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Introduction
Let $F$ be R,C or $H$ and $a-,$ $\overline{c\iota}$ the usual conjugation in F. We define the

following quadratic form in $F^{\prime l+1}$

$(x, y)_{-}=-\overline{x}_{()}y_{0}+\overline{x}_{1}y_{1}+\cdots+\overline{x}_{l\}}y,\}$ .

Let $U(1, n;F)$ be the group of the linear transformations $g$ in $F^{\tau 1+1}$ which
satisfy $(gx, gy)_{\sim}=(x, y)_{-}$ for $cdlx,$ $y\in F^{lt+1}$ We define the group $C_{J}$ as
follows.

1. If $F=R,$ $G$ is the connected component of the unit element in $lI(1, n;R)$ ,
i.e. $G=SO_{0}(1, n)$ .

2. If $F=C,$ $G$ is the group of all the elements $g\in U(1, n;C)$ of deterllli-
nant one, i.e. $G=SU(1, n)$ .

3. If $F=H,$ $G=U(1, n;H),$ $i.e$ . $G=Sp(1, n)$ .

Let $B(F^{r\iota})$ be the unit ball in $F^{\gamma}$
’ and $S(F^{?1})$ be the unit sphere in $F^{?1}$

The group $G$ acts transitively on $B(F^{\tau\iota})$ and $S(F^{\gamma}’)$ as follows:
for $\xi={}^{t}(\xi_{1}, \ldots, \xi_{\gamma},)\in F^{\gamma\}}$ and $g=(g_{l^{)}q})_{tI\leq_{J)}.q\leq’ 1}\in C_{\tau}$ , we define

$\xi^{l}=g\xi$ ,
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where $\xi’={}^{t}(\xi_{1)}’\ldots, \xi_{?l}’)$ , with

$\xi_{I’}’=(g_{l)()}+\sum_{q=1}^{l}’ g_{l)(1}\xi_{q})(g_{()0}+\sum_{q=1}^{2t}g_{tIq}\xi_{q})^{-1}$, $1\leq p\leq n$ .

Let $K$ be the isotropy group of $O\in B(F^{\prime l})$ in $G$ . Then $K$ is a $nl\subset\backslash xilnal$

compact subgroup of $G$ and $G/K\cong B(F’’)$ . Let $G=KAN$ be the corre-
sponding $Iw_{\epsilon}oeawa$ decomposition and $M$ be $t1_{1}e$ centralizer of $A$ in K. $T1_{1}en$

$M$ is the isotropy group of $e_{1}={}^{t}(1,0, \ldots, 0)\in S(F^{?1})$ in $K$ and $K/M\cong S(F^{21})$

is the Martin boundary on $G/K\cong B(F^{?l})$ . Except for the case of real ntlll-

bers, $K/M$ is not a $sy_{l1111}1etric$ space, but it is known that $(K, M)$ is a Gelfand
pair, i.e. the convolution algebra of functions on $Kbi$-invariant by $M$ is
colnlnutative. As is well known, the spherical functions on $K/M$ play an
important role in the harmonic analysis on $G/K$ .

$K\cong$ $F=HF=CF=R$

Let $\varphi$ be a zonal spherical function of $t,1\iota e$ real $c_{C}reSO(n)/SO(n-1)\cong$

$S(R$
”

$)$ . Then $\varphi$ depends only on $\eta_{1}(\eta={}^{t}(\uparrow 71, \ldots, \uparrow\int_{1},)\in S(R’’))$ and there
exists a $unique’ nonnegative$ integer $psuc1_{1}$ that

$\varphi(\uparrow 7)=C_{l}^{\frac{||-2}{2}},(\eta_{1})/C_{I}^{\frac{||-2}{)2}}(1),$
$\eta={}^{t}(\eta_{1}, \ldots, ?7,\downarrow)\in S(R’’)$ ,

where $C^{\frac{1-2}{p^{2}}}$ is the Gegenbauer polynomial. It is well known that a generating
function for the Gegenbauer polynomials $C_{I}^{\frac{||-2}{2}},,$

$p=0,1,2,\ldots$ , is given as follows.

$(1-2tz+t^{2})^{-\frac{lJ-2}{2}}= \sum_{p=t)}^{\infty}C_{l}^{\frac{||-2}{)2}}(z)t^{l)}$ , $-1\leq z\leq 1,$ $-1<t<1$ .

