = UV ,f").

A" = M,.(F') is a subring of A which is invariant under o. So we
denote by ¢’ the restriction of ¢ to A’ . Then, similarly for G,

G ={g € & =M (F): 099 = 1p).
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§2. Lattice chains.

A subset L of V is called an Oylattice of V, if L is a
finitely generted O,-submodule of V which spans V over D. A systen
£ = {L;);cz, consisting of Op-lattices L;’s of V, is called an Op-lattice
chain in V, if it satisfies the following two conditions:

() Lg 2 Lgy, for all i e Z,

(ii) there is an integer s > 1 such that L, ., = L;®, for all
ieZ.

(cf. [BT11, [B1, [M2]). We call by the Op-period of & this integer s.
We say that an Op-lattice chain &€ = {(L;};cz in V is generated by the
Witt basis {e;)};es, if L, for\all 1 € Z, is written in the following
form:

L; = Peppt*-9) with n(i,j) € Z for all j e I
i€l

(cf. 1.1 of [BKD.

Let £ = {L;};cz be an Op-lattice chain, generated by the Witt
basis {€;}sez, In V. with Op-period s. Let # and & be the
hereditary order in A = End,(V) and its Jacobson radical, respectively,
which are defined by & (cf. [R1, [B], (M2]). Then, since # is an
invertible fractional ideal of A (cf. also [RD),

R" = (X € A=Endy(V): XL; ¢ L;,, for all i e Z)
for al n € Z. In particular, 4 = R° and R = R

Put
P=GCn~ A4
P is called a parahoric subgroup of G in the sense of Bruhat-Tits

Theory (cf. Lemma 3.11 of [BT2]). For all integers =n > 1, put
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P, = {g € G: g-1 € R").
Then {Pp}n,; Is a filtration of P.

Let V' = Ge” be as in section 1. For the Op-lattice chain &£
fel

= {L¢dsez In V, put
£ = {LiYsez With L} =L; ~n V',

Then L, for al i € Z, is obviously an O -lattice chain in V/. But
£ = {Li)iez Iis not always an O -lattice chain in V’. That is, the
condition
(2.1) Ly L}y, forall i e Z
does not always hold. Assume now that (2.1) holds. Then & is indeed
an Og -lattice chain in V’. For, by the assumption on F’ of section 1,
® = ®Z is a uniformizer of F/ . Thus, for all 1 ¢ Z ,

Li® = (Lg A V)BF = Li§ AV = Lygy ~ V' = L,
Thus the Og -lattice chain & defines the hereditary order in A’ =
Endg (V') and its Jacobson radical. Denote by # and & them

respectively.

PROPOSITION 2.1. Let notations be as above. Assume that &£
is generated by the Witt basis {e;};,; and that &£ satisfies
(2.1). Then & is an Op-lattice chain in V' with Op -period
2s, and for all n e Z

R" ~ A =R ",

§3. Duals of lattices.

For a subset L of V, put
L' = {v e V: f(V,L) < GOp).
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Then L* is also an O,-lattice in V. We say that an Oj-lattice chain &€

in V is self-dual (with respect to f), if L ¢ £ implies L* € &.

In this section, assume that &£ = {L;};.z IS a self-dual Gp-lattice
chain in V with O,-period s, and that &4 &® P and <{P,},,, be

as in section 2.

LEMMA 3.1. Let notations and assumptions be above. Then,

k", for all n e Z, is stable under o.

For a subset ¥ of A = M,.(D) which is stable under o, we
define )
M_ = (X € A=M,.(D): oX+X=0).
In particular, it is well-known that A_ is the Lie algebra of G. By

Lemma 3.1, we get ®" for all n ¢ Z.

From now on, <7, will be the reduced trace in D, and tr wil
be the trace in A = M,.(D). Then, by Corollary 2 to Proposition 1 of
Ch.IX-2 of [W1, zp-tr is the reduced trace in A = M,.(D). Write

TA = TD°T,I’.

For a subset ¥ in A = M,.(D), put
M = (X € A =M (D): T4(XM) ¢ Gp).

PROPOSITION 3.2. Let 2i > j > i 2 1 and denote by
(Py/P;)" the Pontrjagin dual of Py/P;. Then there is an
isomorphism of abelian groups

R1-28-7 R1-2E-L s (Py/Py)",

where we recall that s 1is the Op-period of &£.
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Define the function A: Z —» Z by
A(n) =1 -n-2s forall n e Z.

