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Th $is$ $is$ a par $ti$ al exPo $sition$ $of$ [S3-4].

Le $t$ $\ulcorner$ be a $finitelygen$ era $t$ ed group. We $int$ roduce the $char$ ac $t$ er var $iety$

Ch $(\ulcorner, SL_{2})$ as a scheme over $Z$ $in$ order $to$ parame $tri$ ze conjugacy cl asses $of$

represen $t$ a $ti0$ ns $of\ulcorner$
$inSL_{2}$

$in$ a $f$ unc $tori$ al way. Then. we $speci$ al $i$ ze $t$ he

scaler to the real number field R. Let us explain this briefly.

Le $tHom(\ulcorner. SL_{n})$ be the $f$ unc $tor$ : $R\in$ {commu $t$ a $ti$ ve $ri$ ngs $wi$ th 1} $\vdash\rangle Hom(\ulcorner$ .
$SL_{n}(R))\epsilon\{sets\}$ . Th $e$ $f$ unctor is represen ted by an af fi ne scheme over $Z$ ( $s$ ee

(1. 3) 1 emma). By abus $e$ $of$ no $t$ a $tion$ . we deno $te$ by $thes$ ame $Hom(\ulcorner, SL_{n})$ the

$s$ cheme repres en $ti$ ng the $f$ unc $tor$ . The grouP $s$ cheme $PGL_{n}$ ac $ts$ $on$ $Hom(\ulcorner. SL_{n})$

by the adjoint action on $SL_{n}$ . Whether the uniVersal categorical quotient

$Hom(\Gamma. SL_{n})//PGL_{n}$ (Mumf $0$ rd [Mul) de $fi$ ned over $Zexists$ $0r$ no $t$ $s$ eems $to$ be a

hard uns $0$ lved ques tion. I ns $t$ ead of 1 ooki ng for the quo ti en $t$ space di rec $tly$ ,

we $int$ roduce $t$ he character variety Ch $(\Gamma. SL_{2})$
$t$ oge ther $with$ the $\dot{t}nvaria\mathfrak{n}t$

$morph\dot{t}sm\pi_{\ulcorner}$ : $Hom(\ulcorner, SL_{2})arrow Ch(\Gamma. SL_{2})$ and $itsd\dot{t}$scriminant $D_{\ulcorner}\subset Ch(\ulcorner. SL_{2})$ de $fined$

$-1$

over Z. $for$ wh $i$ ch we show $that$ i) the inverse image
$\pi_{\ulcorner}$ $(D_{\ulcorner})$ is a subfunctor

of $Hom(\ulcorner. SL_{2})$ cons is $t\dot{t}ng$ of abel or reducible rePresentations. and $ii$ ) the
$-1$

restriction of $\pi_{\ulcorner}$ on the complement of $\pi_{\ulcorner}$ $(D_{\ulcorner})$ is a $pr\dot{t}ncipalPGL_{2}-bund$ le

$ui$ th $res$Pect to the \’e $tal$ topology. So. $t$ he $f$ unc $torHom^{*}(\Gamma. SL_{2}):=Hom(\ulcorner, SL_{2})$

$-1$

$\backslash \pi_{\ulcorner}$ $(D_{\ulcorner})$ , $co$ ns $isiti$ ng $of$ $absolut$ el $y$ $i$ rreduc $i$ bl $e$ represen $t$ a $ti0$ ns , has th $e$

un $i$ versal $categ0ri$ cal quo $ti$ en $tCh^{S}(\ulcorner, SL_{2}):=Ch(\ulcorner, SL_{2})\backslash D_{\ulcorner}$ .
Fo $r$ a $finite$ $fieldF_{q}$ , any $r$ a $tio$ nal Po $int$ $t\epsilon Ch^{*}(\ulcorner. SL_{2})(F_{q})$ has $ratio$ nal

$-1$

po $ints$ $in\pi_{\ulcorner}$ (t) becaus $eof$ Ze $n$
’

$s$ $theo$ rem (Lang). Fo $r$ the real $field$ R.

the variety $.Ch^{*}(\ulcorner. SL_{2})(R)deco\pi\iota poses$ into a $d\dot{t}$sjoint union of $tuo$ open

semia $\iota$ gebraic sets $H_{\ulcorner}$ and $T_{\ulcorner}$ such that $Hom^{*}(\Gamma. SL_{2}(R))$ and $Hom^{*}$ ( $\ulcorner$ , SU (2)) $)$

are a pricipal $PGL2(R)$ -bundle and a principal $U(2)/U(1)-bundle$ over $H_{\ulcorner}$ and

$T_{\ulcorner}$ , respec $ti$ ve 1 $y$ . We may call $H_{\ulcorner}$ th $e$ Te $i$ chm\"u 11 er $s$ Pace $for\ulcorner$ $in$ a $s$ ens $e$ .
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I $n$ $f$ ac $t$ . $H_{\ulcorner}$ carr $i$ es a simpl ec tic and K\"ahl er st ruc ture for $s$ ome good $\ulcorner$ .
From the cons truc $ti$ on. the grouP Ou $t(\ulcorner)$ ac $tsna$ turall $y$ on the charac $t$ er

var $ie$ ty Ch $(\ulcorner. SL_{2})$ . Thus. $0$ ne 1 $s$ $n$ a $tura11y$ 1 ead $t0$ 1 $0$ ok $for$ au $tomorphic$

$fo$ rms and $f$ unc $ti$ ons $in$ a $suit$ abl $esenseon$ the charac $t$ er var $ie$ ty $wi$ th

$r$.es $pect$ $to$ Ou $t(\ulcorner)$ ac $tion$ . $\dot{T}his$ mo $ti$ va $t$ ed the presen $t$ $wo$ rk ( $cf$ [S2]).

The \S 1 prepares notation of a representation variety $Hom(\ulcorner. SL_{2})/Z$ . The

$\grave{i}2$
$s$ tud $i$ es $i$ nvar $i$ an $ts$ $of$ $PGL_{2}-action$ $onM_{2xM}_{2}$ as the bu $i$ ld $i$ ng $block$ . The

$|Jni$ versal charac ter ri ng $R(\Gamma. SL_{2})$ and the dis cr $i$ mi nan ts $\Delta(\alpha, \theta)\epsilon R(\ulcorner, SL_{2})$ for

$x,$
$\beta\epsilon\ulcorner$ are $int$ roduced $in$ \S 3. We de $fi$ ne Ch $(\ulcorner, SL_{2}):=Spec(R(\ulcorner, SL_{2}))$ and $D_{\ulcorner}:=$

V $((\Delta(\alpha, \beta)$ $\alpha$ . $\theta\epsilon\Gamma$ )). The $pri$ nc $i$ pal $PGL_{2}$ -bund1 $est$urc ture $on$ the open subs $et$

$0f$ $Hom(\Gamma. SL_{2})$ over Ch $(\ulcorner, SL_{2})$ $wi$ th repec $t$ $to$ $t$ he \’e $t$ al $to$pl ogy $is$ $fo$ rmul a $t$ ed

in \S 4 Thoerem A. The $PGL_{2}(R)$ bundle structure over the semialgebraic set

$0f$ the real charac $t$ er var $ie$ ty Ch $(\ulcorner.SL_{2})(R)$ $is$ $fo$ rmul a ted $in$ \S 5 Theo rem C.

