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Let $G$ be a connected $se\iota nisinlple$ Lie group $wit1_{1}$ finite center, $K$ a max-
imal compact subgroup of G. $E_{\tau}$ deIlotes the homogeneous vector bundle
over $G/K$ associated to $(\tau, V_{\tau})\in\hat{I}\iota^{r}’$ , and $D(E_{\tau})$ the a.lgebra of G-invariant
differential operators on $E_{\tau}$ (cf. [6]).

1 Irreducible representations of $D(E_{\tau})$

We set
$\Gamma_{r}(W)=IIo\ln_{I\backslash }.-(V_{\mathcal{T}^{*}}, |_{J}V)$

for any irreducible $(\mathfrak{g}, K)$-module $W$ (cf. [7]). Here $\tau^{*}$ denotes $t1_{1}e$ contra-
gredient of $\tau$ . $z\in U(\mathfrak{g}_{c})^{If}$ acts on $T\in\Gamma_{\tau}(\nu V)$ by

$[z.T](v)=z.T(v)$ $(v\in V_{\tau}*)$ .

Proposition 1 $\Gamma_{r}(|/V)$ is an $irredt\iota cibleD(E_{\tau})$ -module unless trivial.

A sketch of proof. Tlle claim follows directly from [3] or

$D(E_{r})\simeq U(\mathfrak{g}_{c})^{It^{-}}/U(\mathfrak{g}_{c})^{It^{:}}\cap U(\mathfrak{g}_{c})\mathcal{I}^{T}$ ([4, Tlleoreln 1.3])

and

Fact 2 (cf. [3], [7]) $\Gamma_{\tau}(\nu V)$ is an irreducible $U(\mathfrak{g}_{c})^{It}$ -module unless trivial.
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2 The classification theorem of Langlands
See [1] or [7] for details.

Definition 3 We say that a triple $(P, \sigma, \lambda)$ is Langlands data if $P$ is a stan-
dard parabolic subgroup with the langfands decomposition $P=MAN$ and $\sigma$

is an irreducible unitary representation of $I/f$ such that $(V_{\sigma})_{K\cap M}$ is a tem-
pered $(\iota \mathfrak{n}, K\cap\Lambda f)-\uparrow nodule$ and $\lambda\in a_{c}^{*}$ satisfies ${\rm Re}(\lambda, \alpha)>0$ for all positive
roots $\alpha$ of $a$ in $\mathfrak{g}$ .

Let $I_{P,\sigma,\lambda}$ be a $(\mathfrak{g}, K)$-module associated to tlle principal series representation.

Definition 4 For $\beta_{P,\sigma,\lambda}$ : $I_{P,\sigma,\lambda}arrow(V_{\sigma})_{K\cap M}$ defined by

く $\beta_{P,\sigma,\lambda}(f),$ $w>= \int_{\overline{N}}$ く $f(\overline{|x}),$ $w>d\overline{\uparrow\nu}$ $(w\in V_{\sigma})$ ,

$t/\iota ere$ exists a $(\mathfrak{g}, K)-/l0\uparrow 7\iota omorphismj_{P,\sigma,\lambda}$ : $I_{P,\sigma,\lambda}arrow I_{\overline{P},\sigma,\lambda}$ such that

$j_{P,\sigma,\lambda}(f)(1)=\sqrt P_{1}\sigma,\lambda(f)$ .

Then we define
$J_{P,\sigma,\lambda}=1_{111}j_{P,\sigma;\lambda}\simeq I_{P,\sigma,\lambda}/I\langle erj_{P,\sigma,\lambda}$ .

$|_{1}Ve$ call $J_{P,\sigma,\lambda}$ a Langlands quotient corresponding to $(F, \sigma, \lambda)$ .

Remark 5 $\mathfrak{s},V/\iota e\uparrow\iota(P, \sigma, \lambda)$ is Langlands $dat\dot{a},$ $\beta_{P,\sigma,\lambda}$ and $j_{P,\sigma,\lambda}$ are weff-defined
since $t/\iota e$ above integral converges absolutefy.

Fact 6 (cf. [1], [7]) For any irreducible $(\mathfrak{g}, K)$ -module $|_{J}V$ , there exists La?lg-
$land,s$ data $(P, \sigma, \lambda)$ such that

$W\simeq J_{P,\sigma,\lambda}$

as a $(\mathfrak{g}, K)-\uparrow 7t$ odule.
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3 Anontrivial condition of $I_{\tau}^{\urcorner}(J_{P,\sigma,\lambda}.)$

It is enough to consider $\Gamma_{\tau}(J_{P,\sigma,\lambda})$ as $\Gamma_{\tau}(T/V)$ from \S 2.

