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\S $0$ . I $nl$ roduc $ti$ on.

Let $G$ be a semisimple Lie group with finite center, $K$ a

maximal compact subgroup of $G$ . Let $\theta$ be the Cartan involution of

$G$ fixing K. Let $G=K\Lambda N$ be an Iwasawa decomposion of $G$ and $\mathfrak{g}=$

$f+\mathfrak{n}+n$ the corresponding decomposition of the Lie algebra $\mathfrak{g}$ of

G. An element $g$ of $G$ can then be uniquely $w\Gamma_{\sim}i$ tten a $s$

$g=\kappa(g)$ explI (g) $n(g)$ ( $\kappa(g)\in K,$ 11 (g) Eo , $n(g)$ EN). Put $\overline{N}=\theta N$ and let

$M$ be tlle ccntrallzer of A in K. Let $\tau$ be a finite

dimens ional un 1 tary representation of $K$ and deno te $i$ ts

representation space by V. T1le followl ng operator given by

the integral

$(*)$ $c_{\tau}(\lambda)=\int_{\overline{N}}\tau(\kappa(\overline{n}))e^{-(\lambda+\rho)}(H(\overline{n}))$
$d\overline{n}$

$(\lambda\in 0_{C}^{l})$

$is$ called lIar $i$ sh-C$llandra$ ’
$s$ $C$ -func $t$ ion assoc $i$ ated to $\tau$ (see

[IIall). I $t$ $is$ well known that the operator $c_{\tau}(\sigma. \lambda)$ obta ined by

$reslr$ $ict$ $1$ ng $c_{\tau}(\lambda)$ to the lrreduclble $M$-component $v_{\sigma}(\subset V)$ , ls

closely related to the lntertwining operator between induced

representations ( $s$ ee [IIal. 21). and also in some speclal cases $it$
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can be represented by a diagonal matrix having diagonal elements

in the form of quotients of products of gamma factors with

respect to a certain orthogonal $basis$ (cf. [Co] , [Wal]).

Though it has been believed for a long time that these phenomena

would be true $\Gamma or$ more general cases, even the computation of

the de terminant $ofc_{\tau}(\sigma. \lambda)$ has not been easy (cf. [Co], [E-Ta] ,

[Ta], [Wa2] $)$ . We gi ve here some $affi$ rmat ive example $s$ to

th $is$ conjecture in $G=SU(n. 1)$ . $K\simeq S(U(n)xU(1))$ cas $e$ .

\S 1. No $t$ a $ti$ on and pre 1 $i$
$n\iota$

$i$ nar $ies$ .

Let $ntn\geq 2$ ) be an integer and

$G=SU$ $(n , 1)=$ { $\Lambda\in GL(n+1$ , C) ; $t\overline{A}$ I $A=I$ and $detA=1$ } ,n, l $n$ . $1$

whe re

$I_{n,1}=$ ( $n$

$-1$) $\in$ GL ( $n+1$ . C)

and $I_{n}$ is the $i$ dentlty matr ix of order $n$ . Let

$\mathfrak{g}=|$ tt $tn$ , $1$ ) $=$ { $X\in \mathfrak{g}1(n+1.C)$ ; ${}^{t}\overline{x}$I I $X=0$ and $trX=0$ }.n. l $+I_{n,1}$

$t=\{ .\cdot A\in\iota\iota(n)\}$ .

Le $t$

$0=\{tII; t\in R\}$ , $I1=$ .

