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On Non-unitary Representations of the Heisenberg Group

Keisaxu KUMAHARA

1 Introduction

Let G be a connected, simply connected nilpotent Lie group and g be its Lie
algebra. Irreducible unitary representations can be described by the orbit method
due to A Kirillov([K]). Let f be an element of the dual space g’ of g. Let G4 be
the isotropy subgroup of f in G and g; be its Lie algebra. The polarization at f
is, by definition([AK]), a complex subalgebra ) of g, such that

(1) g; C b and b is stable under Ad(Gy),

(2) 2dime g¢/h = dimr g/g;,

(3) fl[5, b1 = 0,

(4) b+ b is a Lie subalgebra of g..

A polarization 1 is called real if h=H. Let b be a real polarization at f. Then
f defines a one-dimensional representation 7; of a subgroup D = exp(g N h) of
G. We can get an irreducible unitary representation U/? of G, which is the
induced representation from the representation 74 of D. The representation U7:?
1s independent of h and depends only on the coadjoint orbit containing f. And
any irreducible unitary representation of G is equivalent to one of U'9.

In the present paper we treat the Heisenberg group of n-th order. Irreducible
unitary representations of the Heisenberg group are parametrized by unitary char-
acters of the center. V.S.Petrosyan([P]) studied the irreducibility of non-unitary
representations of the Heisenberg group corresponding to non-unitary characters
of the center. To prove the operator irreducibility he used the method of the
invariant bilinear forms which is used in [GGV].

In our case, for any linear form which does not vanish on the center all real
polarization is abelian. So any element A € g, defines a non-unitary character
of h. We study the invariant bilinear forms for non-unitary representations cor-
responding to non-unitary characters of polarizations.We define a representation
74 of D by 4(exp X) = exp(v/~14(X)), X € gNh. And we define a non-unitary
representation U4'% of G induced from r4. We realize it on the functions space
D(G/D) of C*-functions on G/D with compact support. In our case if 4 # 0 on
the center of g, then G/D = R™. So we denote D(R") by Db as the representation
space of U4'9, We get a necessary and sufficient condltlon to exist an invariant
bilinear form on ’Dgl X DZJ(Theorem 1). And we also get a necessary and sufficient

condition to exist an intertwining operator from D?&, to ’Dzj(Theoem 2). We call
the representation U4'% is operator irreducible if any intertwining operator from



DZ to itself is a scalar multiple of the identity operator. We prove that U4+Y is
operator irreducible if A is not zero on the center of g(Theorem 3). Moreover, we
determine when the representation U4'" is unitary(Theorem 4).

In Theorem 5 we prove that two representations U419 and U429 are equivalent
if and only if they are on tha same orbit in (g')¢ of a subgroup B of G¢ containing
G. In §7 we study an invariant bilinear form for representations corresponding
to different types of polarizations. Generally, the intertwinig operators are not
operartors of D. In §8 we get an intertwinig operator for unitary representations
corresponding to different type of polarizations on the Schwartz space §. Thisis an
integral operator whose kernel is exponential of a polynomial of degree 2(Theorem

9).

2 Representations of Heisenberg group

Let G be the Heisenberg group of n-th order:
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be the Lie algebra of G. We denote by ¢g' = {A = (A, p,v)|\, p € R*,v € R} the
real dual space of g defined by

<AX>=AXz+p - y+vrz.
The group G acts on ¢’ by coadjoint:
<g-A,X>=<AAd(g"H)X >.

Then
g(a,b,c) - (A p,v) = (A + vb, p — va,v).

For any A € g’ we denote by G4 the isotropy subgroup of A in G. If v # 0,
then G4 = {(0,0,c) € G}, which is the center of G. The Lie algebra of G4 is



g4 = {(0,0,2) € g}. The polarization for Heisenberg group at A = (A, p,v) for
v#0is
heo = {(2,0,2)|2,z € C}

or

bk = {(kya y’z)ly)z € C}

for some k € C. 1t is easy to see that b is real and b, is real if and only if k € R.
We assume that k is real. These algebras h_ and b, are abelian.