\S 1 Universal representation of a group in $SLn$

\S 2 $PGL_{2}-i$ nvar $i$ an ts $f$ or pai $rof2x2$ ma $tri$ ces

\S 3 The universal character ring $R(\ulcorner, SL_{2})$

\S 4 The $i$ nvar $i$ an $t$ mo rph $i$ sm $\pi_{\ulcorner}$

\S 5 Charac $t$ er var $ie$ ty wi th real $coeffici$ en $ts$

\S 1 Universal representation of a group $\ulcorner$ in $SL_{n}$ .
Th $is$ \S $is$ devo $t$ ed $for$ a prepara $ti$ $on$ $of$ no $tion$ and $termi$ no 1ogy $f$ $or$ the

representation varieties. One is refered to [Pr] [Ba] CL-N] etc.

(1. 1) Le $t\ulcorner$ be a group and $n\epsilon Z\geq 0$ . As $in$ the 1 $nt$ roduc $tion$ , 1 $et$ $Hom(\Gamma, SL_{n})$

be $t$ he $f$ unc to $r$ : $R\epsilon$ {commu $t$ a $ti$ ve $ri$ ngs $wi$ th 1} $\vdash\rangle Hom(\Gamma, SL_{n}(R))\epsilon\{sets\}$ . Le $t$

us $fo$ rmul a $te$ $the$ repres en $t$ ab $ility$ $of$ th $e$ $f$ unc $tor$ $in$ the nex $t$ 1 emma.

Lenma (the $representab\dot{t}l\dot{t}ty$ of $Hom(\ulcorner$ . $SL_{n})$ ).

1. For the given $\ulcorner$ and $n\geq 1$ . there $ex\dot{t}sts$ a pair $(A(\ulcorner. SL_{n}) , \sigma)$ of a
cornutatiye $r\dot{t}ngA(\ulcorner. SL_{n})u\dot{t}$ th 1 and a $representat\dot{t}$on $\sigma:\Gammaarrow SL_{n}(A(\ulcorner.SL_{n}))$
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such that for any commutative $r\dot{t}ngR$ vith 1, the correspondence:

(1. 1. 1) $\varphi\in$
$Hom^{ring}$ (A $(\Gamma,$

$SL_{n}),$
$R$ ) $\vdasharrow\varphi\cdot\sigma\in$ HOm $(\ulcorner, SL_{n}(R))$

is a $b\dot{\iota}ject\dot{t}on$ .
2. The pair (A $(\ulcorner,$

$SL_{n}).\sigma$ ) $\dot{t}sun\dot{t}$que up to an isomorphism of the rtng

$A(\ulcorner. SLn)$ commut ing uith the $rePreSentati0\mathfrak{n}\sigma$ .
3. $I$ $f\ulcorner\dot{t}s$ a finitely generated group, then A $(\Gamma, SL_{n})$

$\dot{t}s$ fini tely

generated algebra over $Z$ and hence $\dot{\iota}t$ is noetherian.

The 1 emma $is$ proven by $st$ andard argume $nts$ . Here we $gi$ ve an $\exp licit$

des $cription$ $of$ (A $(\ulcorner$ . $SL_{n})$ , a). Fo $r$ each $v\epsilon\ulcorner$ . $co$ ns $i$ der a $nXn$ ma $trix$ :

(1.1.2)
$\sigma(\gamma):=$ $(aij(\gamma))ij=1,$

$\ldots.n$

Then A $(\ulcorner, SLn)$ , call ed the $u\mathfrak{n}iVerSal$ $representat\dot{\iota}$on abgebra, $is$ genera $t$ ed

by all en $tri$ es aI $j(\gamma)$
$i$ , $j=1,$ $\cdot\cdot$ . , $n$ , $\gamma\epsilon\ulcorner$ , and $divi$ ded by $t$ he $i$ deal genera $t$ ed

by all en $tri$ es $of$ th $e$ ma $tri$ ces $\sigma(e)-I_{n}$ ( $e=the$ un $it$ $0f\ulcorner$ , I $n=t$ he $nXn$ un $it$

ma $trix$ ) and $\sigma(\gamma\delta)-\sigma(\gamma)\sigma(\delta)$ . and by $det(\sigma(\gamma))-1$ $for$ $\gamma$ . $\delta\epsilon\ulcorner$ . Tha $t$ $is$ :

(1. 1. 3) A $(\ulcorner , SL_{n})$ $:=Z$ [a $ij(\gamma)$
$for\gamma\epsilon\ulcorner$ and $1\leq ij\leq n$ ] $/I$ ,

where I: $=(a_{ij}(e)-\delta_{ij}$ , a $ij(\gamma\delta)-\sum_{k}a_{ik}(\gamma)a_{kj}(\delta)$ , l-de $t(a_{pqpq=1}(\gamma))n$

$for$ $1\leq i$ , $i\leq n$ and $\gamma,$
$\delta\epsilon\ulcorner)$ .

The $\sigma:\gamma\epsilon\ulcornerarrow\sigma(\gamma)\epsilon SL_{n}$ (A $(\Gamma,$
$SL_{n})$ ) $is$ call ed a universal representati on $of$ $\ulcorner$ .

