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Abstract. Consider the complex matrix Lie superalgebra g[nln with the standard genera-
tors e;j; i,j € Z,... Define an involutory automorphism = of g[nlﬂ by m(eij) = €iq4n,j4n-
Dissimilarly to the even case, the twisted polynomial current Lie superalgebra

g={X() € gl [\ : 7(X(2)) = X(-N)}

acquires a natural Lie co-superalgebra structure. A quantization of the co-Poisson Hopf
superalgebra U(@) is constructed. An analogue of the Drinfeld duality theorem for the
quantization of U(s[,[\]) is also found.

1.Yangians. Let s be a simple finite-dimensional Lic algebra over C. Apart from
U,(s), the quantized universal enveloping algebra of s, there is one more Hopf algebra
to associate with 5 in a natural way. This algebra, the Yangian Y(s), plays a role of
considerable importance in mathematical physics and representation theory [Ch,01].
For the general description of Y(s) in terms of generators and relations, see the original
paper [D1]. Here Iindicate only the classical counterpart of Y(s), that is the polynomial
current Lie algebra s[A] with a natural Lie bialgebra structure. To describe the latter,
consider the following general situation. :

Let a be an arbitrary finite-dimensional Lie algebra and K € (a®?)®. Then the
rational function

. K

i o= 5

obeys the classical Yang-Baxter equation

(12) [0, 3O )] (2O 1), B 0)] + (0, ), (s, )] = 0

here the standard tensor notation of [KS1] is used. If, additionally, I € S® a then (), 1)
1s antisymmetric,

(0, ) + (s, A) =0,
and the co-commutator ¢ : a[A] — a[A\]®? = a®2[\, u] can be defined by
(1.3) (X)) = X\ +2X (), 2r(\, ).

This definition of ¢ makes a[}] into a Lie bialgebra. In particular, if a is simple and I
is the Casimnir element, one gets a natural Lie bialgebra structure on a[].



The Yangian Y(s) contains the universal enveloping algebra U(s) as a subalgebra
for any 5. The case 5 = s, is distinguished since only in this case a homomorphism
Y(s) — U(s) identical on U(s) exists [D1]. In this section I will consider only this
distinguished case.

To describe the Yangian Y(sl,), consider the algebra Y(gl,) with the generators
tg;:) (1,7 = 1,...,n; k = 1,2,...) and the following relations. Introduce the forimnal
power series

(1.4) t,-j(u) = (5,']' + tg;) w tg) w4 ..

in «~! and form the matrix T'(u) = [tij(u)]};=;. Let P € End((C™)®?) be the switch
map; the End((C")®?)-valued function

R(u,v) =id - }_D »
obeys the quantum Yang-Baxter equation
(L) MR(u,v) "R, w) * Ry, w) = *R(v, ) "* R, w) *R(x, v).
Then
(1.6) 2R(u,v) 'T(u) 2T (v) = *T(v) "T(u) ** R(u, v).

It is a direct consequence of (1.6) that the following formulae define comultiplication
A, co-unit € and antipode S on Y(ql,,):

(1.7) A(tij(u)) = Z ti(w) @trji(u), e(tij(w)) =65, S(tii(u)) = tij(u)
k

where [£;;(w)]?;2, = T7'(u). The inclusion U(gl,,) — Y(gl,) and the homomorphism

1,j=1 =

Y(gl,,) — U(gl,,) identical on U(gl,) can be defined, respectively, by
€ij & tf-}) and tg-c) —0,k2>2

where e;; form the standard Dasis of gl,,.
By definition, the antipode S is an anti-automorphism of Y(gl, ), hence S? is an
automorphism. Put

2(u) = tii(u+n)Gi(w) =14 2Du™? 4 2Pu™ 4

it does not depend on the index j.



ProPOSITION 1.1([D1,KS2]). a) S%(¢;(w)) = 271 (uw) t;j(u + n).

b) A(z(w)) = z(u) ® z(u), S(z(v)) = 271 (u).

c) The elements z(1), 2(®), ... generate the centre of Y(gl,,).

The Hopf algebra Y(sl,,) is the quotient of Y(gl,,) by the relations

LD =,2 =...=0.