Let Dy = exp(g N b,). Then Dy = {p = (kb,b,c) € G}. Each A = (A, p,v) €
(¢')c defines one-dimensional representation of Djs. We denote it by 74:

74(h) = 74((kb, b, c)) = exp \/ri_{kA b+ p-b+v(c— (kb-b)/2)}

for h = (kb,b,c). Let A = {(a,0,0) € G}. Let U4"™* be a continuous representation
of G induced by the representation A of D. Let D(R™) be the space of infinitely
differentiable functions with compact support on R® with usual topology. We
realize U4'* on C®(4) = D(R"), which we denote by DX:

(2.1) (UA*F)(2) = eV~ UMW) btu(emba—(kbB)DY P — g 4 kb)

for g = (a,b,c¢) € G and F € DX,
In the same way,

(2.2) (A= F)(z) = eV~ Hatv(ctan—atl p(y _p)

for g = (a,b,c) € G and F € D.

3 Invariant bilinear forms on D4 x D%

Let B be a non-zero continuous bilinear form on D:x X Dﬁz (k € RU {o0})
which is invariant under G, that is

B(U}v*F,,U2** Fy) = B(Fy, F2)

forall g€ G, F; € ’Dﬁl and F; € th.
THEOREM 1. Let Al = (/\1,;&1,111),/12 = (/\2,/.1,2,1/2) € C**1 and k € R. There

exist a continuous non-trivial invariant bilinear form on ’Dkx X D’fh if and only if

k(A A
( 1+ 2)+#1+MER"

(1) vy =—vp # 0,

1 %1



or
(2) Vi =V = 0, k(/\1 + /\2) +pr+pr = 0.
When (1) holds,
B(FI,F2)=C/ F]_(C)Fz(z’—
B

for non zero C € C. In the case of (2)

B(Fl,Fz) =< Bo,/ Fl(y)Fz(z+y)dy>
R"

k(A1 + A3) + p1 + po
141

)dz

for any distribution By on R".
When k = oo, it suffices only to change kA + py to A, and k), + B2 to Aj.

Remark that there always exits a continuous invariant bilinear form on D* 4
D* .

4 Intertwining operators between 'Df, and ’Df,'

Let A = A(A;, A;) be a non-trivial mtertwmlg operator between DA and ’DA ,
i.e. it is a continuous linear mapping of D* 4, to D* 4, such that

AUk = phaky
for all g € G.

THEOREM 2. There exists an mtertwmmg operator between ’DA X 'DA, if and
only if :

(kA1 + p1) = (kXg + pa)

(1) =1y #0, ER".
2!

or

(2) V) =V = 0, kA1 +[t1 = kAz +/,t2.

In the case of (1)
(kA1 + p1) — (kA2 + p3)

"

(A(Ay, 45)F)(2) = CF (z + ) . C#0.

And in the case of (1) A(A1,A3) is a continuous operator on D which commutes

with translations.
When k = oo, it suffices only to change kA; + py to Ay and kA; + pa to ;.

In the case (1) of Theorem 2 we put A; = A,, then we have
A(A4,4,) =CI.

Thus we have the following theorem.



THEOREM 3. The representation UA*(A = (A, u,v)) on D% (k € RU {o0}) is
operator irreducible if v # 0.

5 Invariant hermitian form on D%
A hermitian form H(Fy, F;) on DY is said invariant if
H(US*Fy, U Fy) = H(Fy, Fy)

for all Fy, F, € D*. Let H (Fy, F;) be a non-trivial continuous hermitian form on
Dh.

THEOREM 4. There exits a non-trivial continuous invariant hermitian form H on
DY if and only if A = (), p,v) € R*™ 1. Ifv # 0, then

H(Fl,Fz) = C/Rn Fl(z)—f*’—z(z)dz, C # 0.

6 G-and Bj-orbits in (¢')¢

Let A;1,4; € (¢')c. Two elements A; = (A1, p1,v1) and Az = (Az, pa, v3) are on
the same G'—orbit if and only if A; = g- A; for some g = g(a,b,¢c) € G. Then

Az = A1 + 1 b, L2 = p1 — V1a and vy = vy.
Hence if v; = 0, then
A1 = Ay, g1 =p;  and vy, = 0.
We assume that k is not infinity. If 14 # 0, then

(kA2 + p2) — (kA1 + p1)

vy

vy =3, and

=kb—a € R".

Then U44* is equivalent to U42"* from Theorem 1. However, even if two repre-

sentations U41* and U42* are equivalent, 4; and 4, are not necessarily on the
same G-orbit.