(1. 2) Le $tPGL_{n}$ be th $e$ group $sch$ eme ( $[SGA$ I I 1], [D-G]). I $ts$ coo rd $i$ na $te$

$ri$ ng A $(PGL_{n})$ $is$ $gi$ ven by $t$ he subr $i$ ng $A_{0}(GL_{n})$
$of$ A $(GL_{n}):=Z[x_{ij}1\leq i. j\leq n]$ de $t(X)$

(here $X:=($ $x$ )
$n$

) consisting of homogeneous elements of degree $0$ . The
ij $ij=1$

adj $oint$ ac $tion$ $0f$ $PGL_{n}$ $on$ Ho $m$ $(\ulcorner , SL_{n})$ $is$ $gi$ ven by $its$ $d$ ual ac $tion$ :

(1. 2. 1) Ad : A $(\ulcorner, SL_{n})$
$rightarrow$ A $(\ulcorner, SL_{n})0_{Z}$ A $(PGL_{n})$ ,

sending an entry of $\sigma(\gamma)$ to the same entry of $X^{-1}\sigma(\gamma)X:=\frac{1}{det(x)}X^{*}\sigma(\gamma)X$

(1. 3) From now $on$ . we sw $it$ ch $to$ $n=2$ . Le $t$ us 1 $ist$ up $s$ ome re 1 a $tio$ ns amo ng

th $e$ $t$ races ( $=$ charac $ters$ ) $tr(\sigma(\gamma))$ $for\gamma$Er. The $fi$ rs $t$ $0$ ne $is$ :
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(1.3.1) $tr(\sigma(e))$ $=$ $2$ .
The nex $t$ $0$ ne $fo11$ ows $f$ rom the Cayl $ay$ -Ham $ilton$ $rel$ a $tion$ : a $(\gamma)2+det$ (a $(\gamma)$ ) I 2

$-1$
$=tr(\sigma(\gamma))\cdot\sigma(\gamma)$ . Mul $tiply\sigma(\gamma 6)$ $f$ rom $ri$ gh $t$ and $t$ ake $t$ races. So we ob $t$ a $in$ :

$-1$
(1.3.2) $tr(\sigma(\gamma\delta))$ $+$ $tr(\sigma(\gamma \delta))$ $=$ $trt\sigma(\gamma))\cdot tr(\sigma(\delta))$

$for$ Y. $\delta$ $\epsilon\ulcorner$ ( $[F-K,$ $fo$ rmul as (2) , p. 338]). We a $im$ $to$ descr $i$ be the subr $i$ ng

genera $t$ ed by the charac $t$ ers by genera $to$ rs and rel a $ti$ ons and $to$ show tha $t$ $it$

is the un $i$ vers al (for any scal er ex $t$ ens $i$ on) $i$ nvar $i$ an $t$ subr $i$ ng by the ac ti on
(1. 2. 1) uP $to$ 1 $0$ cal $izatio$ ns by the $dis$ cr $imi$ nan $ts\Delta(\alpha. \beta)$ $int$ roduced $in$ \S 3.

\S 2. $PGL_{2}-i$ nvar $i$ an $ts$ $forpai$ rs $of$ 2 $x2$ ma $tri$ ces

We study the invariants of the diagonal adjoint action of $PGL_{2}$ on the

space $M_{2}xM_{2}$ $of$ $pair$ $(A, B)$ $of2x2$ ma $tri$ ces. Th $e$ morph $i$ sm $\pi:\sim$
$M_{2}XM_{22}arrow A^{5}$

gi ven by $(A, B)\ovalbox{\ttREJECT}\mapsto(tr(A) , tr(B)$ . $tr$ (AB) , de $t(A)$ , de $t(B))$ $is$ shown $to$ be the

un $i$ versal quo $ti$ en $t$ map ((2. 3) Lemma A. B). The $dis$ cr $imi$ nan $t\Delta f$ or $\pi\sim$

$is$

$in$ troduced ((2. 4) 1 emma C) $so$ tha $t$ the $\pi\sim$

$is$ a $pri$ nc $i$ pal $PGL_{2}$ -bundl $eon$

the compl emen $t$ $of$ the $di$ scr $imi$ nan $t$ 1 oc $i$ $\Delta=0$ ((2. 5) Lemma D).

(2. 1) Le $t$

$M_{2}xM_{2}$ be the $s$ pace $of$ $p$ a $i$ rs $of$ $2x2$ ma $tri$ ces. The X $\epsilon PGL_{2}$ ac $ts$ $on$

$-1$ $-1$
(A. B) $\epsilon M_{2}xN_{2}$

$f$ rom the $rightdi$ agonal $y$ by 1 $etti$ ng $(A, B)$ . Ad (X): $=(X AX, X BX)$ .
So we have the dual action on the coordinate ring:

(2. 1. 2) Ad : $Z[M_{2}xM_{2}]arrow Z[M_{2}xM_{2}]$ $\circ_{Z}$ A $(PGL_{2})$

$s$ end $i$ ng an en $t$ ry $of$ $(A, B)$ $to$ the $co$ rrespond $i$ ng en $t$ ry $of$ (A. B) . Ad (X) where

$Z[MxM ]$ $is$ the po 1 ynom $i$ al $ri$ ng genera $t$ ed by en $tri$ es $of$ $(A, B)$ .2 2

(2.2) Let us consider the morphism

(2. 2. 1) $\pi\sim$ : $N_{2^{XM}2}arrow$ A $5:=Spec(Z[\iota, n])$ .
where $Z[I, 2]$ deno $t$ es the po 1 ynom $i$ al $ri$ ng $Z[T_{1}. T_{2}. T_{3} , D_{1}. D_{2}]$ $of$ the 5

indeterminates and $\pi\sim$ is associated to the ring homomorphism:
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(2. 2. 2) $\iota$ : $Z$ [I. $\underline{D}$ ] $arrow Z[MxM ]$2 2

$gi$ ven by 1 (T1) $:=tr(A)$ . $\iota(T_{2})$ $:=tr(B)$ . $\iota(T_{3})$ $:=tr$ (AB). $\iota(D_{1})$ $:=det(A)$ and

$t(D_{2})$ $:=det(B)$ . Th $e$ mo rph $i$ sm $\pi\sim$

$isG_{m}$-equ $i$ var $i$ an $t$ and $PGL_{2}-i$ nvar $i$ an $t$ , $si$ nce

$tr(A)$ , $tr(B)$ , $tr$ (AB). $det(A)$ and de $t(B)$ are $PGL_{2}-i$ nvar $i$ an $t$ $h$ omogenous

po 1 $ynomi$ a1 $s$ ( $of$ $d$ egr ee 1 , 1 , 2 , 2 and 2. resPec $ti$ ve 1 y). $Fi$ rs $t$ , we show:

(2. 3) Lemma A. $Z[MxM$ $1$ is a free modu $l$ e over $Z[\underline{T}, \underline{D}]$ .
2 2

As a co ns equence $of$ the 1 emma $A$ , $Z[M_{2}xM_{2}1$ is $fa\dot{t}$ thful $ly$ flat oVer $Z[\underline{T}$ , Dl.