This $fonlula$ also gives a generating function for the zonal spherical functions
of $SO(n)/SO(n-1)$ .

The first purpose of this paper is to show that we can also give generating
functions for the zonal spherical functions in the complex and the quaternion
$c_{c}oees$ (The conclusions were announced in [6]). In case of $F=C,H$ , however,
the zonal spherical functions on $K/M$ are deternlined by two parameters
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while those of the real case are determined by one $paranleterp$ . So we
have to extend the definition of generating function to the case of a systeln
of functions which has two parameters. If $F=C$ , we consider the function
$F(z, w)$ defined in the following as a generating function for functions $G_{l^{(}1},(z)$

( $z\in D,$ $D$ is a subset of C).

$F(z, w)= \sum_{p_{\backslash }q=0}^{\infty}G_{l^{J}q}(z)w^{l)}\overline{w}^{1}‘$ ,

where the right hand side absolutely converges for some $w\in C,$ $w\neq 0$ .
Then we see that

$G_{1^{(}l},(z)= \frac{1}{p!q!}[\frac{\partial^{l^{J}+q}}{\partial w^{p)}\partial\overline{w}^{q}}F(z, w)]_{1ll=t)}$

This is one reason why we consider the function $F(z, w)$ as a generating
function. In the generating function expansion, if we put $w=re^{i\theta}$ , then we
have

$F(z, re^{i\theta})= \sum_{l).(1^{=0}}^{\infty}G_{t^{)}q}(z)r^{l^{J}+q}e^{it_{l)}-q)\theta}$ .

We now remark that the function $e^{ik\theta}$ ( $k$ is an integer) is a spherical function
on $U(1)\cong S(R^{2})$ . Therefore the expansion of $F(z, re^{i\theta})$ by the powers of
$r$ and the spherical functions of $U(1)\cong S(R^{2})$ can be considered to give a
generating function expansion for the functions $G_{\iota’ q}$ . This interpretation for
generating function will be adapted to the quaternion case, i.e. let $E(z, w)$

be a function defined on a subset of $H\cross H$ and we set $w=ru(r>0,$ $u\in$

$Sp(1))$ . When we expand the function $E(z, ru)$ by the powers of $r$ and $t1_{1}e$

spherical functions of $Sp(1)\cong S(R^{4})\cong(Sp(1)\cross Sp(1))/\Delta(Sp(1)\cross Sp(1))$ ,
$E(z, ru)$ is considered as a generating function for the functions of $z$ which
appear as the coefficients in that expansion.

Tlle second purpose of this paper is to give integral representations for
the zonal spherical functions on $K/M$ in the $conlplex$ and the quaternion
cases. In particular, those in the colnplex case will give $forn1u1_{c}\gamma s$ which are
analogous to Rodrigues’ forlllulas.

Suppose that $n\geq 2$ throughout this paper.
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1 Complex case

1.1 Generating function for the spherical functions
on $I_{1’}’/M$

Let $H_{I^{y},q}^{(f1)}$ denote the space of restrictions to $S(C^{?1})$ of harmonic polyno-
lllials $f(\xi)\overline{\xi})$ on $C^{r1}w1_{1}ich$ are homogeneous of degree $p$ in $\xi$ and degree $q$ in

$\overline{\xi}$ . Then it is known that (cf. [2], [4]) $H_{I^{)_{\backslash }}q}^{\{?1)}$ is $U(n)$ -irreducible and moreover
$L^{2}(S(C^{t}’))=\oplus_{p}^{\infty},{}_{q=0}H_{p_{\backslash }q}^{(l1)}$ . Let $\varphi_{p,q}^{(?1)}$ be the zonal spherical function which
belongs to $H_{\iota^{y}\cdot q}^{1?1)}$ . Then a generating function for the functions $\varphi_{lq}^{(?1)},$. is given
in the following theorenl.

Theorem 1.1 If $w,$ $z\in C,$ $|w|<1,$ $|z|\leq 1$ , then

$(1-2Re(wz)+|w|^{2})^{1-7l}= \sum_{l^{)_{\backslash }}q=t)}^{\infty}a_{lq}^{(l1)},Q_{lq}^{(21)},(z)w^{l)arrow 1}w$ , (1.1)

where
$Q_{\iota’ q}^{\{r\iota)}(\eta_{1})=\varphi_{lq}^{\langle?1)},(\eta)$ , $\eta\in S(C^{?1})$ ,

and
$a_{t’ q}^{(r1)}= \frac{\Gamma(n+p-1)}{\Gamma(n-1)\Gamma(p+1)}\frac{\Gamma(n+q-1)}{\Gamma(n-1)\Gamma(q+1)}$ .