$\mathfrak{n}=\mathfrak{g}_{\alpha}+\mathfrak{g}_{2\alpha}$ and $\overline{n}=\theta \mathfrak{n}$ ,

where $\alpha 1s$ a $s$ imple root of $(\mathfrak{g}. 0)$ which sati $s$fles a (II) $=1$ ,
$0_{\beta}$

is the root subspace of 9 for each root $\beta$ and $\theta$ ls the Cartan

involutlon of $\mathfrak{g}$ deflned by $\theta X=I_{n,1}XI_{n.1}=-{}^{t}x$ $tX\in \mathfrak{g}$ ). Then $\mathfrak{g}=f+0+\mathfrak{n}$
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$is$ an Iwasawa decomposltion of 9. Let $K,$ $A.N.\overline{N}$ denote the

analytlc subgroups of $G$ wlth Li $e$ algebras \ddagger , $0$ . $\mathfrak{n}$ and $\overline{\mathfrak{n}}$ ,

respectively. Then $G=KAN$ ls the Iwasawa decomposltion of $G$

correspondlng to the decomposltlon $\mathfrak{g}=t+n+\mathfrak{n}$ and we have

$K=$ { ( A

$(detA)^{-1}$ ) : $A\in U(n)$ }.

$A=\{ : t\in R\}$ .

$\overline{N}=\{P$
n-l

$p^{-1}$ .. $F=1+\frac{1}{2}\sum_{1=1}|z_{i}|^{2}+1u$ ,

$u\in R$ , $z_{1}\ldots..z_{n-1}\in C\}$ .
where

$P=\frac{1}{\sqrt{2}}$ .

We can see that $\overline{N}$ can be identified wlth $C$ $xl1$ . $\Gamma.or$ anyn-l

$\overline{n}(z.u)=PP^{-1}\in\overline{N}$

let $\overline{n}(z. u)=\kappa(\overline{n}(z. u))$ a $(\overline{n}(z. u))n(\overline{n}(z , u))$ be the Iwasawa decompos $iti$ on
of $\overline{n}(z. u)$ . Then we can $s$ ee that

(1. 1) a $(\overline{n}1z, u))$ $=P$ diag $( 1 \Gamma| , 1. \cdots. 1 , |F|^{-1})P^{-1}$

$(\dot{1}. 2)$
$\kappa\{\overline{n}(z. u))=((2-\Gamma 1.).\cdot/IF|\sqrt{2}z_{n-1}/IF|\sqrt{2}z_{0}/|\Gamma\prec|$

$1-|z_{l}..1^{2}/\Gamma\langle-\sqrt{z}/F-\overline{z}_{0}z/\Gamma 1n-1^{\cdot}.\cdot.\cdot.\cdot.\cdot$

.

$.\cdot\cdot.\cdot$ $1-|z_{n-1}.\cdot.|^{2}/\Gamma^{2}0-z_{1n-1^{/F}0}-\sqrt{2}0\Gamma^{t}/\cdot.\cdot|\Gamma$

.

$|\overline{\frac{z}{z}}n-1^{/F0}$
$)$
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(cf. [Se]). For a real $vec$ tor space $W$ we denote by $w_{C}$
$its$

complexlfication. Let $t_{1}=[t , f]$ and $\delta$ be the center of $t$ . Then

we see that

$t_{1C}=\{ .\cdot X\in|. \mathfrak{l}(n.C)\}$ .

$s_{C^{=C}}$

Let $M$ be the centralizer of A in K. Then

$M=\{ ; d^{2}detX=1 , X\in U\langle n-1)\}$

Let $\mathfrak{m}$ be the Lie algebra of $M$ , $\mathfrak{n}\iota_{1}=[\mathfrak{m}. \mathfrak{m}]$ and put

$\mathfrak{h}=\{$
$n$

$\in \mathfrak{g}1(n+1. C)$ :
$\sum_{=J1}h_{J}=0$

}.

.0
$\mathfrak{h}_{\iota\iota\iota}=\{$ .$h_{2}$

.
$h_{n}$

$0$
$-$

$n$

$\in \mathfrak{g}1(n+1.C),$
$J=2\Sigma h_{j}=0\}$

.

$Tllerl0$ and $0_{\mathfrak{n}\iota}$ are Cartan subalgebras of $t_{1C}$ ( $\simeq\int$ I ( $n$ , $C$ )) and
$\mathfrak{n}\iota_{1C}$

respec $ti$ vely. Le $t$
$\{\alpha_{1}\ldots. , \alpha_{n-1}\}$ be the fundamental root system

of $(f_{lC} , ||)$ $def$ ined by

$\alpha_{i}(l1)=1\iota_{1}-h_{i+1}$ , $1I=(^{h_{1}}$

.
. $h_{n}0)$ . $i=1,2$ . $\cdots,$ $n-1$ .