Let G¢ be the complexification of G, i.e. the group of elements

1 o .o. ap, v
10 B
g=9(a,8,7) = ' :

Pn
0 1



(2,8 € C*,v € C). The Lie algebra of G¢ is g¢c- Then Ge acts naturally on (g')c:
9(e,8,7) - (A pv) = (A+vB,p—va,v).

Let By be a subgroup of G¢ consisting of elements

(6.1) g =g(a+ vV—=1ku,b++v/—1u,v), a,bu e R*, y€C.

We assume that A; and A, satisfiy the condition (1) of Theorem 2. We put
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where a,b,u € R*. We put
g=(a+ v—-1ku,b+ v—1u,0).

Then g - A; = A,.

Conversely, if g- A; = A; for g € By, of the form (6.1), then it is easy to see that
A; and A, satisfiy the condition (1) of Theorem 2.

Next we assume that k = co. If v; = v; and (A2 — A1)/v1 € R*, we put
b= (A1 — Az)/v1. We define a subgroup

By = {9(e,b,7) € Gg|a €C™,b € R*,vy € C}.

Then U41:*° and U42> are equivalent if and only if A; and A; belong to the same
Bo-orbit in (g')c. Thus we have the following theorem.

THEOREM 5. Let k € RU{co}. We assume that A; = (A1, p1,v1), A2 = (Ag, p2,12)
€ (¢')e and vy # 0,v; # 0. Then two representations U41* and U41* are equiva-
lent if and only if Ay and A; are on the same By-orbit in (g')c. Especially, if they
are on the same G-orbit, then they are equivalent.

7 Invariant bilinear forms on D x D% (k #0)

In this section we consider an invariant bilinear form on ’D?“ X ’D’:h for k # 0, co.
Let B be a non-trivial continuous bilinear form on DY x th such that

B(F,, F;)
=B(e\/~—_1'{y.1-b+u,(c—b-as)} Fl(z - d.),
e\/:T{(kA:+uz)-b+v:(c—b-c—(hb-b)/z}Fz(z — a + kb))



for all a,b € R*,c € R, F, € D}, and F; € D.

THEOREM 6. Let k # 0,00. If v, = —vq, then there exists a continuous invariant
bilinear form on D?h X D;;' It is of the form

B(Fy,Fy) =C / &35 ale =3 =20zt wrua)a =) Fy (2) Fy (y)ddy,
R?n

where C is a non-zero constant.

8 Application to intertwinig operators of the unitary representations

UA,k

We assume that A is real. Then the representation U4'* can be realized on
the Schwartz space S(R™) of rapidly decreasing functions by (2.1) and (2.2). We
denote S(R™) by SX as the representation space of U4'*, Then we can prove tha
following theorems by the same way of the proof of Theorem 1 and Theore m 6.

THEOREM 7. Let Al = (A1,[11,V1),A2 = (Az,ﬂz,l/z) € R***! and k € R. There
exist a continuous non-trivial invariant bilinear form on Sﬁl X Sﬁz if and only if

(1) vi=—1v3 #0
or
(2) n=rv=0, k(A1 + Az) + p1+p2 =0.

When (1) holds,

k(AL +Az) 4+ p1 + pa
v

B(Fy, F,) = C /m Fi(2)Fy(z — dz

for non zero C € C. In the case of (2)
B(Fy, Fs) =< Bo, [ F(0)Fale +v)dy >
R~

for any tempered distribution By on R".

THEOREM 8. Let k # 0,00 and Ay = (A, p1,11), 42 = (A2, 2, v2) € R, If
Vs = —Uq, then there exists a continuous invariant bilinear form on S?,l X S?i,° It
is of the form

B(Fy, F,) = C// e@{'ulﬁ—yl’—2(Hz+u1+u:)(=v—y)} Fy(2) Fy(y)dzdy,
R3n



where C is a non-zero constant.

THEOREM 9. Let k # 0,00, Ay = (A1, p1,01), 42 = (Ag,p2,v2) € R, We
assume that 11 = v, # 0. Then any non-trivial intertwinig operator ofSi'i2 to 5?11
is given by

(A(43,41)F)(2) = C /R o eyl KAt o0 F(y)dy

for non-zero constant C.
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