The series on the right hand side converges absolutely and uniformly for
$|z|\leq 1$ and $|w|\leq\rho$ for each $\rho<1$ .

In the formula (1.1), if we put $w=re^{i\theta}$ , then we llave

$(1-2rRe(e^{i\theta}z)+r^{2})^{1-\iota}’=l)_{\backslash } \sum_{q=t)}^{\infty}a_{lq}^{(\iota)},’ Q_{I^{J}q}^{\langle\tau 1)}(z)e^{i\langle p-q)\theta}r^{l^{J}+(\int}$ . (1.2)

This formula can be interpreted as follows.
The zonal $sp1_{1erica}1$ functions $\varphi_{\tau^{y}q}^{\{\iota)}$

’ appear as the coefficients in the expansion
of the left $1_{1}and$ side of (1.2) by the powers of $r$ and the spherical functions of
$U(1)\cong S(R^{2})$ . This interpretation for generating function will be adapted
to the quaternion case. See the formula (2.1).
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1.2 Generalization of the formula (1.1)
Let $U$ be a positive number. Suppose that $z,$ $w\in C$ and $|u’|^{2}+2|zw|<1$ .

Then we have the following expansion $w1_{1}ich$ absolutely converges:

$(1-2Re(wz)+|w|^{2})^{-\iota/}=,. \sum_{I’1^{=()}}^{\infty}G_{l^{J\int}}^{\iota\prime}‘(z)w^{I)}\overline{u\prime}^{q}$ ,

where the functions $G_{I^{)}q}^{1’}$ are polynomials of $z$ and $\overline{z}$ .

Lemma 1.1 The function $G_{I?q}^{l/}$ has $thc$ following expression:

$G_{j^{y}q}^{\iota\prime}(z)=. \sum_{k=t)}^{7t1i_{l1t\iota)}.q)}\frac{\Gamma(\nu+p+q-k)}{(p-k)!(q-k)!k!\Gamma(\nu)}(-1)^{\lambda}.z^{\iota-k}\overline{z}^{1^{-A}})$

$Lem\iota na1.2$ Suppose that $p\geq q$ . Then for-l $\leq x\leq 1$ we have

$G_{I^{)}q}^{\nu}(x)= \frac{(-1)^{q}\Gamma(\nu+p)}{\Gamma(\iota/)\Gamma(p-q+1)q!}x^{I^{J-}q}2F1(-q, u+p;p-q+1;x^{\underline{?}})$ .

We relnark that

1. $G_{l^{)}q}^{\nu}(e^{i\theta}z)’=e^{i(\iota?-q)\theta}G_{pq}^{t\prime}(z)$ for $\theta\in R$ and $z\in C,$ $|z|\leq 1$ .

2. $G_{pq}^{\iota\prime}(x)=G_{qI^{y}}^{l/}(x)$ for $-1\leq x\leq 1$ .

3. $G_{I^{)}q}^{\tau\iota-1}(z)=a_{Iq}^{(?1)},Q_{l^{(}l}^{\{lt)},(z)$ for $z\in C,$ $|z|\leq 1$ .

Proposition 1.1 The functions $G_{l^{J}q}^{\nu}$ have the follouling orthogonality rela-
tion:

$\int_{|z|\leq 1}G_{I^{)}q}^{\nu}(z)\overline{G_{l^{)’}q’}^{\nu}(z)}(1-|z|^{2})^{\iota/-1}dxdy=\delta_{l^{)}l^{l}},\delta_{qq’}\frac{\pi\Gamma(p+\nu)\Gamma(q+\nu)}{(p+q+\nu)p!q![\Gamma(U)]^{2}}$ ,

with $z=x+iy$ .
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1.3 Integral representations and Rodrigues’ formulas
for the functions $Q_{\iota’ q}^{(\tau 1)}$

Let $\nu$ be a positive number. For $z,$ $\xi,$ $\eta\in C$ , we define the function
$F_{\nu}(\xi, \eta, z)$ by

$F_{\nu}(\xi, \eta, z)=(1-\xi z-\eta\overline{z}+\xi\uparrow l)^{-l’}$

If $|z|\leq 1$ , then we have

$|\xi z+\eta\overline{z}-\xi\eta|\leq(|\xi|+1)(|\eta|+1)-1$ .