§4. Cuspidal data.

From now on, £ will be an additive character of F of conductor
Op, that is, Qig, =1 and Rlp;1 £ 1, and E 'will be a tamely
ramified extension (of degree < 2r) over F’ such that it is a subfield
of A" = Endg (V) (and so of A = End,(V)), and that it is stable under

U,

Let &€ = {L;};cz be a self-dual Op-lattice chain, generated by the
Witt basis {e;}ie;, in V with Opperiod s. Let 4 and & be the
hereditary order in A = End,(V) and its Jacobson radical, respectively,
which are defined by this &. From now on, assume

() & = {Li;)iez Satisfies (2.1),

(iiy & is self-dual with respect to f’ (see section 1),

(ili) & is stable under the multiplication by elements of E*, and

(iv) the Ogperiod of &, as an Oglattice chain in V’ Dby (iii),

is at most 2.
By the assumption (i) on ¥ and by Proposition 2.1, & defines
the hereditary order 4 in A’ = Endp (V) and its Jacobson radical

# as in section 2.

LEMMA 41. F is unramified over E, = E%, the fixed field

of E wunder o.
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Let P and {(P,)n,1 be the parahoric subgroup of G and the
filtration of P, respectively, defined by # and &#* for =n > 1 in

section 2..

Definition (Cuspidal datum). Let notations and assumptions be
as above. Let n be an integer 2 2. A system @ = {(f,,F1,C1,¢1).,
s (Fne1rBnots>Cno1>Pn-1) :&o)y Is called a cuspidal datum relative to
E/F’ (cf. [M11, K1), if the following conditions (i)-(v) are satisfied:

d) Let fy, f2,, fae1 Dbe a sequence of positive integers
satifying

f1> f2 >> foa > 1.

(iiy Let By, B2, . ﬁ,,_,\ be a sequence of elements of E_

such that the subfields F, = F[B,], generated by g, over F, satisfy
FF ¢ Fy c Fy ¢ «+ c F,y=E.

(iiiy Let ¢, ¢z,++, Cny De a sequence of elements of E_
such thaf for all i, 1 < 1 £ n-1,

(ay c¢; € F;,

(b)y ¢; € RAMTD _ gATO+T

(¢) c¢; is very cuspidal over F;_; in the sense of [C]. That is,
let a be the order of ¢, in F; ({(cf. Ch.I-4 of [W]), e the order of
ramification of F; over F; ;, and ®&;_,; a prime element of F;4.
Then the followin two conditions are satified.

(1) (a,e) =1, and

(2) the canonical image of @®;%c;y generates F, over F,,,
where F;, and F,_, are the residue class fields of F; and F,,,
respectively. ‘

Put

Go =G and G, = Zg_(B;) for 1< i < n-1,
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where Z;  (B;) denotes the centralizer in G;_, of g;, and further
put
K(j) =P ~n Gy and K,(j) =Pa~G; for j >0 and m 2 1.
Then, by the conditions (ii) and (iii)(c), we can easily see
G; < Endg (V')

by induction on i > 1.

(iv) Let ¢, ¢, ¢,_1 be a sequence of linear characters of
Gy, Ga, -, G,_,, respectively, that is, each ¢; is a characte;r of G
which factors through the determinant in Endy (V7), such that

s () = (T (cg(x-1)) for all =x € K, (1)

where ji is the integer part of (f,+1)/2.

We can see that the quotient K(n-1) = K(n-1)/K,(n-1) is an
algebraic group defined over a finite field (cf. 2.13 of [M2]). Thus we

denote by K(n-1)° the identity component of X(n-1).
(v).- Let &, be an irreducible cuspidal representation of K(n-1)°

(cf. [DL]) such that the representation of K(n-1) induced from &, Iis

irreducible. We denote by & the representation of K(n-1) obtained by

inflating the induced representation under the canonical homomorphism

K(n-1) — K(n-1).

Remark. In (K], we have not defined the cuspidal data in the
case of f, > 1 as in [M1]1 and [M3]. We do not also consider this case
in this note. However we can define the cuspidal data, and construct
irreducible supercuspidal representations of G, as in [M1] and [M3], in this

case.

