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Generating Functions and Integral
Representations for the Spherical
Functions on Some Classical Gelfand Pairs

Shigeru Watanabe

Introduction

Let F be R,C or H and a — @ the usual conjugation in F. We define the
following quadratic form in F"*!.

(I, y)~ = _‘—'E()y() + :_L'—lyl + et fu.yn-

Let U(l,n;F) be the group of the linear transformations ¢ in F"*! which
satisfy (gz,gy). = (z,y)- for all z,y € F"*'. We define the group G as
follows.

1. If F=R, Gisthe connected component of the unit element in /(1,n; R),
i.e. G = 500(1, TL)

2. If F=C, G is the group of all the elements g € U(1,n; C) of determi-
nant one, i.e. G = SU(1,n).

3. If F=H, G =U(1,n;H), i.e. G = Sp(1,n).

Let B(F") be the unit ball in F" and S(F") be the unit sphere in F".
The group G acts transitively on B(F") and S(F") as follows:
for £ =*(&,...,€,) € F" and g = (gpg)o<pq<n € G, we define

¢ = g¢,



where ¢ = !(¢,, ..., £,), with
f;; - (gp() + Z gquq)(g(JU + Z gl)q‘fq)-l, 1<p<n.
=1 q=1

Let K be the isotropy group of O € B(F") in G. Then K is a maximal
compact subgroup of G and G/K = B(F"). Let G = KAN be the corre-
sponding Iwasawa decomposition and M be the centralizer of A in K. Then
M is the isotropy group of e; = '(1,0,...,0) € S(F") in K and K/M = S(F")
is the Martin boundary on G/K = B(F"). Except for the case of real num-
bers, K /M is not a symmetric space, but it is known that (K, M) is a Gelfand
pair, i.e. the convolution algebra of functions on K bi-invariant by M is
commutative. As is well known, the spherical functions on /M play an
important role in the harmonic analysis on G/ .

SO(n) F=R
K U(n) F=C
Sp(l) x Sp(n) F=H

Let ¢ be a zonal spherical function of the real case SO(n)/SO(n — 1) =
S(R"). Then ¢ depends only on n; (77 = (N, ey M) € S(R"")) and there

exists a unique monnegative integer p such that

n—2 n—2

p(n) =Cp? (m)/Cp™ (1), n="(1,...,7) € S(R"),

n=2
where Cp 2 is the Gegenbauer polynomial. It is well known that a generating
n—2

function for the Gegenbauer polynomials C, % , p=0,1,2,..., is given as follows.

(1 -2tz +t%)" _ZC,, 2P, —-1<z2<1, —-1<t<l.

p=0

This fomula also gives a generating function for the zonal spherical functions
of SO(n)/SO(n - 1). |

The first purpose of this paper is to show that we can also give generating
functions for the zonal spherical functions in the complex and the quaternion
cases (The conclusions were announced in [6]). In case of F=C H, however,
the zonal spherical functions on K/M are determined by two parameters



while those of the real case are determined by one parameter p. So we
have to extend the definition of generating function to the case of a system
of functions which has two parameters. If F=C, we consider the function
F(z,w) defined in the following as a generating funct1on for functions G,,(2)
(z € D, D is a subset of C).

G )-—q
P‘]
p.q=0

where the right hand side absolutely converges for some w € C, w # 0.
Then we see that

1 [ gre
6l = = | o)

1q! Y q
- plg! | Qwrow w0

This is one reason why we consider the function F(z,w) as a generating
function. In the generating function expansion, if we put w = re*, then we
have

6
z re Z qu r”+qe'(” q)
p.q=0

We now remark that the function e**® (k is an integer) is a spherical function
on U(1) = S(R?). Therefore the expansion of F(z,re?) by the powers of
r and the spherical functions of U(1) 2 S(R?) can be considered to give a
generating function expansion for the functions G,,. This interpretation for
generating function will be adapted to the quaternion case, i.e. let E(z, w)
be a function defined on a subset of H x H and we set w = ru (r >0, ue

Sp(l)). When we expand the function E(z,7u) by the powers of 7 and the
spherical functions of Sp(1) 2 S(R*) & (Sp(1) x Sp(1))/A(Sp(1) x Sp(1)),
E(z,ru) is considered as a generating function for the functions of z which
appear as the coeflicients in that expansion.