Thus for a fixed $z\in C,$ $|z|\leq 1$ , the function $F_{\nu}(\xi, \eta, z)$ is hololnorphic on
$U=\{(\xi, \eta)\in C^{2};|\xi|<1/3, |\eta|<1/3\}$ with respect to $\xi,$

$\eta$ and $hc\gamma s$ the
following Taylor expansion on $U$ :

$F_{\nu}( \xi, \eta, \sim)7=\sum_{l^{)_{\backslash }}q=t)}^{\infty}F_{l)(1}^{\nu}(z)\xi^{l)}\eta^{q}$ ,

where
$F_{pq}^{\nu},(z)= \frac{1}{p!q!}[\frac{\partial^{l^{J}+q}}{\partial\xi l\partial\eta^{(r}},F_{l’}(\xi, \eta, z)]_{\zeta=_{l^{=0}}}$

,

On the other hand, we see that

$[ \frac{\partial^{1)+q}}{\partial\xi^{p}\partial\eta^{q}}F_{\nu}(\xi, \eta, z)]_{\xi=\eta=0}=[\frac{\partial^{l)+q}}{\partial\overline{w}^{q}\partial wI^{J}}A(z, w)]_{\tau\iota)=t|}$,

with $A(z, w)=(1-wz-\overline{wz}+|w|^{2})^{-IJ}$ . So we $obt\epsilon\gamma in$ that

$F_{lq}’’,(z)=G_{lq}^{l/},(z)$ .

In particular, if we put $\iota/=n-1$ , then we see that

$\Gamma_{l^{y}1}^{?1-1}\{,(z)=G_{l^{)}q}^{\prime \mathfrak{l}-1}(z)=(\iota_{t’ q}^{(?1)}Q_{pq}^{(?1)}(z)$ .

This formula and the Cauchy integral formula suggest the following theorem.

Theorem 1.2 The function $Q_{Iq}^{1?1)}$, has the following integral representation
and Rodrigues’ formula.

$a_{pq}^{\langle\tau 1)}Q_{\iota q}^{(||)},(z)$ $=$ $\frac{(n-1)_{l^{J}}}{2\pi ip!}(|z|^{2}-1)^{2-?t}.[_{|\zeta-z|=\tau}$

.
$\frac{\zeta^{l)}(\zeta\overline{z}-1)||+q-2}{((-z)1+1},d($

$=$ $\frac{(n-1)_{I)}}{p!q!}(|z|^{2}-1)^{2-l1}\frac{\partial^{q}}{\partial z^{q}}[z^{I^{J}}(|z|^{2}-1)^{?l+q-2}]$ ,

where $|z|<1$ .
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And moreover we can $sl_{1ow}$ the following theorem, $w1_{1}ich$ gives relations
between the functions $Q_{I^{J}q}^{1\prime\prime)}$ and the spherical functions on $SO(2n)/SO(2n-$
1).

Theorem 1.3 If $z\in C,$ $|z|\leq 1$ , then

$a_{lq}^{\langle_{l1})},Q_{Iq}^{(;1)},(z)= \frac{1}{2\pi}.\int_{()}^{2\pi}C_{I)+q}|1-1(Re(e^{i\theta}z))e^{-it_{l)}-q)\theta}d\theta$ .

2 Quaternion case

2.1 Generating function for the spherical functions
on $K/M$

A zonal spherical function $\varphi$ of $K/M$ depends only on $\eta_{1}$ , more precisely
on $Re(\eta_{1})$ and $|\eta_{1}|$ $(\eta={}^{t}(\eta_{1)}\ldots, 7l\}1)\in S(H’’))$ , and there uniquely exists a
pair of nonnegative integers $(p, q)$ such that

