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Frobenius Reciprocity in Operator Algebra
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Notations and Conventions. In the following, von Neumann algebras, say N, are assumed
to satisfy
(i) the center of NV is finite-dimensional, i.e., N is the direct sum of finitely many factors.
(i) N admits a faithful finite trace 7, i.e., 3 a continuous positive linear functional 7 : N —
C such that
7(z) >0 forz>0 withz=0iffz =0.

Given a von Neumann algebra N, a left N-module, denoted as 5 X, is defined to be a
Hilbert space X with a continuous *-representation of N on X. If we denote by L%(N)
the regular representation (space) of N, then L(N) is a left N- and right N-module at the
same time. Any left N-module yX is projective in the following sense: 3 index I, 3 a
projection p € Mat;(N) such that

NX = N(L3H(N)®T)p,

where L?(N)®' is the direct sum of L?(N) indexed by I and is regarded as.the set of
row vectors in matrix notation. Then p € Mat;(N) multiplies from the left through the
combination of matrix multiplication and the right action of N on L%(N). Define the
dimension of y X by

dimy X = Z 7(pii) € [0,400), p=(pij)ijer

This definition does depend on 7 but not on the choice of realizations. When N is a factor,
dimension is the complete invariant for the isomorphism class of representations of N.
Similar definition works for right N-modules.

Let Xy be a right N-module and xY be a left N-module. We can construc a Hilbert
space X ®n Y functorially so that it contains the algebraic tensor product X ®n Y of
N-modules as a dense subset. A concrete description can be achieved in the following way:
Since yY admits a projective realization, it suffuces to consider the case NY = y L?(N)
and, this case, we set X @y L?(N) = X. X @y Y is called the relative tensor product of
N-modules.

Let A, B be von Neumann algebras andassume that a Hilbert space X is a left A-module
and a right B-module at the same time so that left and right actions commute each other.
Such an X is denoted by 4 Xpg and is called an A-B bimodule. The index of bimodule is
defined by

[X] = (dim4 X)(dim X ).

'A bimodule X is called of finite type if [X] < +o0, i.e., dimy X < +00 and dim X5 < +00.
For bimodules AXp and 4Y3p, the sapce of intertwiners between them is denoted by
Hom(AXB) AYB)'

Lemma. If [X] < 4o0 and [Y] < +c0, then
’ dim Hom(4Xp, aYs) < +00.
Typeset by AxeS-TeX
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~ As a last definition of this part, we define conjugate modules: If we denote by X* the
dual space of a Hilbert space X, then X* = pX} when X = ,Xp. In fact, the action is
defined by

(bz*a,z) = (z*,azb).

Reciprocity. Let A, B, and C be von Neumann algebras described above, and 4 X, pYc,
and 4Z¢ be bimodules of finite type. Then

Hom(AZc,AX ®B'YC) & Hom(BX" Ra ZC,BYC)~

More precisely, an intertwiner T € Hom(aZc,4X ®p Yc) and its Frobenius transform
Se€ Hom(pX* ®a ZC,BYC) is related by

(S(€" ®a Oln) = (T()lE ®5 ).

A key point in the proof of this fact is the following:

Lemma. Let 4Xp and gYax be bimodules of finite type. Then we have the following
*_preserving (i.e., the adjoints of intertwiners correspond to conjugate vectors in Hilbert
spaces) linear isomorphisms: -

(X ®s Y)A = Hom(AYE,AXB) 2 (Y®a .X)B,
¢ — d — Y

where, for an A-A bimodule 4 Z4, Z# is defined by
ZA={¢€Z;a¢=Ca Vac€A}

and ¢, ¥, ® are related by

(@B nle) = (E]®(n")) = (1 ®a £lY).

In fact, once the above lemma is assured, the proof of the reciprocity can be done as
follows:

Hom(aZc,4X ®p Yc) = (X ®pY) ®c 2*)*
=(X®p (Y ®c Z2*))4
> ((Y ®c Z°) ®a X)*?
=(Y®c (Z* ®a X))B
> Hom(pX* ®4 Zc, Yc).
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As an example, consider the case of finite groups: Let G be a finite group and H be a
subgroup of G. If we set A =CG, B=CH, C =C, and £*(G), then

AX®pY =ind§Y, BX*®4Z=3p|Z
and hence

Hom(aZc, 4X ®p Yc) = Homg(Z,ind$Y)
Hom(BX" R4 ZC)BYC’) = HomH(Z,Y).

Thus the above isomorphism is reduced to the classical Frobenius reciprocity.

One of good points in the above proof is that we have no nned of characters and in fact
we can weaken the assumption on von Neumann algebras. Unfortunately, to do so, we
need much of modular theory and it is omitted here.
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