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Let G be a connected semisimple Lie group with finite center, K a max-
imal compact subgroup of G. E, denotes the homogeneous vector bundle
over G/K associated to (7,V,) € K, and D(E,) the algebra of G-invariant
differential operators on E, (cf. [6]).

1 Irreducible representations of D(E))

We set 4
I'(W) = Homg(V,., W)

for any irreducible (g, K')-module W (cf. [7]). Here 7* denotes the contra-
gredient of 7. z € U(g,.)X acts on T' € I',(W) by

[2.T)(v) = 2.T(v) (v € V).
Proposition 1 T', (W) is an irreducible D(E,)-module unless trivial.
A sketch of proof. The claim follows directly from [3] or
D(E.) = U(g,)"/U(8.)X NU(g)T" ({4, Theorem 1.3])

and

Fact 2 (cf. [3], [7]) T, (W) is an irreducible U(g, )X -module unless trivial.
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2 The classification theorem of Langlands
See [1] or [7] for details.

Definition 3 We say that a triple (P, o, )\) is Langlands data if P is a stan-
dard parabolic subgroup with the langlands decomposition P = M AN and o
is an rreducible unitary representation of M such that (V,)xam 15 a tem-
pered (m, ¥ N M)-module and A\ € a satisfies Re(\, a) > 0 for all positive
roots a of a in g.

Let Ip, » be a (g, K')-module associated to the principal series representation.

Definition 4 For Bprox: Ipor — (Vo)kam defined by

< Broalf)yw >= /N < f(R),w>di (weV,),
there exists a (g, I)-homomorphism jpsx : Ipox — Ip, 5 such that

JPen(f)(1) = Bpoa(f)-

Then we define
Jpor = Imjp,a = Ipsr/Kerjpga-

We call Jp,,,,,\-a Langlands quotient corresponding to (P, o, )).

Remark 5 When (P, 0, ) is Langlands data, fp,» and jpq» are well-defined
since the above integral converges absolutely.

Fact 6 (cf. [1], [7]) For any irreducible (g, K')-module W, there exists Lang-
lands data (P,o,)) such that

W ~ Jp,a,)‘

as a (g, K)-module.
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3 A nontrivial condition of I';(Jp, )

It is enough to consider T';(Jp, 1) as I',(W) from §2.
Theorem 7 T, (Jpgy) # 0 if and only if there exists f € Ip,2(7") such that

/N<f(ﬁ),w>dﬁ750 ( for some w € V,).

A sketch of proof. The assertion follows from the definition of jp, ) and
F.,-(Jp,a,)) 75 0 & JP,a,A(T*) ?é 0
~ Ip,a,)\(’l’*) g Kel‘]‘p,a,)‘.
Corollary 8 Let P be minimal. Then I';(Jpy,n) # 0 if and only if there
exists f € IpyA(7") such that

/fv e~ AHIHGE) o (7)™ f(1),w > dn#0 ( for some w € V).

A sketch of proof. The Iwasawa decomposition and the functional equation
of Ip, » imply that

J(R) = ORI f((m)
= ORHO(s() 1) £ (1)

Hence the result follows from the theorem above.

4 An application to the Poisson transform

We introduce the Poisson transform following [4]. We assume P is minimal
below. Let B(G, (0, A)) be the space of hyperfunctions from G to V, such
that

f(gman) = eX=PH@Og(m=)f(g) (9 € G,m € M,a € A,n € N),

and A(F,) the space of analytic sections of E,. We identify B(F;,) with
B(G,(7|a, A))- Pra: B(Fy\) — A(E,) defined by

Pea@)9) = [ T(W)(gk)dk (g€ G,k € K)

Y
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is called the Poisson transform for F,. Put H, = Homp(V,,V;). Pron
denotes the restriction of P,y to B(F, ) ® H,. If we set H = I';(Jpg),
then (x, 1) is ( equivalent to ) a subrepresentation of (xr,,-x, Hs) of D(E;).
Since H* C H ~ H,, = Homp(V,,V,) we can regard V; @ H* ® H as a
subspace of B(F,_,)" @ H by

V,OH*@ HCV,®H,,® H~B(F,_,)" ®H.

Lemma 9 Leto € R, ={o € M |[r: 0] >0} and H = I'.(Jp,»). Then
Pro—x 15 injective on V, @ H* @ H if there exists f € Ip,(7") such that

[ O <)) £ (1), w > di £ ( for some w € Vo),

A sketch of proof. Similar arguments as [4, Lemma 3.4 and Theorem 3.5]
complete the proof. It is essencial that H is irreducible unless trivial by its
construction. ‘

5 A description in terms of C-function

Lemma 9 gives a connection between C-function and the Poisson transform
(cf. [5]). We introduce the notation in [2]. For 7 € K and X € aZ, we set

B.(P:P:))= /_ T(m(ﬁ)_l)e_(k+”)1{(ﬁ)dﬁ.
N
Since B,(P : P: \) commutes with the action of M, we put
BS(P:P:)) =B, (P:P: Ny

forc € M. A\ — BZ(P: P:))is called Harish-Chandra’s C-function. For
v €V, and T € Homy(V,, V,), we define f,r: G — V, by

for(kan) = e"C+HIHOP( (k) (k€ K,a € A,n € N).

Then V, @ Homp (V;, V,) = Ipoa(7), v®T — f, 1 gives a K-module isomor-
phism. We identify Ip,,(7) with V; ® Homp(V;,V,) by this isomorphism.
Note that T'(v) = f, (1) under this identification.
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Theorem 10 Under the assumption of Lemma 9, P, _x ts injective on
V,® H*® H if BZ%.(P : P : )) is non-zero as a operator.

A sketch of proof. We have

[ e OHHD < 7 (s(@) ) fur (1), w > di

_ /N e~ O+IHG) & T(7* (k(R))v), w > dA
= <T(B;-(P:P:Xv),w>.

Hence the claim follows from Lemma 9 since T is M-linear and w € V.
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