Then $\{\alpha_{2}. \cdot\cdot. , \alpha_{n-1}\}$
$is$ the fundamental root sys tem of $(\mathfrak{n}\iota_{1C}, 0_{111})$ .

We now cons $i$ der the Har $ish$ -Chandra $C$ -function $C_{\tau}(\lambda)$ given by tbe

integral $(*)$ for SU(n)-lrreducible representatlon $\tau$ . where $p$
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denotes tlle rho $f$unct ion and $d\overline{n}$ denotes an Haar measure on $\overline{N}$ .
Si nce $\lambda\in 0_{C}^{l}$ can be wrlt ten in the form $\lambda=\mu_{\lambda}\alpha$ $(\mu_{\lambda}\in C)$ we ident $i$ fy $\lambda$

wi th the complex number
$\mu_{\lambda}$

. I $t$ $is$ known that the integral $(*)$

converges absolutely for $\lambda=\mu_{\lambda}\alpha\in 0_{C}^{l}$ such that $\Re e\mu_{\lambda}>0$ (See e. g.

[Will. \S 8. 10. 16] $)$ . Ttlus $\rho$
$1s$ ldentlfled wlth $n$ and (1. 1) $lInpllcs$

$e^{-(\lambda+\rho)H(\overline{n})}=$
$|\Gamma$. $(z, u)|^{-\lambda-n}$

Let $\lambda_{i}(1=1. \cdots. n)$ be the $1inear_{-fu}\underline{rl}ctlonals$ on $\phi$ $def$ ined by

$\lambda_{i}(lt)=h_{i}$ for $H=\in\phi$ .

\S 3. The casc for $f$ undamcn tal reprcsen ta $ti$ ons $([E-K-M-W])$ .

J30 Let $V_{0}=C^{n}$ be the complex vector space of the $n$ products

of $C$ and cons $i$ de $r$ the vec tor space $V_{0}^{r}=V_{0}\Phi\cdots\otimes V_{0}$ (ten $sor$

produc ts $of$ $r$ $t$ imes , $r\geq 2$ ). As the $spec$ ial linear -group SL $(n, C)$

acts on $v_{0}$
$ln$ natural way, the speclal unitary group SU(n)

does too. We then consider the tensor product representatlon $\mu$

induced $f$ rom tllls $i$ dcntlty representatlon. Let $e_{1}=$ (i-th

( $i=1$ , $\cdot$ . , n). Le $t$ $W$ be the $\mu I_{SU(n)}$
$i$ rreduci ble subspace of

$V_{0}^{r}$ implying the hlghe $st$ wei ght vector $e_{1}\wedge\cdots\wedge e_{r}$ wlth the hi ghes $t$

weight $\lambda_{1}+\cdots+\lambda_{r}$ . We denote by
$\tau_{\Gamma}$ the representat ion $\mu|$

SU (n)

of SU (n) on W. We see that $K=ZKK1^{\cdot}$ here $z_{K}$ deno $ti$ ng the cente $r$

of $K$ and $K1$ the semisimple part of $K$ and also that $K_{1}\simeq SU(n)$ and

$z_{\dot{K}}\simeq^{r}r^{1}$
$T^{1}$ denot $i$ ng the one dimens ional torus group $\{e^{i\theta}. \theta\in R\}$ .