The second purpose of this paper is to give integral representations for
the zonal spherical functions on K/M in the complex and the quaternion
cases. In particular, those in the complex case will give formulas which are
analogous to Rodrigues’ formulas.

Suppose that n > 2 throughout this paper.



1 Complex case

1.1 Generating function for the spherical functions
on K/M

Let H;,’:I) denote the space of restrictions to S(C") of harmonic polyno-
mials f(¢,€) on C" which are homogeneous of degree p in ¢ and degree ¢ in

€. Then it is known that (cf. [2], [4]) HS") is U(n)-irreducible and moreover

L? (S(C"‘)) = H". Let ¢{") be the zonal spherical function which

pq =0

belongs to HI(,’:I) Then a generatmg function for the functions gog,’_"q’ is given

in the following theorem.

Theorem 1.1 Ifw,z € C, |w| <1, |z| <1, then

o

(1 — 2Re(wz) + |w]*)' ™ = Z ;,’;)Q;,’;’(z)wpiv", (1.1)

P.q=0

where
QW(m) = ¢\ (n), meS(C),

and :
a(n) _ F(TL + p— 1) P(n + q— 1)

Mo Pn-DI(p+1)T(n-1)I(g+1)

The series on the right hand side converges absolutely and uniformly for

|2| <1 and |w| < p for each p < 1.

In the formula (1.1), if we put w = re®, then we have

(1 _ ere(ei()z) n T2)1-—n — Z ('H)Q(ﬂ)( ) 1(p—q)9,,,p+q. (12)

Apg Wpq
P,q=0
This formula can be interpreted as follows.
The zonal spherical functions cp‘“’ appear as the coefficients in the expansion
of the left hand side of (1.2) by the powers of 7 and the spherical functions of
U(1) = S(R?). This interpretation for generating function will be adapted
to the quaternion case. See the formula (2.1).

— 12._



1.2 Generalization of the formula (1.1)

Let v be a positive number. Suppose that z,w € C and |w|? + 2|zw| < 1.
Then we have the following expansion which absolutely converges:

>x<

(I = 2Re(wz) +|w]*)™ = > Gy (2)w@,

p.q=0

where the functions G, are polynomials of z and z.

Lemma 1.1 The function Gy, has the following expression:
min(p.q) F(V + p + q-— k)
Gul) = 2 G R IR

k=0

(__ 1)k Zp—-k—z-q—k )

Lemma 1.2 Suppose that p > q. Then for —1 < z < 1 we have

(=)T(v+p) - 2
¥ (z) = (=g, v+ pip — g + 1:2%).
17‘1(3:) 1-1(’/ I\(p_q+1)q'rc 2 1( q V+p p q z )

We remark that -

1. Gy (e%2) = ev=1%GY (z) for§ € Rand z € C,|z| < 1.

rq

2. Gp(z) =Gy (z) for —1<z <1

3. GrYz) = aWQM(2) forz € C,|z| < 1.

pq rqe vpq

Proposition 1.1 The functions G* have the following orthogonality rela-

tion: "
ml(p+ v)'(g+ v)
(p+ g+ v)plg![L(v)]?’

2[<1 pa(2)Gpg (2)(1 — |2[*)" dady = Oppr Ogq

with z = x + 1y.

__13__



1.3 Integral representations and Rodrigues’ formulas

for the functions qu

Let v be a positive number. For 2,{,n € C, we define the function

F,(&,n,2) b |
F,(&mz2) =18 —nz+&n)"".

If |2] <1, then we have
€z +nZ — &n| < ([€] + 1)(Inl +1) - L.