$\varphi(\eta)=c_{1)}{}_{q}C_{I^{\lambda}}^{1}(\frac{Re(\eta_{1})}{|\eta_{1}|})|\eta_{1}|^{\iota_{2}})F_{1}(-q,p+q+2n-1;p+2;|\eta_{1}|^{2})$ ,

wllere

$c_{I’q}= \frac{(-1)’1(p+2)_{q}}{(2(n-1))_{q}}[C_{I)}^{1}(1)]^{-1}$

See Theorem 3.1 in $[4]\rangle$ p.144 and the formula (16) in [1], p.170 and we
follow the notations in [5]. From now on, we denote $\varphi$ by $\varphi_{l^{(}1}^{(||)},$ . When we
denote $\{f*\varphi_{pq}^{\langle\prime\prime)}|f\in L^{2}(K/M)\}$ by $H_{I^{\gamma},q}^{\{\tau}!$), $H_{p_{J},q}^{(1\iota)}$ is $K$-irreducible and moreover
$H_{k}^{(.4?\mathfrak{l})}\cong\oplus_{I)+}9$ .${}_{\sim q=k}H_{J^{)},q}^{\langle?1)},$ $L^{2}(S(H^{\prime l}))=\oplus_{I^{J_{\backslash }}1^{=t)}}^{\infty},H_{l^{)_{\backslash }}q}^{\langle\tau\iota)}$, where $H_{k}^{\{.41)}$

’ is the space
of restrictions to $S(R^{4?\}})$ of harmonic polynomials on $R^{4?\}}wl\iota ich$ are holno-
geneous of degree $k$ . A generating function for the functions $\varphi_{q’ q}^{(1)}$

’ is given in
the following theorenl.

Theorem 2.1 If $z\in H,$ $|z|\leq 1$ , $u\in Sp(1)$ and $0\leq r<1$ , then

$\int_{S_{l)}(1)}[1-2rRe(vzv^{-1}u)+r^{2}]^{1-2l}’ dv$

$=$ $\sum_{p,q=r)}^{\infty}\beta_{Iq}^{(||)},R_{l^{J}1}^{(1)}’,(z)C_{l}^{1},$ $(Re(u))r^{l+2q}’$ , (2. 1)
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where $dv$ is the normalized Haar measure on $Sp(1)$ and

$R_{pq}^{(\iota)}’(\eta_{1})=\varphi_{lq}^{\langle n)},(\eta)$ , $\eta\in S(H^{?l})$ ,

and
$\beta_{l^{)}q}^{(l)}’=\frac{p+1}{\Gamma(p+q+2)}\frac{(2n-1)_{l)+q}(2n-2)_{q}}{q!}$ .

The series on the right hand side converges absolutely and uniformly for
$|z|\leq 1,$ $u\in Sp(1)$ and $r\leq\rho$ for each $\rho<1$ .

The formula (2.1) llleans that the zonal spherical functions $\varphi_{p’ q}^{\langle\iota)}$

’ appear as
the coefficients in the expansion of the left hand side of (2.1) by the powers
of $r$ and the spherical functions of $Sp(1)\cong S(R^{4})$ . So we can consider that
(2.1) gives a generating function for the functions $\varphi_{\iota’ q}^{(l1)}$ .

2.2 Generalization of the formula (2.1)
We suppose tllat $\nu>1$ and define $c_{1^{)}q}(\iota/),$ $\beta_{pq}(\nu)$ and $\Phi_{pq}^{\iota\prime}$ by

$c_{pq}(\nu)$ $=$ $\frac{(-1)^{q}(p+2)_{(1}}{(\nu-1)_{q}}[C_{l)}^{1}(1)]^{-1}$ ,

$\beta_{l^{)}q}(\nu)’=$ $\frac{p+1}{\Gamma(p+q+2)}\frac{(\iota/)_{p+q}(\nu-1)_{q}}{q!}$ ,

$\Phi_{pq}^{\nu}(z)$ $=c_{pq}( \nu)C_{I)}^{1}(\frac{Re(z)}{|z|})|z|^{\iota_{2}}’ F_{1}(-q,p+q+\nu;p+2;|z|^{2})$ .

We can see the following theorem as a generalization of the formula $(2,1)$ .

Theorem 2.2 If $\iota/>1$ , then we have

$\int_{Sp(1)}[1-2rRe(vzv^{-1}u)+r^{2}]^{-\nu}dv$

$= \sum_{?’ 1=0}^{\infty}r^{7n}.\sum_{k+2.\tau=7\Pi}\beta_{ks}.(\nu)C_{k}^{1}.(Re(u))\Phi_{ks}^{\nu}.(z)$,

for $u\in Sp(1))0\leq r<1$ and $z\in H,$ $|z|\leq 1$ .

