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Let $D$ be a division algebra of degree $n\geqq 2$ over a non-archemedian

local field $F$ , and $E$ be a $\max_{l}$imal unramified extension of $F$ in $D$ . Then

the multiplicative group $D^{t(}$ of $D$ is a topological group compact modulo the

center $F^{x}$ and the multiplicative group $E^{\backslash c}$ of $E$ is a Cartan subgroup of $D^{x}$

Associated with an admissible quasi-character $\Theta$ of $E^{x}$ over $\Gamma^{r}$ , in the sense

of Howe $\mathfrak{t}H$], Corwin-Howe [CH]. an irreducible representation $\pi_{\Theta}$ of $D^{x}$ has

been constr.ucted by Howe [H], Corwin-Howe [CH], Moy [M], Gerardin $[G2]_{:}$

In $tl\downarrow is$ article, we shall determine the values of the $\vee^{\backslash \iota\}aracter}$ of $\ulcorner\iota_{\Theta}$ . for

a certain admissible quasi-character $\Theta$ of $E^{x}$ on certain regular integral

elements $t$ of $E^{\vee}\cdot$ , by the formula analogous to the famous Weyl’s one for

irreducible un.itary representations of compact Lie groups, as follows

$ch\pi_{\theta}(t)=(-1)^{\vee}$
.

$\sum_{7-\Gamma}‘\Theta(t^{7})/|D(t)|^{1/2}$

where $\Gamma$ and $\mathfrak{l}x|$ denote the Galois group of $E$ over $F$ and the canonical
valuation of an element $x$ of $\Gamma<,$ respectively.

$D(t)= \prod_{7\cdot 7’}((t^{7}/t^{7’})^{1/2} - (l^{\gamma’}./t^{7})^{1/\sim}’)$ .
$\epsilon=0,1$ and it is completely determined. in theorem 6 of \S |3.

\S 1. Preliminaries.

Let $F$ be a non-archemedian local field. Denote $b.vO_{p},$ $P_{p},$ $\omega$ and $\overline{F}$

the $ma_{rxima}1$ order of $F$ , the maximal ideal of ($y_{P}$ . an uniformizer of $\mathcal{O}_{F}$ and
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the residue field of $F$ . Let $p$ and $q$ be the characteristic and tlle order

of $\overline{F}$ respectively. Let $D$ be a division algebra of degree $n\geqq 2$ over $F$ .

Denote by $\mathcal{O}_{0*}p_{D}$ and $\Pi$ the maximal order of $D$ , tbe maximal ideal of $\rho_{D}$ .
an uniformizer of ($y_{D}$ . Let $E$ be a maximal unramified extension of $F$ in $D$ .

We denote $b.v$ ($9_{E},$ $P_{S}$ and $\overline{E}$ for $\mathcal{E}$ the same as those for $F$ and $D$ . Then $ll$)

is also an uniformizer of $t9_{E}$ . Denote $b.vv_{8}$ be the valuation of $E$ normalized

by $v_{E}(\omega)=1$ .
From now on, we assume that $p$ is odd and $n$ is prime to $p$ .

The following proposition is well known by Weil $[1Ve]i’ r$ Serre [S].

Propoeition 1. $\iota Votati.ons$ and asummptions being as above. $D$ has the

$following$ propert $ies:(i)$ We may $p?_{\vee}\iota t\Pi^{n}=\omega$ . $tii$ ) $\{1\ldots. , \Pi^{n-l}\}$ $is$ a
$basis$ of $D$ as a $leftvector$ space over $E$ , and generates $t9_{D}a$. $stl$

left $\mathcal{O}_{B}$-module. tiii} We have

$\Pi^{-1}x\Pi=x^{\sigma}$ for any $x\vee=E’$ .
where $\sigma$ is a generator of the Galois grouP $\Gamma$ of $E$ over F. $tivI$ The
$multipl$ icative group $D^{x}$ of $D$ is a total $ly$ disconected $topolo_{\vee}oical$

$gro?_{-}\iota pwi$ th a fundamental $system$ of neiborhoods $\{1+P_{D}^{m}\}_{t\cdot\geq 1}$ of the

$|_{-}mit1$ . The $m?.\iota ltipl$ icative.ar $oupE^{x}$ of $E$ is a Cartan $s\cdot ub\sigma ro?/p\sim$. of
$D^{x}$ and sat isfies $E^{x}$ ” $(1+P_{D}^{n\backslash })=1+P_{\epsilon}^{-}$ for any in teger $m\geqq 1$ .