$S$ ince $\tau_{r}(z)(z\in Z=Z_{K}\cap K_{1})$ acts as a scalar operator on $W$ , we can
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wr $i$ te as $\tau_{\Gamma}(z)w=c(z)w$
$\langle$ $c(z)\in U(1)$ , $w\in W)$ . Take an irreducible

unitary representation $\epsilon_{m}(m\in 7_{\lrcorner})$ of $Z_{K}$ such that

$c(z)=\xi_{m}(z)(z\in Z_{K}\cap K_{1})$ . where $Z$ denotes the set of integers. The

cases happen $i$ ff $m\equiv r$ (mod n). Let $\tau$ be the $i$ rreduc $i$ ble uni tary

representation of $K$ on $W$ such that $\tau|_{z_{K}}=\xi_{m}$
and $\tau|_{K_{1}}=\tau_{\Upsilon}$ . Tben

we have $W=W_{1}+W_{2}$ . here $W_{1}$ and $W_{2}$ denoting the $M$-invariant

and irreducible subspaces lmplylng the $M$-hlghest weight vectors

$0_{1}=e_{1}\wedge\cdots\wedge er$ and $0_{2}=e_{2}\wedge\cdots\wedge er+1$ , respec $t$ ively. In thi $s$ case ,

IIarish-Chandra’s $C$ -function is given as follows:

(3. 1) $c_{T}1\lambda)=c\int_{c^{n-1_{\cross R}}}|F$ ( $z$ , u) $|^{-\lambda-n}\tau(\kappa(\overline{n} (z , u)))dzd\overline{z}du$ ,

where $c$ is a certain constant coming from the normallzation of

the measures. We choose we $i$ ght vec tors $U_{3}$ , $\cdot$ , $1$} $d(d=dimW)$ so

$that$ $\{U. l\}12\ldots,$ $u_{d}\}$ 1 $s$ a basl $s$ of W. Then we have the followlng

$\exp r$ es $s$ ions:

$\langle$ 3. 2)
$\tau(\kappa(\overline{n}))0_{1}=\frac{\overline{F}-|z_{r}I^{2_{-}}\cdots-|Z_{n-1}I^{2}}{|F|}$

$( \frac{F}{|F|})^{m}lt1+$ other ,

(3. 3)
$\tau(\kappa(\overline{n}))l|=2\frac{\Gamma<-|7_{\lrcorner}1^{2_{-}}\cdots-|z|^{2}1r}{F}$

$( \frac{F}{|\Gamma^{t}|})^{m}U_{2}+$ other.

Since $c_{T}(\lambda)$ acts as a scalar operator on each M-irreducible

subspace $w_{i}$ . we denote by $c_{i}(\lambda)$ the scalar induced by the

act ion or $c_{\tau}1\lambda$ ) on $w_{1}$ . Then we have

$(3 4) c_{1}(\lambda)=c\int_{c^{n-1_{xR}}}|F|^{-\lambda-n}(\frac{F}{|\Gamma|})^{m}|F|^{-1}(\overline{\Gamma}-|z_{r}|^{2} - -|Z_{n-1}|^{2})dzd\overline{z}du$ ,

$(3 5) c_{2}(\lambda)=c\int_{c^{n-1_{\cross R}}}|F$ [ $- \lambda-n(\frac{F}{|F|})^{m}p^{-1}$ (F-l $z_{1}|^{2}$ - $-|Z_{r}|^{2}$ ) $dzd\overline{z}du$ .
respec $t$ ively.
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Theorem 3. 1. The mat $rixel$ emen $tsc_{1}(\lambda)$ , $c_{2}(\lambda)$ of $c_{\tau}(\lambda)$ are
represen $ted$ as $follows$ :

$\langle$ 3. 6) $c_{1}(\lambda)=$

(3. 8) $c_{2}(\lambda)=$

Remark. In [Se] $c_{1}1\lambda)$
$1s$ computed $ln$ another way.

\S 4. The case for adj $oinl$ reP $\iota$.cscn ta $ti$ on $([E-M-W])$ .
Now conslder the complex vector space $V=t_{C}$ which ls

1 somorphlc to $\mathfrak{g}\mathfrak{l}(n. C)$ . Then we see that V $=$
$t_{lC}\otimes\delta_{C}$

$1s$ the

4
Ad(K)-irreducible decomposltlon. Futhermore V $=\Phi V_{1}$ $1s$ the

$1=0$

Ad(M)-lrreducible decompositlon. where

$v_{0}=$ $s_{C}$ .
$V_{1}=$ $\{z .\cdot z\in C \}$ .