Tlleorclll 7 $\Gamma_{\tau}(J_{P,\sigma,\lambda})\neq 0$ if and $0\uparrow\iota ly$ if there exists $f\in I_{P,\sigma,\lambda}(\tau^{*})$ such that

$\int_{\overline{N}}<f(\overline{|x}),$ $w>d\overline{\uparrow\iota}\neq 0$ (for $so\uparrow new\in V_{\sigma}$ ).

A $sketc/\iota$ of proof. $T1_{1}e$ assertion follows $fro\ln$ the definltion of $j_{P,\sigma,\lambda}$ and

$\Gamma_{\tau}(J_{P,\sigma,\lambda})\neq 0\Leftrightarrow$ $J_{P,\sigma,\lambda}(\tau^{*})\neq 0$

$\Leftrightarrow I_{P,\sigma,\lambda}(\tau^{*})\not\in I\langle erj_{P,\sigma,\lambda}$ .

Corollary 8 Let $P$ $be\uparrow?\iota i\iota\iota i\uparrow na,l$ . $The\uparrow\iota\Gamma_{\tau}(J_{P,\sigma,\lambda})\neq 0$ if and only if there
exists $f\in I_{P,\sigma,\lambda}(\cdot r^{*})$ such that

$\int_{\overline{N}}e^{-(\lambda+\rho)H(\overline{\iota})}’<\tau^{*}(f’\Downarrow(\overline{\uparrow l})^{-1})f(1),$ $w>d\overline{|l}\neq 0$ (for $so\uparrow new\in V_{\sigma}$ ).

A $sketc/\iota$ of proof. $T1_{1}e$ lwa.sawa deconlposition and tlle funct,ional equation
of $I_{P,\sigma,\lambda}$ ilnply tllat

$f(?\overline{l})$ $=$ $e^{-(\lambda+\rho)II(\overline{\iota})}’ f(\kappa(\overline{l}’))$

$=$ $e^{-(\lambda+\rho)H(_{l}^{-})}’\tau^{*}(\kappa(\overline{\uparrow\tau})^{-1})f(1)$ .

Hellce $tl\iota e$ result follows froln tlle $tl\iota eore\ln$ above.

4 An application to the Poisson transform

We introduce $t1_{1}e$ Poisson transforlll following [4]. We assume $P$ is minimal
below. Let $\mathcal{B}(C_{7}, (\sigma, \lambda))$ be tlle space of $1_{1}yperfunctionsfro\iota nG$ to $V_{\sigma}$ such
tllat

$f(g\uparrow?\tau a\uparrow\tau)=e^{(\lambda-\rho)H(a)}\sigma(\uparrow?x^{-1})f(g)$ $(g\in G, ?7l\in\Lambda I, a\in A, \uparrow\in N)$ ,

a,nd $A(E_{7}^{\tau}.)$ tlle space of analytic sections of $E_{\tau}$ . We identify $B(F_{\tau,\lambda})$ witlt
$B(G, (\tau|_{M}, \lambda))$ . $P_{\tau,\lambda}$ : $\mathcal{B}(F_{\tau,\lambda})arrow A(E_{\tau}^{J})$ defined by

$P_{\tau,\lambda}( \phi)(g)=\int_{Ii}.\tau(k)\phi(gk)dk$ $(g\in G, k\in K)$
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is called $t1_{1}e$ Poisson transform for $E_{\tau}$ . Put $H_{\sigma}=Ho\ln_{M}(V_{\sigma)}l_{\tau}^{\gamma},)$ . $P_{\tau,\sigma,\lambda}$

clenotes tlle restriction of $\mathcal{P}_{\tau,\lambda}$ to $\mathcal{B}(F_{\sigma,\lambda})\otimes H_{\sigma}$ . If we set $H=\Gamma_{\tau}(J_{P,\sigma,\lambda})$ ,
tlten $(\chi, H)$ is ( equlvalent to )asubrepresentation of $(\chi_{\tau,\sigma},, {}_{-\lambda}H_{\sigma})$ of $D(E_{\tau})$ .
Since $H^{*}\subseteq H_{\sigma}^{*}\simeq H_{\tau,\sigma}=I- 1on1_{\Lambda 4}(1^{r_{\mathcal{T}}}/, V_{\sigma})$ we can regard $V_{\tau}\otimes II^{*}\otimes H$ as a
subspace of $B(F_{\sigma,-\lambda})^{\tau}\otimes H$ by

$l^{r_{\mathcal{T}}}/\otimes H^{*}\otimes H\subseteq 1^{\gamma_{\mathcal{T}}},\otimes H_{\tau,\sigma}\otimes H\simeq B(F_{\sigma,-\lambda})^{\tau}\otimes ff$.