Definition. A quasi-character 6 of $E^{x}$ is admi $ssible$ $t_{\backslash }over$ $F^{\backslash },|$ if $\Theta$ does

not. come via the norm from a subextension of $E/F$ .

Remark. In general, another condition is imposed on the definition of the

admissibility. But, as $E/F$ is unramified, it can be omitted.

If 6 is an admissible quasi-character of $E^{\neg<}$ . by Howe [Hll. Moy [M].

Waldspurger $[IVa]_{*}$ the $f$ollowing facts have been verified: There exist a
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unique tower of fields

$F=E_{0}\subset E_{1}\subset$ ... $cE_{r}\subset E_{r+1}=E$

and quasi-characters

$\Theta_{O}$ . $\Theta_{1}$ , ... . $\Theta_{r}$ . $\Theta_{r+1}$

of $E_{0}^{x},$ $E_{1}^{x}$ . $\ldots.E_{r}^{x}\cdot E_{r+1}^{x}$ , respectively, such that

$\{s)$ $\Theta=(\Theta_{O}\cdot N_{B/\epsilon_{O}})(\Theta_{l}\cdot N_{8J\epsilon_{1}})\ldots(\Theta_{r*1},lV_{EJ\epsilon_{r}})\Theta_{r}$

which is called a Howe factorization of $\Theta$ . where $N_{B/E_{i}}$ denotes the norm
mapping from $E$ into $E_{i}$ . There also exist elements

$c_{1}cE_{1}^{x}\vee’\ldots.c_{r}\epsilon E_{r}^{x}$ . $c_{r+1}\epsilon E_{r+1}^{x}$

such that each $c_{C}$ is multiplicatively generic over $E_{i-1}^{x}$ tdue to H. Hijikata),

it means that the residue field $\overline{E}_{5}$ is generated by the canonical image of
$\omega^{-v_{S}(e_{l})}c_{t}$ over the residue field $\overline{E}_{l-1}$ . For each $i$ , denote by $f(\Theta_{i})$ the

conductoral exponent of $\Theta_{i}$ . that is. $\Theta_{i}$ is trivial on $d_{\epsilon}^{(\theta_{i})}$ and not trivial

o$n$
$d_{\epsilon}^{(\theta_{i})-1}$ Put $f(\Theta_{f})=m_{i}+1$ for $i=1$ . $\ldots.r+1$ . Then we have

$m_{1}>\ldots>m_{r}>m_{r*1}\geqq 0$ .
and $m_{l}=-v_{S}(c_{S})$ for $i=1$ . $\ldots.r+1$ . Let $\psi=\psi_{p}$ be an additive quasi-
character of $F$ whose conductoral exponent is 1. We fix this $\psi$ from now on.
Put $\psi_{E_{i}}=\psi\cdot Tr_{S/8_{t}}$ for $i=1$ , ... , $r$ , where $Tr_{S/\epsilon_{i}}$ denotes the trace mapping

from $E$ into. $E_{l}$ . Then. for $i\cdot 1,$
$\ldots,$

$r$ . we have

$r\bullet_{l^{l’}}zz$

$\Theta_{i}(1+x)=\psi_{E}‘(c‘ x)$ for any $x\in\rho_{\epsilon_{l}}$

where $[$ $]$ denotes the greatest integer function.

\S 2. Construction of irreducible representations $\pi_{Q}$

Throughout this section, let $\Theta$ be an admissible quasi-character of
$E^{x}$ with a.Howe factorization $\{’\}$ of \S 1. Let $E_{C}$ . $\theta_{I}$ , $c_{C}$ and $m_{t}$ be as in \S 1.
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Assume that 6 is $minima1_{*}$ that is, $\Theta_{0}\equiv 1$ . and that $m_{r+1}\geqq 1$ .
For $i=0.1$ . $\ldots.r$ . denote by $D_{\ell}$ the centralizer of $E_{f}$ in $D$ . The

following properties of $D_{i}$ follow from prop.1 of \S 1. Put

$s_{t}=[E:E_{\iota}]$ for $i=0.1$ . $\ldots.r$ .

where $[E:E_{\iota}]$ denotes the extension degree of $E$ over $E_{t}$ . Then every $D_{i}$ is
a division algebra of degree $s_{i}$ over $E_{l}$ . Denote also by $\mathcal{O}_{D_{i}}$ and $\rho_{\epsilon_{i}}$ the
maximal order of $D_{i}$ and the maximal ideal of $f9_{D_{i}}$ , respectively. Put

$\backslash \cdot$

$P_{l}=^{\rho_{D_{C}}}$ and $d_{\ell}=[E_{t} : E]$ for $i=1$ . $\ldots$ , $r$ .