Now I formulate a version of the Drinfeld duality theorem [D2], it provides a repre-
sentation theory for the algebra Y(gl,,). The key role in [D2] is played by the degenerate
affine Hecke algebra Hepn. It is generated by the group algebra C[Sn] of the symmetric
group and the pairwise commuting clements 1, ...,z n such that

(a,a+1)zy=xp(a,a+1) if b#a,a+l;
(1.8) (a,a+ 1)z, =41 (a,a+1) -1
where (a,b) is the transposition in Sy.
Consider the following general construction. Let G be a finite group and Xe be an

assosiative algebra containing the group algebra C[G]. Fix a representation o of G in
some vector space V' and introduce the algebras

A=Xe®End(V),” D= @ C-g®a(g).
_ g

Denote by C the commutant of D in A and put B = C - D. Then the left ideal L in B
generated by the elements

1Qid-g®oa(g9), 9€G

turns out to be a two-sided one; let Y = B/L be the quotient algebra. For any Xe-
module M, the action of B in the invariant space (M ® V)P is pulled through that of
Y.

Let G = Sy and o be its action in V = (C")®¥ via permutations of the tensor
factors: o((a,a + 1)) = ©**1P. Set Xe = Hen and produce the algebra Y. Pass from
the commuting generators x, of Hen to the non-commuting ones,

Uq = Tq — Z (a» b).

1<b<ea

We get
: (a,b) - [tg, up] = uq — uy,

but the relations (1.8) have been now purified:
sug.s = Us(a), S € SN.
Evidently, one can define a homomorphism Hey — C[Sy] trivial on Sy by
Ug—0; a=1,...,N.



THEOREM 1.2. The following map cxtends to a homomorphism Y(gl,) — Y:

(1.9) T(u)— 1Qid— ) ® P,

The proof proceeds by the direct substitution of the rhs of (1.9) into‘(l.G). This
theorem clearly provides the functor

(1.10) D : {Hc-modules} — {Y(gl,)-modules} : M — (M ® (C™)®M)P,

Ezample. Let x be a character of the commutative subalgebra Clzy,...,zn] of Hep.
Consider the principal series Hepy-module

My =InddN X

Then the application of the functor D to M, is none other else than the fusion process
of [KRS]:

D(My) = (€5 °T(w) s "V R(u, x(en)) - .. R, x(x1)).

2.The queer Lie superalgebra. There are two analogues of the Lie algebra gl,, in the
theory of Lie superalgebras. The obvious counterpart is gl,, |, , and the generalization of
the above constructions to that case is straightforward; cf. [N1]. The more interesting
one is the queer Lie superalgebra g, the fixed point subalgebra in gl, . with respect to
the second-order automorphisin

T €ij 7 Cign,j+n

where e;; are the standard generators of gl,, and the indices ¢,j are considered

mod 2n.
The queerness of q,, manifests itsclf in that all the invariants in S?q,, are trivial:

(2'1) (52 qn)qn =C- (611 4+ 4+ e2n,2n)®2

Hence the co-commutator (2.1) vanishes and there is no natural Lic bi-superalgebra
structure on q,[A]. But such a structure can be defined, in compensation, on the twisted
current Lie superalgebra

8= {X(N) € glyu[\] s (X (V) = X(=N)}.

The definition is based on the following general scheme (cf. [A,FR]).
Let a, I be as above and w be an automorphism of a with finite order d. Let ( be a
primitive d-th root of unity. Define »(\, ) by means of (1.1) and put

(2.2) s = ) ([dew)r(Au-C°).

c€Z/dZ



PRrRorosITION 2.1. Suppose that
(2.3) w® (K) =( K,

then the function (2.2) obeys the classical Yang-Baxter equation (1.2). If, in addition
to (2.3), I € S® a then (2.2) is antisymmetric.

Note that for an (even) simple Lie algebra a we always have
w®? (k) = K,

and in compliance with [BD1], our general construction gives nothing new in this case.
Now set a =gl,},,, w = 7 and

I = Z eij ® eji - (—l)p(j)
i,j

nlns

where p(i) = 0 or 1 depending on whether 1 < j < norn+1 < j < 2n. Then the
condition (2.3) is satisfied and, moreover, ¥ € S? a. Therefore substituting s(A, p) for
r(A, i) in (1.3) we get a Lie bi-superalgebra structure on g. The next section contains
the description of certain Hopf superalgebla Y(qx.) which is a quantization of U(g) in
the sense of [D1].

3.Yangian of q,,. Consider the tautological gl,,,,-module C*l". Let E;; constitute the

standard basis of the matrix superalgebra End(C™"). The action of the subalgebra
Gn C @l On C"I* commutes with

I=3" Ejpnj- (-1)0.
j

Let P € End((C"l")®?) again be the switch map,
P = Z Ei; @ Lj; - (—I)P(j).
i,j
As a direct computation shows, the End((C"1")®?)-valued rational function

P P(I®lI
L Puen

Uu—v u+v

R(u,v) =

obeys the quantuin Yang-Baxter equation (1.5).