Lelnlna 9 Let $\sigma\in R_{\tau}=\{\sigma\in M|[\tau : \sigma]>0\}$ and $H=\Gamma_{\tau}(J_{P,\sigma,\lambda})$ . Then
$P_{\tau,\sigma,-\lambda}$ is injective on $V_{\tau}\otimes H^{*}\otimes ff$ if $t/\iota ere$ exists $f\in I_{P,\sigma,\lambda}(\tau^{*})$ such that

$\int_{\overline{N}}e^{-(\lambda+\rho)H(\overline{r\iota})}<\tau^{*}(\kappa(\overline{\uparrow\tau})^{-1})f(1),$ $w>d\overline{\uparrow\tau}\neq 0$ (for some $w\in V_{\sigma}$ ).

A $sketc/l$ of proof. $Sill\dot{u}lar\arg\iota 111leIlts$ as [4, Lelnma 3.4 and Tlleorem 3.5]
$co\iota nl\supset letet1_{1}e$ proof. It is essencial tllat $H$ is irreducible unless trivial by its
construction.

5 Adescription in terms of C-function
Lelnma, 9 gives a connection between $C$-function and tlle Poisson $tra‘ 1lsform$

(cf. [5]). We introduce $t1_{1}e$ notation in [2]. For $\tau\in\hat{I}t’$ a,nd $\lambda\in\alpha_{c}^{*}$ , we set

$B_{\tau}( \overline{P} : P:\lambda)=\int_{\overline{N}}\tau(\kappa(\overline{\uparrow\iota})^{-1})e^{-(\lambda+\rho)If(^{-}\iota)}’ d\overline{\uparrow\tau}$.

Since $B_{\tau}(\overline{P} : P:,\backslash )$ colnlllttes witll tlle $a‘ ctioll$ of $\Lambda f$ , we $1$) $tlt$

$B_{\tau}^{\sigma}(\overline{P} : P : \lambda)=B_{\tau}(\overline{P} : P : \lambda)|_{V_{\tau}(\sigma)}$

for $\sigma\in J^{\wedge}/f$ . $\lambda-,$ $B_{\tau}^{\sigma}(\overline{P} : P:\lambda)$ is called Harisll-Cllandra’s $C$-function. For
$v\in V_{r}$ and $T\in IIo\ln_{M}(V_{\tau}, V_{\sigma})$ , we clefiIle $f_{v,T}$ : $Garrow V_{\sigma}$ by

$f_{v,T}(ka\uparrow\iota)=e^{-(\lambda+\rho)H(a)}T(\tau(k^{-1})v)$ $(k\in K, a\in A, n\in N)$ .

Tlten $V_{\tau}\otimes Ho\ln_{M}(T^{\gamma_{\mathcal{T}}}, l_{\sigma}^{r}/)arrow$. $I_{P,\sigma,\lambda}(\tau),$ $v\otimes T\vdasharrow f_{v,T}$ gives a $K$-module isomor-
$I)hisln$ . We identlfy $I_{P,\sigma,\lambda}(\tau)wit1_{1}V_{r}\otimes I- Io\ln_{M}(V_{\tau}, V_{\sigma})$ by tllis isolnorpllism.
Note tlta,$tT(v)=f_{v},\tau(1)$ rrnder this idelltification.

$-107-$



Theorem 10 Under the a.ss $tl’ 7$lption of Lemma 9, $P_{r,\sigma,-\lambda}$ is $i_{l},jective$ on
$V_{\tau}\otimes H^{*}\otimes H$ if $B_{\tau}^{\sigma}$. $(\overline{P} : P:\lambda)$ is non-zero as $a$ operator.

A sketch of $p\uparrow’ oof$. We llave

$\int_{\overline{N}}e^{-(\lambda+\rho)H(\overline{n})}<\tau^{*}(\kappa(\overline{|\tau})^{-1})f_{v,T}(1),$
$w>d\overline{n}$

$=$ $\int_{N}e^{-(\lambda+\rho)H(\overline{n})}<T(\tau^{*}(\kappa(\overline{|\tau})^{-1})v),$
$w>d\overline{n}$

$=$ $<T(B_{\tau}.(\overline{P} : P : \lambda)v),$ $w>$ .

Hence tlle $cla.i\ln$ follows $fro\ln$ Lelnlna 9 since $T$ is A4-1inea. $r$ a.nd $w\in V_{\sigma}$ .
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