Then every $\Pi^{d_{f}}$ is an uniformizer of $0_{D_{l}}$ , so that $P_{f}=\Pi^{d}{}^{t}cy_{D}\iota=(9_{o_{i}}\Pi^{d_{i}}$

Denote by $\Gamma$ and $\Gamma_{t}$ the Galois groups of $E$ over $F$ and over $E_{C}$ .
respectively. Let $\sigma$ be a generator of $\Gamma$ . Then each $\Gamma_{t}$ is generated $b.v$

$\sigma^{d_{i}}$ . Every element $x$ of $D$ can be expressed in the form $x= \sum_{i\sim 0}^{n-1}x_{t}\Pi^{i}$

$x_{t}\in$

$E$ . Thus, under this expression, we have

$D_{i}= \{\sum_{f\underline{-}O}^{n-1}x_{j}\Gamma i^{a_{i}} x_{f}\epsilon E\}$ .

For $i=1$ . $\ldots.r$ , put

$l_{i}=m_{f}s_{C-1}+1$ .
$l_{i}’=[l_{i}/2]$ .
$l_{\acute{t}’}=l_{i}-l_{l}’$ .

Associated with $\Theta$ . we define a subgroup $IC_{e}$ of $D^{x}$ by

$K_{\theta}=E^{x}(1+P_{r}^{I_{r*1}’})(1+P_{r-1}^{l’,})\ldots(1+P_{0}^{l_{1}’})$ .

Put

$H=F^{x}$ $(1+P_{r} )(1+P_{r-1})\ldots(1+P_{O})$ ,
$\iota_{rsi}’$ $\iota_{r}^{t}$

$\iota_{1}’$

$a\dot{n}d$ for $i=1$ . $\ldots.r$ . put

$H_{t}=F^{x}(1+P_{r}^{l’}’*1)\ldots$
$\langle$

$1+P_{l}^{l_{l*1}’})(1+P_{i-1}^{l_{l}’’})(1+P_{i-2}^{l_{1-1}’})\ldots(1+P_{0}^{l_{1}’})$ .
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Then every $H_{1}$ is a normal subgr.oup or $H$ and $1f_{\theta}=E^{x}H$ .

Now we shall construct irreducible representation $\pi_{\Theta}$ associated with 6 $b.v$

the following procedure: We define a linear $representation_{*}$ i.e.

quasi-character $\eta_{i}$ of $H_{t}$ . and extend it to a representation $o_{l}$ of $Ii_{\theta}$ . for

each $i$ . Thus we get a representation of $K_{\Theta}$ by

$\rho_{\epsilon}=\rho_{\iota^{\Phi\Phi\beta_{r*1}}}\ldots$ .
and hence a representation of $D^{x}$. by

$\pi_{e}=Ind_{K_{\theta}}^{D^{x}}\rho_{e}$ .

For the structure of $H$ and $H_{i}$ . $i=1$ . $\ldots.r$ . we obtain the following

proposition by prop.1 of \S 1 and the above observations of $D_{i}$ .

Proposition 2. Le $t$ $ass?/,mplions$ and no ta $tions$ be as above. $\Gamma\prime or$

.
$j=$

$1$ . $\ldots.n-1$ . denote $b$ )$/\backslash \iota(j|$ the $\min$ imal in $teae\uparrow\backslash \cdot an\iota on.t-\mathfrak{l}i=1$ . $\ldots.|’.\backslash ^{\backslash }-!te^{\backslash },h$

$th\iota\iota td_{i}$ $de\cdot|Ji$ des $.i$ . and $\mu_{-}/,t$ $t1’.0,|=l\cdot$ . Then

($\prime i_{\grave{J}}$ $P\cdot!ttH=F^{v}(1+\overline{\sum_{jJ^{-0}}^{n1}}r_{E}^{v\{j|}\iota]^{f}),$ . Then