At this point, to describe the algebra Y (g, ) one can apply the standard technique of
[FRT] which has been already used in Section 1. The algebra Y(q,) is generated by the
elements tgf) (3,7 =1,...,n; k. =1,2,...) subject to the following rclations. Introduce
the formal power series t;;() by means of (1.4) and form the matrix T'(u) = [t;;(u) ,2’]’ 1

Then the relations imposed are (1.6) with the above R(u,v), and

t,jj(-——'u,) = t,'+.,,,j+n(‘ll,); ’I.,] = 1, ceey 2n,



The relation (1.6) is applied here in its Z,-graded form [IKS1]. So it can be instructive
to rewrite (1.6) in a more detailed way: '

(0 = )t (1), ()] - (~) PP
(u + ’l))(tkj(u) t,'l(v) — tkj(v) til(u)) . (_]_)l’(i) r(J) _
(= 0)(thtn,i (@) tign,1(V) = ti jan(v) tipgn(u)) - (—1)PEFD PG,

The standard formulae (1.7) define a Hopf superalgebra structure on Y(q, ). Put
2(u) = 3 ti;(0) Fjilw) - (1P,
i

it does not depend on the index j. Moreover z(u) = z(—u), so .
() =14 2Wu2 42Oy~ 4.

for some (1), 23 ... € Y(q,).

ProrosiTioN 3.1([N2]). a) S?(t;;(u)) = z(u) 7t (u).
b) A(z(u)) = z(u) ® z(v), S(z(w)) = 21 (u).

c) The elements 21,23 ... generate the centre of Y(q,,).

It follows from (2.1) that the Yangian of g,, in the sense of [D1] does not exist. In the
following two situations the Hopf superalgebra Y(q,) plays the role of that non-existing
Yangian, cf. Section 1.

Firstly, the inclusion U(qg,,) < Y(q,) and the homomorphism Y(g,) — U(q,,) identi-
cal on U(g,) can be defined respectively by

€ij + Citn,jn tfjl-) -(—1)7’(i) and tf;) — 0, k> 2.
Moreover, the images of z(1,2() ... under the latter homomorphism generate the
centre of U(q,) ([Sel]).

Secondly, there is an analogue of Theorem 1.2. Let Cly denote the Clifford group of
range NV, that is, the group generated by cy,. .., cn,( subject to the relations

*=1; E=¢ cocs=C(Ccpca,a#b
where { belongs to the centre. Consider the semi-direct product Sy x Cly:
sScas? = Cs(a), SC=C(5; s€SN.
Define the representation o of this group in (C™I™)®N 1y

o(()=—id, o((a,a+1))=>**'P  o(c,) ="I



PROPOSITION 3.2([Se2]). The image of U(q,) under the action on (C™")®V js equal
to the commutant of o.

Introduce the degenerate affine Sergeev algebra Sep, it is gencrated 'by the group

algebra C[Sny X Cly] and the pairwise commuting elements y;,. .., yy such that

wl(a,a+1)—(a,a+1)ypy =0 ifb#a,a+1;
Ya+1 (avtl'-*_l)’f(aaa_*'l) Ya = 1—cq é"a.+l;
Ya Cb = Cp Yau lfa'#b)

Ya Ca = —Cq Ya-

Set G =Sy xCly,V = (C"'"‘)@’N, Xe = Sen in the general construction of Section
1 and produce the algebra Y. As well as for Hepn, pass from the commuting generators
Y1, ..., yn to the non-commuting ones,

Vo = Yo — Z (1 — cacs) - (a,D).

1<b<a
Then we have

(a,0) - [va,vs] = va — Vb + ca ch(va + 'vb), a # b
S Vq sTh= Us(a), S € SN;
VaCh =Cpvq i a#;

Va Ca = —Cq Vq-
The homomorphisin Sey — C[Sy X Cly] trivial on Sy X Cly can be defined by
v,—0, a=1,...,N.

TueoRrREM 3.3. The following map extends to a homomorphism Y(q,) — Y

1
®00.P+ z ®OGP0IaI.

0T(u) — 1Qi1d— Z

1<a<N 7 Va 1<a<nN ¢ t Ve
Thus we get a functor parallel to (1.10):
(3.1) {Sen-modules} — {Y (g, )-modules} : M — (M @ (C™")®N)D,

The functor (3.1) has remarkable applications to such a classical subject as projective
representations of the symmetric group Sy, see [N3] for details.
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