Here we give the orthogonality relation of tlle functions $\Phi_{I^{)}q}^{\nu}$ . We set
$\Psi_{I^{)}q}^{\nu}=\beta_{I^{)}q}(\iota/)\Phi_{l^{)}q}^{\nu}$ .
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Proposition 2.1 For $\iota/>1$ , we have

$\int_{|z|\leq 1}\Psi_{pq}^{\iota\prime})(z)\Psi_{k\ell}^{\nu}(z)(1-|z|^{2})^{\iota\prime-2}dz$

$=$ $\delta_{l^{r\lambda}}.\delta_{q\ell}\frac{\pi^{2}\Gamma(p+q+\nu)\Gamma(q+\iota/-1)}{[\Gamma(\nu)]^{2}(p+2q+l’)q!\Gamma(p+q+2)}$ ,

where $dz=dz_{1}dz_{2}dz_{3}dz_{4},$ $z=z_{1}+z_{2}i+z_{3}j+z_{4}k$ .

2.3 Integral representations for the functions $R_{P1}^{(71,)}$,

We consider integral represent,ations for the spherical functions $R_{1^{J}1}^{\langle\tau 1)}‘$ . In
what follows, we shall use the following notations for $z\in H$ :

$z=z_{1}+iz_{2}+jz_{3}+kz_{4}$ ,

where $z_{\nu}(1\leq\iota/\leq 4)\in R$ .
First of all, in the forlllula $(2,1)$ , if we put $u=e^{\theta}$’ and set $w=re^{i\theta}$ , then

we have,

$\int_{S_{I)}(1)}[1-2Re\{(z_{1}+i(vzv^{-1})_{2})w\}+|w|^{2}]^{1-?}\sim\prime 1dv$

$= \sum_{I^{J_{\backslash }}q=()}^{\infty}\beta_{pq}^{(||)})R_{I^{J}q}^{(?1)}(z)(.\sum_{k=t)}^{I)}w^{q+k}.\overline{w}^{1+q-k}’)$ . (2. 2)

Let $?n$ and $\ell$ be nonnegative integers and we suppose that $0\leq\ell\leq m$ .
Applying the differential operator $\frac{\partial^{l||}}{0_{u},\ell 0_{\overline{I/\rangle}}|||-\prime}$ to $(2,2)$ , we put $w=0$ . Then we
obtain that

$\ell!(m-\ell)!\sum_{p+2q--7r\iota}\beta_{I^{\lambda C}1}^{(?1)}R_{\gamma’ q}^{(?t)}(z)$

$=$ $. 1_{S_{I)}(1)}[\frac{\partial^{n1}}{\partial w\partial\ell w^{r\iota-\ell}\neg}[1-2Rc\{(z_{1}+i(vzv^{-1})_{2})w\}+|w|^{2}]^{1-2?}]_{lv=t)}\prime dv$.

Thus we can conclude that

Theorem 2.3 If $z\in H,$ $|z|<1$ , then

$p+2q--7 \dagger 1\sum_{q\leq\ell}\beta_{I^{)}q}^{\{?l)}R_{Iq}^{\{||)},(z)$

$=$ $\frac{(2n-1)_{\ell}}{2\ell!(m-l)!}\int_{()}^{\pi}H,(z_{1}+i\sqrt{z_{2}^{2}+z_{3}^{2}+z_{4}^{2}}\cos\theta)si_{l1}\theta d\theta$,
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where
$H_{7l\}} \ell(w)=(|\tau v|^{2}-1)^{2-2\tau\downarrow}\frac{\partial^{rtl-f}}{\partial w^{\tau r\iota-\ell}}[w^{\ell}(w\overline{w}-1)^{2?l+7t1-\prime-2}]$ ,

and
$\frac{\partial}{\partial w}=\frac{1}{2}(\frac{\partial}{\partial u}-i\frac{\partial}{\partial v})$ , $w=u+iv$ .

Secondly, we shall give relations between the functions $R_{l1}^{\{11)},$

‘
and $Q_{\lambda\cdot\ell}^{tarrow 1\})}Q$ .