$\nu(j)=$
$tii)$ Put $H‘=F^{x}(1+ \sum_{j-O}^{n-1}\rho_{g}^{u’\langle j)}\Pi^{f})$ . Then $\nu(Q)=[tm_{r*1}+2)/21$ . $lfnis$

odd, or $ifn$ is even and $i*\iota(n/2)$ . we have $\nu’(j)=\nu 1_{\backslash }j|$, for any

$j\geqq 1$ . 1 $fn$ is even and $i=\iota(n/2)$ . we have

$\nu’(j)\approx\{$

$m_{\ell(j)*1}/2$ if $m‘\langle j$ ) $+1$ is even,

$(m_{\iota(j)*1^{+}}1)/2$ if $m‘(j)+1$ is odd and $j<d_{\iota(f)}[(s_{\iota\{j)}+2)/21$ .

$4\underline{8}$



$t(m_{\ell(j)\star 1}-1)/2$ if $m_{\ell(f)+1}$ is odd and $j\geqq d_{\ell(f)}[(s_{p(j)}+2)/2]$ .

Corollary. Let assumptions and $not\dot{a}$ tions be as in prop.2.1 $f$

$m_{\ell(j)*1}$ is even. or if $m_{\ell(j)*1}$ and $s_{\ell(j)}$ are odd, we have

$\nu’(j)=\nu(j)$ . $1fm_{\ell\langle j)+1}$ and $s_{\ell(j)}$ are even (so $n$ is even), we have
$\nu’(j)=\nu(j)+1$ or $\nu(j)$ according to $j=n/2$ or $\neq n/2$ .

$\backslash \cdot$

.

This corollary follows directly from prop.2.

We define a function $\eta_{i}$ of $H_{i}$ , $i=1$ . $\ldots.r$ . $b.v$ the $f$ormula:

$\eta_{f}(k)=\Theta_{\iota}(\nu_{D_{C}/B_{f}}(k))$ for $k\in F^{x}(1+P_{r}^{l_{r*1}’})\ldots(1+P_{t\grave{J}}^{t_{1*1}’}$ ,

$\eta_{i}(1+x)=\psi_{E_{i}}(\tau_{D_{l}/\epsilon_{i}}(c_{i}x))$ for $1+x\in(.1+P_{\iota-1}^{t_{1’’}})(1+P_{i-2}^{l_{1}’})..*(1+P_{O}^{l_{1}’})$ .

where $\nu_{D_{C^{\prime E_{\ell}}}}$ and $\tau_{D\ell/8_{f}}$ denote the reduced norm and trace in $D_{l}$ . as a
division algebra over $E_{l}$ . respectively. We can show that each $\eta_{\iota}$ is well-

de $f$ined and a quasi-character of $H_{t}$ .

We define a representation $.0_{i}$ of $K_{\theta}$ , which is an extension of $\eta_{f}$ . in

two cases where $K_{\Theta}=E^{\gamma}\cdot H_{\iota}$ and $K_{\Theta}\neq E^{x}\cdot H_{f}$ .

Case 1. $t\iota_{\Theta}^{r}=E^{x}\cdot H_{f}$ . $B_{\vee}v$ prop.2 and its $corollar.v_{*}$ this holds if and only if
$n$ is $\alpha 1d,\dot{1}fn$ is even and $i*\iota(n/2)$ ,or if $n$ is even and $s_{i(n\nearrow 21}$

,
and

$m_{\ell(n/2)}$ are even. We define a function $lo_{f}$ of $K_{\Theta}b_{d}v$ the formula:

$\rho_{S}(tg)=\Theta_{i}(N_{E/\epsilon_{\ell}}(t))\eta_{\iota}(g)$ for $t\in E^{x}$ $.q\epsilon H_{i}$ .

We can show that $\eta_{\iota}$ is well-defined and a linear representation of $\kappa_{\theta}$ .
Case 2. $\kappa_{\Theta}*E^{x}\cdot H_{i}$ . Again by prop.2 and its corollary. this holds if and

only if $n$ is even, $\dot{t}=\iota(n/2)$ . $s_{C}$ is even and $m_{l}$ is odd. Put

$W=H/H_{t}$ .

Then the mapping $x\vdasharrow 1+x$ from $P_{i-1}^{l_{l}’}$ to $H$ induces an isomorphism
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