I $n$ particular, the map 1 (2.2.2)is un iversaly injective, and we regard

$Z[\underline{T} , \underline{D}]$ as a $subring$ $of$ $Z[M_{2}XM_{2}]$ . Mo $re$ $stron$gl $y$ , $the$ $next$ 1 emma $s$ ays $th$ a $t$

$it$ $is$ $t$ he un $i$ ver $s$ al $i$ nvar $i$ an $t$ subr $i$ ng $wi$ th $r$ es $pect$ $ot$ $t$ he PGL-ac $tion$ .

Lemma B. Let $R$ be any $Z[\underline{T}, \underline{D}]-a$ lgebra $ui$ th 1. Then

(2.3.1) $R\simeq(R\Phi Z[MxN_{2}])^{PGL_{2}}z[\underline{T},\underline{D}]2$

Here, the $PGL_{2}$ action on $Z[MxM22]$ is extended to the tensor product by

letting $PGL_{2}$ act $tr\dot{t}v\dot{t}ally$ on R.

$PGL_{2}$

Remark. 1. I $t$ $is$ $c1$ as $si$ cal $that\mathbb{Q}[M_{2}xM_{2}]$
$is$ genera $t$ ed by $t$ races

$tr(W)$ $forW\epsilon$ {th $e$ mo no $id$ genera $t$ ed by the A and $B$ } ( $[G-Y]$ , [Prl , [W]). Th $is$

$is$ no $t$ $t$ rue $for$ Z-co $effici$ en $t$ . E. $g$ . : the re 1 a $tion$ $2det(A)=tr(A)-tr(A^{2})2$

$impli$ es $the$ al gebra $icdepend$ence $of$ $tr(A^{2})$ and $tr(A)$ $in$ $char=2$ , whereas

de $t(A)$ and $tr(A)$ are un $i$ vers al $y$ al gebra $i$ cal $y$ $ind$ ePenden $t$ ( $cf.$ 1 emma B).

PGLn is generated by $tr(\dot{\lambda}w)$

2. Do nk $in$ [Dl has shown tha $tZ[Mn^{X}\ldots xNn]$

$for$ $i=1,$ $\cdots$ . $n$ and $w\epsilon$ {the mo no $id$ genera $t$ ed by Al. $\cdots,$ $A_{m}$ } , where we

$d$ en $ote$ by $M_{n}X\cdots xMn$ $the$ $space$ $of$ $m-t$ up1 $e$ $nxn$ ma $tri$ ces $(A_{1}. \cdots. A_{m})$ .

(2. 4) We $int$ roduce $t$ he $dis$ cr $imi$ nan $t\Delta=\Delta$ (A. B) $of$ $t$ he mo $rphi$ sm $\pi\sim$ . Fo $r$ a

ma$trixA=$ , pu $t$
$A^{*}:$ $=$ $so$ tha $t$ $A^{*}A=AA^{*}=det(A)I_{2}$ and $A+A^{*}=tr(A)$ I 2
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$Def\dot{\iota}n\dot{t}$ tion. The $diSCTinina\mathfrak{n}tf$ or $\pi\sim$

$is$ the po lynom $ia$ [:

: 2. 4. 1) $\Delta(A, B)$ $:=$ tr $(ABA^{*B}^{*})$ – $tr$ $(AA^{*BB}^{*})$

$=T_{1}^{2}D_{2}$ $*T_{2}^{2}D_{1}$ $*T_{3}^{2}$ –
$T_{1}T_{2}T_{3}$

– 4 $D_{1}D_{2}$

$\backslash$ jus $tification$ $for$ th $is$ name $is$ $in$ the nex $t$ 1 emma C. Le $t$ $J$ be the $i$ deal

$|fZ[M_{2}XM_{2}]$ genera $t$ ed by all $5x5$ $mi$ nors $of$ the Jacob $i$ an ma $trixof\pi:\sim$

$\overline{8(a_{1}b,c.d.e.f.g.h})$

$8(T_{1}.T_{2}.T_{3}.D_{1}.D_{2})$

$=$ $[d00el-cg000-b000f$ $h00al$ $h0a01-gc000-fb000$ $d0e01]$ .

Lemma C. The $inteTSeCtiO\mathfrak{n}$ of the $Jacob\dot{t}\dot{t}dealJu\dot{t}th$ the $\dot{t}\mathfrak{n}var\dot{t}a\mathfrak{n}t$

$l^{\backslash }ubr\dot{t}ngZ[\iota.n]$ is a $pr\dot{t}ncip\dot{t}al\dot{t}deal$ generated by the $discrim\dot{t}nant$ .
.2.4.2) $J\cap Z[\iota, n]$ $=$ $(\Delta)$ .

. 2. 5) Le $t$ us deno $te$ by $D_{\Delta}$ the $divisorof$ A $5=Spec(Z[\iota,n])$ de $fi$ ned by the

deal $(\Delta)$ . Owi ng $to$ the $t2.4.2$ ) , the $J$ acob $i$ an $crit$ er $ion$ $impli$ es the

: moo thness $of$ the $mo$ rph $i$ sm $\pi\sim$ (2. 2. 1) $on$ the complemen $t$ $of$ $t$ he $\pi^{-1}\sim tD_{\Delta}$ ):

:2.5.1)
$\pi_{\Delta}$ :
$\sim$

$N_{2}xN_{2}\backslash \pi\sim-1(D_{\Delta})arrow$ A $5\backslash D_{\Delta}$ .
fore strongly, we prove the next lemma, to which the proof of main theorem

$\mathfrak{l}$ in \S 4 is reduced.

Lemma D. The norphism (2.5.1) is a $princ\dot{t}pal$ $PGL_{2}$ -bundle uith

esPect to the \’etal topology.

\S 3 The un $i$ versal charac $t$ er $ri$ ng $R(\ulcorner, SL_{2})$ .
We introduce the universal character ring $Rt\Gamma$ . $SL_{2}$ ) by generators and

$e1$ a $ti$ ons $in$ terms $of\ulcorner$ . The goal $is$ the $fo$ rmul a $t3.4.3$ ) , wh $i$ ch $is$ a key

. $n$ the proof of the main theorem $B$ in \S 4.
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(3. 1) $Defin\dot{\iota}t\dot{t}$on. The $uni$versal character ring $R(\ulcorner. SL_{2})$ of Tepresen tations

of $\ulcorner$ in $SL2$ is generated by the indeterminates $s(Y)$ $\gamma\epsilon\ulcorner$ and divided by the
$-1$

$i$ deal genera $t$ ed by $s(e)-2$ ( $e=t$ he un $it$ $of$ $\ulcorner$ ) and by $s(\gamma)s(\delta)-s(\gamma\delta)-s(\gamma \delta)$

$for$ al 1 $\gamma$ . $\delta$ $\epsilon\ulcorner$ . Tha $t$ $is$ :

(3. 1. 1) $R(\ulcorner, SL_{2})$
$:=Z[s(\gamma) , \gamma\epsilon\ulcorner]/(s(e)-2$ , $s(\gamma)s(\delta)-s(\gamma\delta)-s(\gamma^{-1}\delta))$ .