$V_{2}=$
$\{$

$(0$ $z_{12}\cdot 0^{\cdot}$

.
$z_{\ln}0)$

$v_{3}=$ $\{$ $0$

: $z_{12}\ldots..z_{\ln}\in C$ }.

: $z_{21}\ldots..z_{n1}\in C$ },

$v_{4}=$ {(
$0$

X
$0$

) : $X\in\int 1(n-1.C)$ }.

We put
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$x_{0}=$ . $x_{1}=\frac{l}{1-n}$ . $x_{2}=$ .

$x_{3}=$ . $x_{4}=$ .

In our case $Ilarlsh-ChandrasC$ -functlon is glven as follows:

(4. 1) $C(\lambda)=c\int_{c^{n-1_{xR}}}|F(z, u)$ [
$-\lambda-n$

Ad $\kappa(\overline{n}(z.u))dzd\overline{z}du$ .
where $c$ is a certain constant coming from the normallzatlon of

measures. Paying attentlon that $C(\lambda)$ acts as a scalar operator

on each M-i rreduclble subspace $v_{1}$ . we denote by $c_{1}(\lambda)$ the $s$calar

induced by the action of $C(\lambda)$ on V Then we have the1
following.

Theorem 4. 1. We have the $following$ exPress $ions$ :

(4. 2)
$c_{0}(\lambda)=\frac{(2\pi)^{n}\cdot 2^{-\lambda}\Gamma(\lambda)}{\Gamma(\frac{\lambda+n}{2})^{2}}$ ,

(4. 3)
$c_{1}(\lambda)=\frac{(2\pi)^{n}\cdot 2^{-\lambda-2}\Gamma 1\lambda)(\lambda-n)^{2}}{\Gamma(\frac{\lambda+n\star 2}{2})^{2}}$ .

(4. 4)
$c_{2}(\lambda)=c_{3}(\lambda)=\frac{(2\pi)^{n}\cdot 2^{-\lambda-1}\Gamma(\lambda)(\lambda-n+1)}{\Gamma(\frac{\lambda+n+3}{2})\Gamma(\frac{\lambda+n-1}{2})}$.

(4. 5)
$c_{4}(\lambda)=\frac{(2\pi)^{n}\cdot 2^{-\lambda}\Gamma(\lambda)(\lambda+n-2)}{\Gamma(\frac{\lambda+n+2}{2})\Gamma(\frac{\lambda+n-2}{2})\langle\lambda+n)}$ .

Remark. In [Se] $c_{2}1\lambda)$ , $c_{3}(\lambda)$ are computed $\ln$ another way.
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\S S Other exampl es.

Flr $st$ of all we recall the Young dlagram.

$r_{1}=$ 5

$T$ : $r_{2}=$ 3

$r_{3}=1$

$T$ is a figure of boxes, whic1l we put in key shape so that the

first boxes in each row are put from the flrst and each row has

as many as or more boxes the lower row doe $s$ . . Assume $T$ has $\nu$

rows wi th lengths $r_{1},$
$\cdots$ . $r_{\nu}$ $(r_{1}\geq r_{2}\geq\cdots\geq r_{\nu}>0)$ . Put then .

$r=r_{1}+\cdots+r\nu$ . We insert $f$reely the numbers 1. $\cdots$ . $r$ in those

boxes. Let $\mathfrak{S}_{r}$ denote the group of permutatlons of tlle set

$\{1. \cdot\cdot. , r\}$ and $\Re_{T}$ (re $sp$ . $\mathfrak{L}_{T}$ ) be. the subgroup cons $i$ sti ng of thos $e$

$\sigma\in \mathfrak{S}_{r}whi$ch $pe$ rmute the numbers in each row (resp. column) of T.