Thus for a fixed z € C,|z| < 1, the function F,(¢,7, z) is holomorphic on
U = {(&n) € C%l¢| < 1/3,|n| < 1/3} with respect to £, and has the
following Taylor expansion on U:

é. 77? Z I)q z)gpnq)

p.q=0

where
Fo(2) = =[O (6m,2)
V(z) = — &E,m, 2 .
) pigi gm0 ey
On the other hand, we see that

ort+a P orta
861’377‘1 1/(6)77) z)] £=n=0 - [a—wqawp
with A(z,w) = (1 —wz —wz +
Fpo(2) = Gp,(2).
In particular, if we put v = n — 1, then we see that
n—1 n—1 — on)(n)
I;)q ( ) qu ( ) a’pq Q ( )

This formula and the Cauchy integral formula suggest the following theorem.

A(z,w)] :

w=I()

w|?)~". So we obtain that

Theorem 1.2 The function Q;,’;’ has the following integral representation
and Rodrigues’ formula.

gy = = Don o =D
D Q' () (22 - 1) /K] ¢

2mip! (¢ — z)att
L 1 ) - 8(1 ) n+q—
= e - 1 T el - 1

where |z| < 1.



And moreover we can show the following theorem, which gives relations
between the functions Q') and the spherical functions on SO(2n)/SO(2n —
1).

Theorem 1.3 If 2z € C,|z| < 1, then
1

n n) _ n i(p—q)8
ai’q)Qgﬂl (Z) - -2—7; / C'p—{-q1 (Re( )) SrTdg.

2 Quaternion case

2.1 Generating function for the spherical functions
on K/M
A zonal spherical function ¢ of K/M depends only on 7, more precisely

on Re(n;) and |n| (77 ='ny.y) € S(H"")), and there uniquely exists a
pair of nonnegative integers (p, q) such that

Re \ .
<p() qul( 17531)>|771|12F1(*Q>P+q+2n-1;p+2;|771|2),

where
(=D p+2)g; 1,1\1-1
CP(I = Cp 1 :
), A

See Theorem 3.1 in [4], p.144 and the formula (16) in [1], p.170 and we

follow the notations in [5]. From now on, we denote ¢ by 905,"{}). When we

denote {f x\")|f € L*(K/M)} by H{, H") is K-irreducible and moreover

rq »ny? r4

an) o " .
H*™ Dpy2q=k HY), L? (S(H")) = @75, H{W), where H{*") is the space
of restrictions to S(R*") of harmonic polynomials on R*" wluc11 are homo-
geneous of degree k. A generating function for the functions cpm is given in

the following theorem.

Theorem 2.1 Ifz € H, |2| <1, u€ Sp(l) and 0 <r < 1, then

/ [1- 27’Re(vzv_1u) + r?) 7 dy
Jsp(1) |

] Pq
P,.q=0

-3 B ROY(2)C (Re(u)) ™, (2. 1)



where dv 1s the normalized Haar measure on Sp(1) and
R0 (m) = o2 (n), ne SH"),
and
ﬂ(n) — p+ 1 (zn B ]‘)17+Q(2n - 2)(1
" T(p+q+2) q! '

The series on the right hand side converges absolutely and uniformly for
|z <1, u € Sp(1) and r < p for each p < 1.

The formula (2.1) means that the zonal spherical functions <p;,’(;) appear as
the coeflicients in the expansion of the left hand side of (2.1) by the powers
of r and the spherical functions of Sp(1) = S(R*). So we can consider that

(2.1) gives a generating function for the functions pin).,

2.2 Generalization of the formula (2.1)

We suppose that v > 1 and define ¢,y(v), Bpq(v) and &5, by

CP‘I(V) = (l/ _ l)q P
— p+1 (V)ptalv = 1),
Pnl) = T(p+q+2) q! ’

Re(2)

2]

®,,(2) = Cz’q(V)Clﬁ( )|z|7’2F1(_q,p +q+vip+ %),

We can see the following theorem as a generalization of the formula (2,1).
Theorem 2.2 Ifv > 1, then we have

/ [1 — 2rRe(vzv~tu) + r?]™“du
Sp(1)

oo

= Y Y Bu(v)Ch(Re(w)) @, (2),

m.=0 k4-2s=1m

forue Sp(l), 0<r<landz€eH, |z| <1.