(3. 2) The $ri$ ng $R(\Gamma. SL_{2})$ $is$ $finitely$ genera $t$ ed over $Z$ , $if$ $\ulcorner$ $is$ $finit$ el $y$

genera $t$ ed as shown $in$ $the$ $n$ ex $t$ 1 emma. Such $finit$ enes $s$ was as $sert$ ed $for$

the $ri$ ng $of$ $tr$ aces $0f$ $SL2$ by Fr $i$ cke [F-K] and proven $in$ $[H, 2. f)]$ , [Ho ,

Theo. 3. 1. ] and [C-S].

Proposition. Let A be a Linearly ordered generater subset of $\Gamma$ .
Then $R(\ulcorner. SL_{2})$

$\dot{t}s$ generated by $G:=g_{\mathbb{N}}m$ { $S(\alpha_{1}\cdots\alpha_{m})|$ $\alpha_{i}\epsilon$ A. $\alpha_{1}<\cdots<\alpha_{m}$ } over Z.

Corol lary 1. $I$ $f$ the group $\ulcorner$ is $fin\dot{t}$ teby generated, then the

$R(\ulcorner. SL_{2})$ is $fin\dot{t}tely$ generated over Z. Hence it is noetherian.

(3. 3) Fo $r\alpha$ and $\beta\epsilon\Gamma$ , de $fi$ ne the $discrim\dot{t}nant\Delta$ ( $\alpha$ , B) $\in R(\ulcorner , SL_{2})$ by

$-1$ $-1$
(3.3.1) $\Delta(\alpha, \beta):=$ $s(\alpha\beta\alpha \beta )$ – 2.

$=$
$s(\alpha)*s(\beta)+s(\alpha\beta)-s(\alpha)s(\beta)s(\alpha\beta)-4222$ .

Th $is$ de $finition$ $of\Delta$ $is$ parare 11 $to$ $that$ $inZ[\iota,$ $P1$ (2. 4. 1). I $n$ $f$ ac $t$ . we

$con$ $f$ us $e$ $t$ hem $in$ a pro $of$ $of$ $the$ ma $in$ theorem $B$ $in$ \S 4. The po 1 $ynomi$ al $h$ as

been $studi$ ed $extensively$ by R. Fr $i$ cke [F] and many $ot$ hers.

(3. 4) An $import$ ance $of$ $t$ he $discriminant$ $is$ $\exp l$ a $in$ ed $in$ th $e$ $next$ 1 emma.
which plays an essential role in a proof of our main theorem in \S 4.

$Def\dot{t}n\dot{\iota}ti$on. Le $t$ $N$ be a $R(\ulcorner, SL_{2})$ -modul $e$ . A maP $h:\Gammaarrow M$ $is$ $ca11$ ed a

form $wi$ th $val$ ues $in$ M. $if$ $for$ any $\gamma$ and $\delta\epsilon\ulcorner$ $0$ ne has a $re1$ a $tion$ :
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$-1$
(3.4.1) $h(\gamma\delta)$ $*$ $ht\gamma$ 6) $=$ $s(\gamma)h(\delta)$ .

Lemma Let $h$ be a form $u\dot{t}$ th values $\dot{t}n$ M. Suppose $h(e)=h(\alpha)=h(\beta)=$

$h(\alpha\theta)=0$ for some $\alpha$ and $\beta\epsilon\ulcorner$ . Then for any $\gamma\epsilon\ulcorner$ one has

(3. 4. 2) $\Delta(\alpha. \beta)h(\gamma)$ $=0$

The compos $\dot{t}ti$ on of $h$ uith the $localizat\dot{t}$on $Marrow M$ is $\dot{t}dentically$ zero.
$\Delta(\alpha, \delta)$

Coro $l$ lay. For any $\alpha,$ $\beta.\gamma$ and 6 $\epsilon\ulcorner$ . one has

(3. 4. 3)

$s(\gamma\delta)=-\overline{\Delta}^{\frac{1}{(\alpha.\beta)}(s(\gamma).s(\gamma\alpha).s(\gamma\beta).s(\gamma\alpha\beta))\cdot T}$. $t_{(s(\delta).s(\alpha\delta).s(\beta\delta).s(\alpha\beta\delta))}$

in the Local $\dot{\iota}zat\dot{t}$ on $R(\ulcorner.SL_{2})\Delta(\alpha.\theta)$ , uhere $T\epsilon M_{4}(R(\ulcorner, SL_{2}))$ such that

$T\cdot(s(\epsilon_{i}\epsilon_{j}))=-i4\Delta(\alpha j=1 , \beta)I_{4}$ for $\sigma_{1}=e$ . $\epsilon_{2}=\alpha,$ $\epsilon_{3}=\beta$ and $\epsilon_{4}=\alpha\beta$ .

This is a key lemma to prove that the system $\{s(\gamma) \gamma\in\ulcorner\}$ satisfies any

algebrai $c$ rel a $ti$ ons wh $i$ ch $is$ sa $tisfi$ ed by the sys $t$ em $\{tr(\sigma(\gamma)) \gamma\epsilon\Gamma\}$ $of$

charac $t$ ers a $t$ the pl ace where $\Delta(\alpha, \beta)$ is $i$ nver ti bl $e$ for some $\alpha,$
$\beta\epsilon\ulcorner$ .

(3.5) Remark. The study of the algebra of traces $(=characters)$ of

representations of a group $\ulcorner$ into $SL_{2}$ started by Voigt and Fricke and

$is$ develoPPed by many au thers He 11 $ing$ , Ho row $i$ $tz$ , Magnus. Bas $s$ . Lubo $t$ sky

Pro ces $i$ , Pl a $tonov$ , V $i$ nberg and $0$ thers. See $ref$ erences $of$ the quo $t$ ed Papers.

Le $tF_{n}$ be a $f$ ree group genera $t$ ed by $nel$ emen $ts$ . Magnus call ed the

homomorphic $i$ mage of the ri ng $R$
$(F_{n} , SL_{2})$ in the ri ng of func tions on the

represen $t$ a $tion$ $s$ Pace $Hom$ $(F_{n} , SL_{2}(C))$ the $ri$ ng $of$ Fr $i$ cke $ch$ arac $t$ ers [Ma].

We do no. $t$ know $whe$ ther the homomo $r$ Ph $i$ sm has no $n$ $trivi$ al kernel or no $t$ .