‘§5. Open compact subgroups and their representations.
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In this section, assume that E/F', £ = {L;};cz and £ =
{L;Y¢ez be as in section 4. Let n be an integer > 2, and P =

{{(f1,B1:¢1:01) » =+ (Fn-1+Bn-1+Cn-1,Pn-1) :60y be a cuspidal datum
relative to E/F’ in section 4.

Associated to ¥, we get the following subgroups of G, as in
Definition 2 of 2.2 of [KJ, which are similar to those of G in section 4:
Gy =G and G; = Zg (By) for 1 g i <n-1,
(5.1) K (j) =P ~ G; and K,(j) = Pp ~ Gj
for j >0 and m > 1, where P/ =G ~4& and P, = G ~(1+R ™)

(see section 4 for 4 and &').

PROPOSITION 5.1. Let notations and assumptions be as above.
Then ® for G over D 1is as well a cuspidal datum relative to

E for G = Zg(F') over F’ /F in Definition 2 of 2.2 of [K].

By Proposition 5.1 and by [K], we can hence get an open compact
subgroup K’ of G’ form the subgroups K';(m) of (5.1), and an
irreducible representation p’ of K’ , associated to ¥, as a cuspidal

datum for G’ .

Similarly, we can construct an open compact subgroup K of G
and an irreducible representation p of K, associated to & for G
as follows: Put
Je= 2], jt = fe—Ji for 1 <k gn-1,
and '
Jun=1Jn =1,
where [r] denotes the integer part of a rational number r. We

can define subgroups of G as follows:

—111—



K, = K; (n-1) K, (k)
L, = K; (k-1) K, (O)
Ly = K, (k-1)K;,  (k~2) K, (O)
for 1 <k g n-1. Put
Ky = K; (n-1) -K; (0) and K = K(n-1)K,.
Then obviously K, = K,L, for 1 < kR < n-1.

Now, fix &, 1 < k < n-1. By definition, X(n-1)X, < G,. Thus
we can restrict the character ¢, in ¥ to K(n-1)K,. We can further
extend the restricted character to a one-dimensional representation 7, of
K(n-1)K,L%, by letting

e (1+4x) = Q(7,(cex)) for 1+x € L%.

(a) Let [f, be even, ie., f, =2j,. Then L, = L% and
K = K(n-1)K,L, = K(n-1)K,L}. Hence 7, is a desired one-dimensional
representation of K. We put 7, = 7.

(by Let f, be odd, ie., f, =2j.,+1. Then L, *+ L} and
KL% ¢ K,L, = Ky. Denote by
He = elg, 1%
the restriction of 2, to K,\L3}. We want to get an irreducible

representation of K; which contains y,, and to extend it to K =

K(n-1)K,.

Put
H = Ky/Ker 11, and 2 = K, L%/Ker u, .
Then we can see that @ is a central subgroup of &, and that the form
<, > on KyxK, can be defined by
<g,h> = u (ghg™'h™?) for g, h € K,
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and that it also induces the form on AH/2x H/9 (see Lemma 10 of
section 4 of [K]). We still denote by < , > it.

Put W = H/9. Then W has a finite-dimensional vector space

structure over the prime field F,, (cf. 4.9 of [M1]).

PROPOSITION 6.2. Let notations and assumptions be as above.

Then < , > 1is the non-degenerate alternating form on WxW.

It follows that KX is a finite Heisenberg group with center 2
associated with the non-degenerate alternating space (W, < , >) (cf.
[G1). Further, we can show that the action of K(n-1) on A/2 via
conjugation leaves < , > invariant (see also Lemma 10 of section 4 of
{K]). Hence, by the well-knowen Heisenberg construction, we can get an
irreducible representation 7, of K = K(n-1)K, from p,, regarded as
a charactér of 2 (see Theorem 2.4 of [G]), as we claimed above.

Varying &k, we hence get the irreducible representations 7, -,
Nay Of K. Let & be the irreducible representation of K(n-1)
defined in Definition (v) of section 4. We can extend it to an irreducible
representation of K = K(n-1)L,_,, also denoted by &, by setting '3
to be trivial on L, ;. ‘

Finally, put

P =N ® @ Nyy ®&.

This p is a desired irreducible representation of K.

- §6. Supercupidal representations.

In this section, we keep notations and assumptions of section 5.