Put

$a_{T}=\sum_{\sigma\in\Re_{T}}\sigma$

.
$b_{T}=\sum_{\sigma\in \mathfrak{L}_{T}}\epsilon_{\sigma}$

. a ’

where $\epsilon_{\sigma}$
ls the sign of $\sigma$ . Tllc operator $e_{T}=b_{T}a_{T}$

$1s$ called the

Young operator. Le $tv_{0}^{r}=\oplus_{1}v_{01}^{r}$ be the SU (n)-lrreduclble

decomposition of $V_{0}^{\Gamma}$ . Then tllere ls a Young diagram $T_{1}$ for each

$v_{0i}^{r}$ suc $l1t$hat $v_{01}^{r}=e_{T_{1}}(V_{0}^{r})$ . We as slgn $e_{1}$ . $\cdots$ . $e_{n}$ to those boxes

of $T$ so that the l-th row has $p_{1}(0\leq p_{1}\leq r_{1})$ copies of $e_{1}$ from the

left and $q_{1}(0\leq q_{1}\leq r_{1})$ $cop$ ies of $e_{i+1}$
$\ln$ the rest wlth $p_{1}+q_{1}=r_{i}$ .

$p_{i}.\geq q_{1}$
. It is known that any flnlte demenslonal lrreduclble

representation $\tau$ of SU(n) corresponds to such a Young diagram T.

We conslder now a new Young dlagram $T$ obtalned from $T$ as
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follows. $T$
’

$1\iota$ as $\nu$ or $\nu-1$ rows wlth lengths $r_{1}=q_{1}+p_{2},$
$\cdot$ . ,

$r_{\mu-1^{=Q}\nu-1^{+p}\nu}$ . $r=q\nu\nu|$ and each box of i-th row has $e_{1+1}$ only

$(1\leq i\leq\nu)$ . Take the SU $(n)-i$ rreduc $i$ ble repre $s$ entat ion $\tau$

determi ned by $T$ and decompose $V^{r}=e$ $(V^{r})$ lnto M-irreduclble
$T$ $T$ $0$

components. Then we see that $e_{T}e_{T},$
$tv_{0}^{r}$ ) ls an M-irreduc $i$ ble

subspace of $v_{T}^{r}$ .

Example 1. ( $r_{1}=\cdots=r=1\nu$ case)

$T_{2}$ .

(1) For $T=T_{1\sim}$. $si$ nce $a_{T}=1$ , $b_{\dot{T}}=$

$\Sigma$
$\epsilon$ $\sigma$ ,

$a_{T},$
$=1$ ,

$\sigma\in \mathfrak{L}_{T}\sigma$

$b_{T}$ . $=,$
$\sum_{\in\sigma r_{T}}\epsilon_{\sigma}.’\cdot\sigma$

’ we have

$e_{T}=\sum_{\sigma\in \mathfrak{L}_{T}}\epsilon_{\sigma}\cdot\sigma$

.
Thus

$e_{T}$ . $=$ $\Sigma$

$\epsilon_{\sigma},$

$\cdot\sigma$

’

$\sigma$
$’\in \mathfrak{L}_{T}$

$e_{T}e_{T}$
, (

$e_{1}\Phi\cdot\cdot$
. xe

$\nu$

) $=$
$e_{1}\wedge\cdots\wedge e\nu$ .

(2) For $T=T_{2}$ , slnce $a_{T}=a_{T},$
$=1$ , $b_{T}=b_{T},$

$=$ $\Sigma$
$\epsilon$ . $\sigma$ . we have

$\sigma\in \mathfrak{L}_{T}\sigma$

$e_{T}=e_{T}$ .
$= \sum_{\sigma\in \mathfrak{L}_{T}}\epsilon_{\sigma}\cdot\sigma$

.

T.hu $s$

$e_{T}e_{T}$ . $(e_{2}\Phi\cdots\Phi e_{\nu+1})=e_{2}\wedge\cdots\wedge e\nu+1$ .
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These are the cases of fundamental representatlon of SU(n)

described in \S 3.

Example 2. ( $r_{1}=p+q=r.$ $0\leq p\leq r$ . $0\leq q\leq r$ case)

We conslder the case that $T$ conslsts of $p$ copies of $e_{1}$ from

the left and $q$ coples of $e_{2}$ in the rest.