\S 4 The invariant morphism $\pi_{\ulcorner}$

A $f$ $t$ er $int$ roduc $i$ ng $t$ he charac $t$ er var $ie$ ty Ch $(\Gamma, SL_{2})$ , the $i$ nvar $i$ an $t$ mo $rphi$ sm

$\pi_{\ulcorner}$ : $Hom(\ulcorner, SL_{2})-arrow Ch(\ulcorner, SL_{2})$ and the $discrimi$ nan $t$
$D_{\ulcorner}$

$in$ (4. 1), the ma $in$
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resul $ts$ are $f$ ormul a $t$ ed $in$ (4. 2) As $setion$ and (4. 3) Theo rem A.

(4. 1) Le $t$ $\ulcorner$ be a gro up. Pu $t$

(4. 1. 1) Ch $(\ulcorner, SL_{2}):=$ $Spec(R(\Gamma. SL_{2}))$ ,

where $R(\Gamma, SL_{2})$ $is$ de $fi$ ned $in$ (3. 1). Recal 1 th $e$ $fact$ $th$ a $t$

$Hom(\ulcorner, SL_{2})$ $is$

$i$ den $tifi$ ed $wi$ th the a $ffi$ ne $s$ cheme $for$ $t$ he un $i$ vers al reperesen $t$ a $ion$ $ri$ ng

A $(\Gamma, SL_{2})$ ( $cf$ (1. 3) 1 emma). Then the $i$ nvar $i$ an $t$ mo $rphi$ sm $is$ de $fi$ ned

(4. 1. 2)
$\pi_{\ulcorner}$ : $Hom(\ulcorner. SL_{2})$

$arrow$ Ch $(\ulcorner , SL_{2})$

through the ring homomorphism:

(4. 1. 3) $\Phi$ : $R(\ulcorner , SL_{2})arrow$ A $(\ulcorner , SL_{2})$ .
$s(\gamma)|arrow tr$ (a $(\gamma)$ )

The $\Phi$ $is$ well de $ii$ ned (compare (3. 1. 1) $with$ (1. 3. 1) and (1. 3. 2)).

Th $e$ $discr\dot{t}$minant $subvar\dot{t}ety\subset$ Ch $(\ulcorner, SL_{2})$ $of$ $the$ mo $rphi$ sm $\pi_{\ulcorner}$

$is$ $defi$ $n$ ed as

(4.1.4)
$D_{\ulcorner}$ $:=\alpha,$ $9\epsilon\Gamma V(\Delta(\alpha, \beta))$ ,

wher $e$ the $\Delta(\alpha. \beta)\epsilon R(\ulcorner, SL_{2})$ $is$ $int$ roduced $in$ (3. 3. 1).

(4. 2) We $ch$ arac $t$ er $i$ ze $the$ $i$ nvers $e$ $i$ mage $\pi_{\ulcorner}^{-1}(D_{\ulcorner})$ $of$ $the$ $discriminant$ .

$-1$

Assertion. Let $p\epsilon Spec$ (A $(\ulcorner$ . $SL_{2})$ ). Then $P$ belongs to $\pi_{\ulcorner}$ $(D_{\ulcorner})$ , $\dot{t}f$ and

only $\dot{\iota}f$ the $\dot{t}mage\sigma_{p}(\ulcorner)$ in $SL_{2}(k_{p})$ of the $\ulcorner\dot{t}se\dot{t}therabel\dot{t}an$ or $reduc\dot{\iota}ble$ ,

where $k_{p}$
$\dot{t}s$ the fraction $f\dot{t}eld$ of the $\dot{t}ntegral$ domain $A(\Gamma. SL_{2})/p$ , and

$\sigma_{P}:\ulcornerarrow SL2(k_{p})$
$\dot{t}s$ ob tained by a $spec\dot{t}alizat\dot{t}$ on of the uniyersal $\sigma$ at P.

(4. 3) Le $t$ us $st$ a $te$ a ma $in$ resul $t$ $of$ $t$ he pres en $t$ no $te$ .

Theorem A. The $restr\dot{t}ct\dot{t}on$ of the $\dot{t}nvar\dot{t}a\mathfrak{n}tmorph\dot{t}sm\pi_{\ulcorner}$ to the
$-1$

complement of the inverse image
$\pi_{\ulcorner}$ $(D_{\ulcorner})$ of the $discrim\dot{t}nant$ is a $pr\dot{t}ncipal$

$PGL_{2}$ -bundle with respect to the etal topology $def\dot{t}ned$ over Z.
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ProOf. By de $finiti$ on $of$
$D_{\ulcorner}$ , $0$ ne has an af $fi$ ne $0$ Pen cover $i$ ng

Ch $(\Gamma. SL_{2})\backslash D_{\ulcorner}=\alpha.\nu\in\ulcorner Spec(R(\ulcorner. SL_{2})\Delta(\alpha. \beta))$ . Then the proo $f$ $is$ reduced $to$

each affine open piece, stated as a consequence of the next Theorem B.

(4.4) For any fixed pair $\alpha$ and $\beta$ of $\ulcorner$ , consider the $PGL_{2}-equivariant$

morph $i$ sm $Hom(\ulcorner, SL2)arrow MxM22$ and a $mor$ph $i$ sm $h_{\alpha f}$ : Ch $(\Gamma. SL_{2})arrow A^{5}=Spec$ ( $Z$ [Z. $Q]$ )

defined by the coordinate ring homomorphisms given by

(4. 4. 1) A $\ovalbox{\ttREJECT}\mapsto\sigma(\alpha)$ and $B$ $barrow\sigma(\beta)$ ,

(4. 4. 2) $T_{1}\vdash’ s(\alpha)$ , $T_{2}\ovalbox{\ttREJECT}\mapsto s(\beta)$ . $T_{3}\vdasharrow s(\alpha\theta)$ . $D_{1}|arrow 1$ and $D_{2}\vdash$
) $1$

so that the next diagram becomes commutative
$Hom$ ( $\ulcorner$ . SL ) $arrow NxN$

(4. 4. 3)

Ch
$(\Gamma,SL_{2})\downarrow\pi_{\ulcorner}2$

$arrow$

$A2\iota$ $2_{\sim}=Spec(Z[\iota,n])\pi$

We remark tha $t$ the $discri$ mi nan $t\Delta$ $(\alpha , \beta)$ (3. 3. 1) $is$ the pull back $of\Delta(A, B)$

$t2.4.1)$ . By abuse $of$ no $t$ a $tion$ , we shall deno $te$ bo th $of$ $t$ hem by $\Delta$ .