Here we give the orthogonality relation of the functions ¢, We set
V7o = Ppg(v) B



Proposition 2.1 For v > 1, we have

/|z|§1q/1'q( 2)Wi(2)(1 = |z| )= 24,

55 TLpte+v)l(g+r—1)
phUqf [F(l/)]z(p -+ 2q -+ I/)g'F(p + q + 2)’

where dz = dzydzydzadzy, z = 21 + 290 + 23] + 24k.

2.3 Integral representations for the functions Rp’,;

We consider integral representations for the spherical functions Rl(,:; . In
what follows, we shall use the following notations for z € H:

2 =21+ 129 + j23 + kzg,

where 2,(1 <v <4) e R.
First of all, in the formula (2,1), if we put u = ¢ and set w = re®, then
we have,

./Sp(l) [1 B 2Re{ <Z1 + i(vzv‘1)2>w} + lwlz} l—va.dU

o0 P
= X B R (Y wrttwre ). (2. 2)
p.g=0 k=0
Let m and ¢ be nonnegative integers and we suppose that 0 < ¢ < m.
Applying the differential operator ——g—_—_( to (2,2), we put w = 0. Then we

obtain that
dm—0t > BIRM(z)

p+2¢=m
q<t

- /51) [5@%7;;% [1 - 2R8{<Z1 + i(vzv"l)z)w} + ,wlz]l*zﬂ] do.

w=()
Thus we can conclude that
Theorem 2.3 If z € H, lzl <1, then

Z (n (n )
1’(1

p+2q=m

q<t
I —
5%1—(?—_1@_/ Hyp(21 + Z\/mCOS 6) sin 0d6,
m



where

8”’ - an nt+m-—r—
Haelw) = (juff =177 g gt (wm - e,

and
_6_ — 1<_8_ — 2.) — +i
ow 2\0u  Ov w=dre

Secondly, we shall give relations between the functions R{;) and QL.

From the relations, we can see integral representations of the functions R},’;)
by the functions Q3"
Proposition 2.2 For z € H, |z| <1, we have

(2n) (2n)

ﬂf; R(” (z) = u+z/ Qrite Z1 +i(vzv” )z)dv

(2”) (‘7” 1
s 1L+I+1/ Q-1 hte41 (21 + i(vzv” )g)dv,

with Q%) = 0 and a'%}},, = 0.

Then integral representations for the functions RI(,',;) are given in the fol-

lowing theorem.

Theorem 2.4 For z € H, |z| < 1, we have
(l;211)l
BWRY(2) = H / Qﬁi’l, (21 + iy 22 + 22 + 22 cos §) sin 0df

(2n)

a n
1L "+'+1 / QL 1)k+,+1(z1 + i\ 22 + 22 + 2% cos ) sin 6df
= / T z1,+i\/z2+z3+z2c059)sin€d9,
where the functions T\, (€) are defined for £ € C as follows:

Tip () = Si'(€) — Stihea(6), (£21)
TW'(€) = S,

and

1\
sie) = Y (fk,p, kst (g 8aR(-k + 04 2m — 15k + 1€

— 18_.



We should notice that our assertions for £ = 0 are nothing but the inte-
gral representations for C} which are well known. See the formula (31) in

(1], p.177.

Finaly, we shall give integral representations by the spherical functions

on SO(4n)/SO(4n — 1).
Theorem 2.5 Ifz € H,|z| < 1, then
w0 Ri(2)

1 ™
= m/o D203M(z1 cos 0, \J22 + 22 + 22 sin 0) sin § sin(k + 1)0d0,

where
A-1 _ -1 _ 1
Dl(ayy) = el Gt = (3 [ e+ it
2y -1
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