$T$ :

Since
$a_{T}=\sum_{\sigma\in\Re_{T}}\sigma$

. $b_{T}=1$ , $a_{T},$
$=. \sum_{\sigma\in\Re_{T}}$ . $\sigma$ ’. $b_{T},$ $=1$ . we have

$e_{T}=\sum_{\sigma\in\Re_{T}}\sigma$

. $e_{T},$
$=. \sum_{\sigma\in\Re_{T}}$ . $\sigma$

.

Thus for $1|=pqe_{1}\Phi\cdots\Phi e_{1}\Phi\overline{e_{2}\Phi}\cdots Oe_{2}\in v_{0}^{r}{}_{\wedge}P\sim q\sim$ . we have

$e_{T}e_{T}$ . $tu_{pq}.$ ) $=q$ ! $e_{T}(u_{pq}.)$ (say $=w_{pq}$
).

Let $\tau$ be the SU(n)-lrreduclble $representatlon\backslash$ correspondlng to T.

Then for $k=(k_{lJ})$ ESU (n) we have

$\tau(k)w_{pq}=(\sum_{1=0}^{p}k_{11}^{p-1}k_{22}^{q-1}(k_{12}k_{21})^{1})w_{pq}+$ other

and

$\tau(\kappa(\overline{n}))w_{pq}$

$=( \sum_{i=0}^{P}(\frac{2-F}{|\Gamma 2|}I^{p-1}(\frac{F-1z_{1}1^{2}}{\Gamma*}I^{q-i}(\frac{-21z_{1}I^{2}}{\Gamma^{i}|F|})^{1})w_{pq}+$

otber.

Remark. In $SU(2)$ case. any flnlte dlmenslonal lrreduclble

r.epresentatlon of $SU(2)$ corresponds to a Young dlagram of thls

type.
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Example3. ( $r_{1}=2.$ $r_{2}=1$ case)

We consider $T$ as the following flgure.

$T$ :

Since $a_{T}=1+\langle 12$ ) , $b_{T}=1-(1 3)$ , we have

$e_{T}=(1-(13))(1+(12))$ .

(1) We conslder T. $T$ as the followlng figures.

$T$ : T:

$S$ ince $a_{T},$
$=1$ , $b_{T}$ . $=1$ ,

$e_{T}$ . $=1$ . we have

$e_{T}e_{T},$ $(e_{1}\Phi e_{2}\Phi e_{1})=(e_{1}\wedge e_{2})\Phi e_{1}$ .
Thu $s$

$\tau(\kappa(\overline{n}))e_{T}e_{T}$ . $\langle e_{1}\Phi e_{2}\Phi e_{1})=$

.
$\tau(\kappa(\overline{n}))((e_{1}\wedge e_{2})\Phi e_{1})$ .

Computlng the last expresslon. we see that the coefflclent of

$(e_{1}\wedge e_{2})\Phi e_{1}$ $1s$

$(k_{11}k_{22}-k_{12}k_{21})k_{11}=$
$( \frac{\overline{F}-|z_{2}|}{|F|})(\frac{2-F}{|F|})$ .

and that the $va]_{-ue}$ or the lntegral (r) colncides with $c_{2}(\lambda)$ in

(4. 4).

(2) We consider T. $T$
’ as the followlng figures.

$T$ : $T’$ : $e_{2}$ $e_{2}$

$S$ ince $a_{T},$
$=1+(1\angle)$ ,

$\mathfrak{o}_{T},$
$=1$ ,

$e_{T}$ . $=1+(1 2)$ , we have

$e_{T}e_{T},$ $(e_{1}\Phi e_{2}\Phi e_{2})=2((e_{1}\wedge e_{2})\otimes e_{2})$ .
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Thus

$\tau(\kappa(\overline{n}))e_{T}e_{T}$ . $\langle e_{1}\otimes e_{2}\Phi e_{2})=2\tau(\kappa(\overline{n}))((e_{1}\wedge e_{2})\otimes e_{2})$ .
Computing the last expresslon. we see that the coefflcient of

$(c_{\perp}\wedge e_{2})\Phi c_{2}$ is

$(k_{11^{k}22^{-k}12^{k_{21})k_{22}=}}$
$( \frac{\overline{\Gamma^{t}}-|z_{2}|^{2}}{|F|})(\frac{F-|z_{1}|^{2}}{F})$ .

and that the value of the lntegral $(’)$ colncides wi th $c_{4}1\lambda$ ) in

(4. 5).