Theorem B. The $d\dot{t}agran$ (4.4.3) $\dot{t}sCartes\dot{t}an$ on the complenent

of the loci $\Delta=0$ . That is: the $localizat\dot{t}on$ by $\Delta$ of the honomorPhisn

(4.4.4)
$\Psi_{\alpha,\beta}$ : $R(\ulcorner, SL_{2})o_{Z[\iota,n]}Z[M_{2}xM_{2}]arrow A(\ulcorner, SL_{2})$

(ob tain$ed$ from (4. 1. 3) , (4. 4. 1) and (4. 4. 2)) $\dot{t}s$ an $\dot{t}soI0rPhiS\mathfrak{n}$ .

Theorem A $fo11$ ows $f$ rom theorem $Bwi$ th (2. 5) 1 emma D. Theorem $B$ $is$ proved

by cons $t$ ruc $ti$ ng the 1 ocal $i$ zed $i$ nverse homomo $rphi$ sm $of$
$(\Psi_{\alpha.\beta})\Delta of$ (4. 4. 4).

I $n$ $vi$ ew $of$ $the$ represen $t$ ab $ili$ ty (1. 1) 1 emma, th $is$ $is$ equ $i$ val en $t$ $to$ $gi$ ve $a$

representation $\sigma*$ for a PreScribed sySten of ’$characters$ $s(\gamma)$ $\gamma\in\ulcorner$ and a

pair of $natr\dot{\iota}x(A, B)\epsilon MxM$ (over the same point of A $5\backslash \{\Delta=0\}$ ) such that2 2
$trt\sigma^{*}(\gamma))=s(\gamma)$ and $(\sigma^{*}(\alpha) , \sigma^{*}(\beta))=(A. B)$ . Th $is$ $is$ ach $i$ eved by pu $tting$ :

$\sigma^{*}(Y)$
$:=$ – $\frac{1}{\Delta(\alpha,\beta)}$ (

$I_{2}$ . $A,$ $B,$ AB) $\cdot T\cdot t(s(\gamma) , s(\alpha\gamma)$ . $s(\beta\gamma)$ , $s(\alpha\beta\gamma))$ ,

where $T$ $is$ $t$ he ma $trixof$ $M_{4}(H(\Gamma. SL_{2}))$ $in$ (3. 4. 3). The $f$ ac $t$ tha $t$ th $is$

de $fi$ nes a homomo $rphi$ sm $is$ shown by an es $s$ en $ti$ al us $e$ $of$ the $fo$ rmul a (3. 4. 3).
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\S 5 Ch $ar$ ac $t$ er var $ietywith$ real $coeffici$ en $ts$

We $s$ pec $i$ al $i$ ze $the$ $s$ cal er $to$ the real number $field$ R. We de $t$. erm $i$ ne $t$ he

$i$ mage $of$ the $i$ nvar $i$ an $t$ mo rph $i$ sm $\pi_{\ulcorner}(R)$ (4. 1. 2) (up $to$ $t$ he $dis$ cr $imi$ nan t) as

an open semialgebraic set in the real character variety. This leads to the

$PGL_{2}(R)$ -bundle structure on $Hom^{*}(\ulcorner, SL_{2}(R))$ over a semialgebraic set $H_{\ulcorner}$

with respect to the $class\dot{t}cal$ topology((5. 5) Theorem C).

(5. 1) Co ns $id$ er the $i$ nvar $i$ an $t$ map $\pi\sim$ (2. 2. 1) over the real numbe $r$ $fie$ ld $R$ :

(5. 1. 1) $\pi\sim$ : $M_{2}(R)xM_{2}(R)arrow$ A 5 (R) $:=Hom$ ( $Z[\underline{T}$ , 2} , R)

and the real 1 $oci$ $of$ $t$ he $discrimi$ nan $t\Delta$ (2. 4) :

(5. 1. 2) $\sim D_{\Delta}(R)$ $:=$ $t\varphi\in$ A $5_{(R)}$ : $\Delta(\varphi)$ $:=\varphi(\Delta)=0\}$ .

(5. 2) Le $t$ us $int$ roduce an open $s$ em $ial$ gebra $ic$ subs $et$ $of$ A 5 (R) :

(5.2.1) $\sim T_{\Delta}:=$ $\{\delta_{1}<0, \delta_{2}<0. \delta_{3^{\langle}}0, \Delta<0\}$

wh $ere$

(5.2.2) $\delta_{1}=T_{1}^{2}-4D_{1}$ , $\delta_{2}=T_{2}^{2}-4D_{2}$ and $\delta_{3}=T_{3}^{2}-4D_{1}D_{2}$ .

are the di scrimi nan ts for the charac $t$ eri stic po lynom $i$ al $s$ of A. $B$ and AB

$r$ espec $ti$ ve 1 $y$ . Th $e$ $fo11owi$ ng $i$ ac $ts$ are shown by $direct$ $c$ al $cu1$ a $tions$ .

Lemma E. i) $\tilde{T}_{\Delta}$ i $s$ a convex connected component of A $5(R)\backslash D_{\Delta}\sim$ .
ii) A $5(R)\backslash \tilde{T}_{\Delta}=\pi\sim(N_{2}(R)\cross N_{2}(R))$ .

Le $t$ us decompo $se$ $t$ he $s$ pace A 5 (R) $into$ $semial$ gebra $ic$ $sets$ :

(5.2.3) A $5(R)$ $=\sim D_{\Delta}u\sim H_{\Delta}u\tilde{T}_{\Delta}$ ,

where $\sim H_{\Delta}:=A^{5}(R)\backslash (D_{\Delta}UT_{\Delta}\sim\sim)$ $is$ a un $ion$ $of$ $co$ nnec $t$ ed componen $ts$ $of$ A 5
$(R)\backslash D_{\Delta}\sim$ .

Then the 1 emma $E$ $ii$ ) $is$ paraphras $e$ as: I mage $(\pi\sim)$
$=\sim\sim D_{\Delta}uH_{\Delta}$ .