—113—



Let & be a cuspidal datum relative to E/F’'. Let p (resp.
P’} Dbe the irreducible representation of the open compact subgroup K
(resp. K'). of G (resp. G’), defined in section 5, associated to &.
Denote by

n = c-Ind (p:X,G)
the compactly induced representation of p from K to G, and similarly,
n’ = c-Ind(p :K ,G').

Then we get the following:

THEOREM 6.1 (Theorem in section 5 of [KJ). =/ is an

irreducible supercuspidal representation of G’ .

We also get a similar theorem for =x which can be proved in a

similar way.

Let H be an open subgroup of G, and v be a smooth
representation of H on a vector space U over (€, the set of complex
numbers. We say that g € G intertwines v, if Homy\p15, (v, 19) =+

(0) holds, where u9(h) = v(ghg™') for all h € H ~ g 'Hg.
LEMMA 6.2. If g € G intertwines p, then g € KG,_ K.
LEMMA 6.3. Let & be the irreducible representation of K
defined in section 5. Then, if g € G,, intertwines p, it

intertwines <&lg(n-1)-

By definitions in section 4, we have K(n-1) = K (n-1), K, (n-1)

= Kj(n-1) and K(n-1) = K’ (n-1). The structures of these groups
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have been studied in section 3 of [K]. By those results, we can prove the

following:

LEMMA 6.4. If g € G,, intertwines &lg(p-1), then g €
K(n-1).

It follows from Lemmas 6.1-6.4 that g € G intertwines p, then
g € K. Hence by Proposition 1.5 of [C], we get the following:

THEOREM 6.5. m is an irreducible supercuspidal

representation of G.

Theorems 6.1 and 6.5 show that an irreducible supercuspidal
representatidn n of G corresponds to an irreducible supercuspidal
representation 7’ of G = Z,(F') via a cuspidal datum ¢ relative

to E/F for G.
References
(BT1] F. Bruhat and J. Tits, Schemas en groupes et immeubles des groupes

classiques sur un corps local, 1 partie: les groupes linéaire général,

Bull. Soc. Math. France, 112 (1984), 259-301.

[BT2] , Schemas en groupes et immeubles des groupes
classiques sur un corps local, 2"® partie: groupes unitaires, Bull. Soc.

Math. France, 115 (1987), 141-195.
[B] C. Bushpell, Hereditary orders, Gauss sums and supercuspidal
Representations of GL,, J. reine angew. Math. 375/376 (1987), 184-210.
(BK] C. Bushnell and P. Kutzko, The admissible dual of GL (N) via

—115—



compact open subgroups, Ann. of Math. Studies, 129, Princeton, New
Jersey, 1993.
[C1 H. Carayol, Représentations cuspidal du groupe linéaire, Ann. Sci. Ecole
Norm. Sup., 4° series, t. 17 (1984), 191-225.
[DL]1 P. Deligne and G. Lusztig, Representations of reductive groups over
finite fields, Ann. of Math., (2), 103 (1976), 103-161.
[G1 P. Gérardin, Weil representations associated to finite fields, J. of
Algebra, 46 (1977), 54-101.
(Hl R. Howe, Tamely ramified supercuspidal representations of GL,, Pacific
J. Math. 73 (1977), 437-460.
(K] K. Kariyama, Notes on tamely ramified supercuspidal representations of
classical groups; preprint
[M1] L. Morris, Some tamely ramified supercuspidal representations of

symplectic groups, Proc. London Math. Soc., (3), 63 (1991), 519-551.

IM21 ______ Tamely ramified supercuspidal representations of classical
groups, I. Filtrations, Ann. Sci. Bcole Norm. Sup., 4° series, t. 24
(1991), 705-738.

IM31 _____ Tamely ramified supercuspidal representations of classical

groups, II. Representation theory, Ann. Sci. rl'Ecole Norm. Sup., 4° series,
t. 25 (1992), 233-274.

[Mol A. Moy, Local constants and the tame Langlands correspondence, Amer.
J. Math., 108 (1986), 863-930.

[R1 I. Reiner, Maximal Orders, Academic Press, London, 1975.

[S]1 W. Scharlau, Quadratic and Hermitian Forms, Springer, Grundlehren der
Mathematischen Wissenschaften 270, Berlin-Heidelberg-New York, 1985.

(W1 A. Weil, Basic Number Theory, Springer, Berlin-Heidelberg-New York,
1973.

—116—