(3) We consider T. $T$ as the followlng flgures.

$T$ : T:

$S$ lnce $a_{T}$ . $=1$ , $b_{T}$ . $=1-(1 3)$ . $e_{T}$ . $=1-(1 3)$ , we have

$e_{T},$ $\langle e_{1}\Phi e_{3}\Phi e_{2})=e_{1}\Phi e_{3}\Phi e_{2^{-}}.e_{1}\Phi e_{2}\Phi e_{3}$

$e_{T}e_{1},$ $,$ $(e_{1}\Phi e_{3}\Phi e_{2})=(e_{1}\wedge e_{3})\Phi e_{2}+$ $2(e_{2}\wedge e_{3})\Phi e_{1}-(e_{1},\wedge e_{2})\otimes e_{3}$ .
Thus

(5.1) $\tau(\kappa(\overline{n}))e_{T}e_{T}$ . $(e_{]_{-}}\Phi e_{3}\Phi e_{2})$

$=$
$\tau(\kappa(\overline{n}))((e_{1}\wedge e_{3})\Phi e_{2})+2\tau(\kappa(\overline{n}))((e_{2}\wedge e_{3})\Phi e_{1})-$ $\tau(\kappa(\overline{n}))((e_{1}\wedge e_{2})\Phi e_{3})$ .

Computing the last expression. we see that the coefficient of

$(e_{\perp}\wedge e_{3})\Phi e_{2}$ is

$(kk-kk)k+ll22l221222(kk-kk)k_{21}-12331332(k_{11^{k}32^{-k_{3\perp}k_{12})k_{23}}}$

$= \frac{1}{b^{\neg}|F|}((\overline{\Gamma.}-|z_{1}|^{2})(F-|z_{1}1^{2}l-4|z_{1} [ 2+|z_{1}|^{2}|z_{2}|^{2})$

$=. \frac{1}{1^{\backslash }|\Gamma|}.$ ( I $F|^{2_{-}}6|z_{1}$ I $2_{)}$ .
and that the lntegral value of each term in (5.1) colncldes with

each other. We flnd also that the value of the lntegral $(\cdot)$

coincldes wi th $c_{1}(\lambda)$ in (4. 3).
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(4) We conslder $T$ , $T$
’ as the following figures.

$T=T’$ :

$Si$ nce $a_{T}$ $,$ $=]_{\sim}+(1 2)$ . $b_{T},$ $=1-(1 3)$ . $e_{T},$ $=(1-(1 3) )$ $(1+(1 2))$ , we have

$c_{T}e_{T},$ $(e_{2}\Phi e_{3}\Phi e_{2})=4(e_{2}\wedge e_{3})\Phi e_{2}$ .
Thus

$\tau(\kappa(\overline{n}))e_{T}e_{T^{\tau}}(e_{2}\Phi e_{3}\Phi e_{2})=$ $4\tau(\kappa\{\overline{n}))((e_{2}\wedge e_{3})\Phi e_{2})$ .
Computing the last expression, we see that the coefficient of

$(e_{2}\wedge e_{3})\Phi e_{2}$ is

$\langle$ $k$ .$k-kk22332332$ ) $k_{22}=\frac{1}{p^{2}}(F-|z_{1} [ 2-|z_{2} [ 2)$ $(\Gamma^{I}-|z_{1}|^{2})$ ,

and $t\mathfrak{l}lat$ the value of the integral $(*)$ colncides with $c_{3}\langle\lambda$ ) in

(4. 4).
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