(5.3) For any given $\alpha$ . $\beta\epsilon\ulcorner$ , consider the homomorphism $F_{2}arrow\ulcorner$ associating

$t$ he two genera $to$ rs $of$
$F_{2}$

$t0\alpha$ and 8. Th $is$ $i$ nduces the $di$ agr am (4. 4. 3) :
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(5. 3. 1)
$\downarrow\pi_{\ulcorner}(R)2$ $2^{\cdot}2\downarrow\pi tR)\sim$

$Hom$ ( $\ulcorner$ . SL $tR$ ) $)arrow Hom$ ( $F$ SL $(R)$ ) $cM_{2}(R)xM_{2}tR)$

Ch $(\ulcorner, SL_{2})(R)rightarrow|h_{\alpha f}$ A 5 (R)

where the $morphi$ sm $h_{\alpha.\beta}$
$is$ de $fi$ ned by (4. 4. 2) and Ch $(\Gamma, SL_{2})(R):=$ $Hom(R(\ulcorner$ ,

$SL_{2})$ , R) $is$ the real charac $t$ er var $ity$ . By a us $eof$ the $morphi$ sm $h_{\alpha,\beta}$ , 1 $et$

us $int$ roduce a decompos $itionof$ the real charac $t$ er var $iety$ :

(5. 3. 2) Ch $t\Gamma,$
$SL_{2}$ ) $(R)$ $=D_{\ulcorner}tR)$ El $H_{\ulcorner}uT_{\Gamma}$ ,

dhere

$D_{\ulcorner}(R):=$ { $t\in Hom(R(\Gamma,$ $SL_{2})$ , R) $|$

$h_{\alpha.\beta}(t)\epsilon D_{\Delta}(R)$
$f$ or $\forall\alpha$ , $\beta$ Er}

is the Zariski closed real discriminant set and

$H_{\ulcorner}:=tt\epsilon HomtR(\Gamma. SL_{2})$ , R) $|$
$\exists\alpha$ . $\beta\epsilon\Gamma$ such $thath_{\alpha.\beta}(t)\epsilon H_{\Delta}\}\sim$

$T_{\ulcorner}:=tt\epsilon Hom$ ( $R(\ulcorner$ . $SL_{2})$ , R) $|$ $\ni\alpha$ . $\beta\epsilon\ulcorner$ such tha $th_{\alpha,\beta}(t)\epsilon T_{\Delta}\}\sim$ .
2 $re$ OPen $senialgebra\dot{t}c$ sets such that $H_{\ulcorner}\cap T_{\ulcorner}=\phi$ . (Openness $is$ cl ear. $f$ or $\sim T_{\ulcorner}$

and $\sim H_{\ulcorner}$ are open. Lemma $Ewi$ th the Car $t$ es $i$ anness $of$ (5. 3. 1) (\S 4 Theorem B)

$i$ mpl $i$ es $H_{\ulcorner}\cap T_{\ulcorner}=\phi$ . Due $to$ the bas $is$ theo rem $ofHi1$ ber $t$ . one $fi$ nds a $finite$

sys $t$ em $\{(\alpha_{i}. \theta_{i})\}i\epsilon$ I such tha $t$
$D_{\ulcorner}(R)=ie_{I}\{\Delta(\alpha_{i} , \beta_{i})=0\}$ . Then $for$ the $s$ ame

$i$ ndex $set$ I. $0$ ne can show the equal $iti$ es: $H_{\ulcorner}=i8I\alpha\beta h^{-1}(H_{\Delta}\sim)$ , $T_{\Gamma^{=}i8I}h_{\alpha\beta}^{-1}(T_{\Delta}\sim))$ .
$i$ $i$ $i$ $i$

(5. 4) The commu $t$ a $tivityof$ (5. 3. 1) $wi$ th Lemma $E$ $imply$ tha $t$ the $i$ mage $of$

$\pi_{\ulcorner}(R)$ $is$ $cont$ a $i$ ned $inD_{\Gamma}(R)UH_{\ulcorner}$ . Nore $st$ rongl $y$ . $si$ nce (5. 3. 1) $is$ Car $t$ es $i$ an
((4. 4) Theorem B) , any $point$ $0f$

$H_{\ulcorner}$
$is$ $in$ the $i$ mage $0f\pi_{\ulcorner}(R)$ . So we have:

Lemma F. Le $t\pi_{\ulcorner}(R)$ be the $real$ $im;ar$ iant no rphisns (5. 1). Then

(5. 4. 1) I mage $(\pi_{\ulcorner}(R))\backslash D_{\ulcorner}(R)$ $=$
$H_{\ulcorner}$

A meaning of the remaining set $T_{\ulcorner}$ is given by the next lemma. Since

$SU(2)\subset SL_{2}(C)$ . . the $restriction$ $of\pi_{\ulcorner}(C)$
$i$ nduces the $fo11owi$ ng map:

(5. 4. 2)
$u_{\ulcorner}$ : $Hom$ ( $\ulcorner$ , su (2)) $arrow$ Ch $(\ulcorner , SL_{2})(R)$ .

$p$ $\vdash*$ $(s(\gamma)\vdash’ tr(\rho(\gamma))$

$-12-$



Lemma G. The image set of the $morph\dot{t}smu_{\ulcorner}$ is $g\dot{t}ven$ by

(5.4.3) Image $(u_{\ulcorner})\backslash D_{\ulcorner}(R)$ $=T_{\ulcorner}$ .

(5. 5) Comb $ini$ ng the above (5. 4. 1) , (5. 4. 3) $wi$ th the \S 4 Theorem $A$ , we

summar $i$ ze $t$ he resul $ts$ $of$ the PaPer as $fo11ows$ .

Theorem C. Cons ider the sets of absolutely $\dot{t}rreduc\dot{t}ble$ representations

$Hom^{*}(\ulcorner, SL_{2}(R))$ $:=Hom(\ulcorner, SL2(R))\backslash \pi_{\ulcorner}^{-1}(D_{\ulcorner}(R))$ ,

2nd
$Hom^{*}$ ( $\ulcorner$ . su (2)) $:=Hom$ ( $\ulcorner$ , su (2)) $\backslash u_{\ulcorner}^{-1}(D_{\ulcorner}(R))$

$\Gamma herestr\dot{t}$ctions $0f$ (4. 1. 2) and (5. 4. 2) are a principal $PGL_{2}(R)-bund$ Le and

2 $pr\dot{t}nicipalU(2)/U(1)$ -bundle over the open $sem\dot{t}algebraic$ sets $H_{\ulcorner}$ and $T_{\ulcorner}$

(5. 3. 2) of the real character variety Ch $(\ulcorner, SL2)(R)$ , respectively.

PGL (R)

$\pi_{\ulcorner}$ : $Hom^{*}(\ulcorner, SL_{2}(R))\underline{2}H_{\ulcorner}$

$U(2)/U(1)$

$u_{\ulcorner}$ : $Hom^{*}(\Gamma, SU(2))$ –
$T_{\ulcorner}$

$\Gamma he$ value of a coordinate $s(\gamma)\epsilon R(\Gamma, SL_{2})$ at a $p0\dot{t}nt$ of the base space $\dot{t}s$

$\vee 9qual$ to the character $tr(p(\gamma))$ for any $representat\dot{t}$ on $p\dot{t}n$ its $f\dot{t}ber$ .
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