From the relations, we can see integral representations of the functions $R_{\iota’ q}^{\{||)}$

by the functions $Q_{kt}^{(2?)}$.

Proposition 2.2 For $z\in H,$ $|z|\leq 1$ , we have

$\beta_{kl,}^{(.11)}R_{kl}^{(?1)}.(z)$ $=$ $a_{\ell.k+\ell}^{\langle.2?1)}. \int_{S_{I)}\langle 1)}Q_{\ell_{\backslash }k+\ell(z_{1}+i(vzv^{-1})_{2})dv}^{\{2\uparrow 1)}$

$-a_{\ell-1_{\backslash }k+\ell+1}^{\langle,2\mathfrak{l}1)}. \int_{Sp(1)}Q_{\ell-1,k+\ell+1}^{\langle 2\mathfrak{l}1)}(z_{1}+i(vzv^{-1})_{\underline{9}})dv$,

with $Q_{-1,k+1}^{\langle 2?1)}.=0$ and $a_{-1,k+1}^{\langle 2z1)}.=0$ .

Then integral representations for the functions $B_{lq}^{(1\iota)}$, are given in tlle fol-
lowing theoren].

Theorem 2.4 , For $z\in H,$ $|z|\leq 1$ , we have

$\beta_{k\ell}^{(.?\mathfrak{l})}R_{k\ell}^{(?\mathfrak{l})}.(z)$ $=$
$\frac{a_{t,,k+\ell}^{\langle 2r\iota)}}{2}..\int_{()}^{\pi}Q_{\ell,k+\ell}^{\langle 2r\iota)}.(z_{1}+i\sqrt{z_{2}^{2}+z_{3}^{2}+z_{4}^{2}}\cos\theta)\sin\theta d\theta$

$- \frac{a_{\ell-1.k+\ell,+1}^{\langle 211)}}{2}.\int_{()}^{\pi}Q_{\ell-1,k+\ell+1}^{\mathfrak{l}^{2}||)}(z_{1}+i\sqrt{z_{2}^{2}+z_{3}^{2}+z_{4}^{2}}\cos\theta)\sin\theta d\theta$

$=$ $. \int_{()}^{\pi}T_{A\ell}^{\langle||)}(z_{1}+i\sqrt{z_{2}^{2}+z_{3}^{2}+z_{4}^{2}}\cos\theta)\sin\theta d\theta$,

where the functions $T_{A}^{\{.ll)},(\xi)$ are defined for $\xi\in C$ as follows:
$T_{k\ell}^{\langle.?J)},(\xi)$ $=$ $S_{kf}^{(.?l)}.(\xi)-S_{k+2,\ell-1}^{\langle_{7l})}(\xi)$ , $(P\geq 1)$

$T_{kt)}^{(.?1)}(\xi)$ $=$ $S_{kt)}^{\langle?1)}(\xi)$ ,

and

$S_{kf}^{\langle.\iota \mathfrak{l})}( \xi)=\frac{(-1)^{\prime,}(2n-1)_{k+\ell}}{4k!\ell,!}.(\xi^{\lambda}$
.
$+\overline{\xi}^{k}.)_{2}F_{1}(-p, k+P+2n-1;k+1\cdot||\xi|^{2})$ .
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We should notice that our assertions for $P=0$ are nothing but the inte-
gral representations for $C_{k}^{1}$ which are well known. See the formula (31) in
[1], p.177.

Finaly, we shall give integral representations by the spherical $func1_{ions}$

on $SO(4n)/SO(4n-1)$ .

Theorem 2.5 If $z\in H,$ $|z|\leq 1$ , then

$\beta_{k\ell}^{\{.?\dagger)}R_{k\ell}^{(?l)}.(z)$

$=$ $\frac{1}{2(n-1)\pi}\cdot/0\pi D_{k+2\ell,}^{2?1-1}.(z_{1}\cos\theta, \sqrt{z_{2}^{2}+z_{3}^{2}+z_{4}^{2}}\sin\theta)\sin\theta\sin(k+1)\theta d\theta$,

where

$D_{n1}^{\lambda}(x, y)= \frac{C_{7l1+1}^{\lambda-1}(x+y)-C_{7r1+1}^{\lambda-1}(x-y)}{2y}=(\lambda-1)\int_{-1}^{1}C_{t1}^{\lambda},(x+ty)dt$ .
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