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Realizations of involutive automorphisms ¢ and c° of

exceptional linear Lie groups G

Ichiro YOKOTA

(Faculty of Science, Shinshu University)

M. Berger (1957) classified involutive automorphisms o of simple Lie algebras
g and determined the type of the subalgebras go of fixed points. Now we try to
find involutive automorphisms ¢ for connected exceptional universal linear Lie
groups G and determine the group structures of GO of fixed points. Our results

are as follows.
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Definitions of exceptional Lie groups and main involutions

c , . .
Let V be an R- vector space and V. = { u + iv | u, v € v } its complexi-
C , ,
fication. The complex conjugation of V is denoted by T : T(u + iv) = u - iv.
. . . o . C c C .
For an R- linear mapping f : V — V, its complexification f : V — V is
written by the same notation f. For a mapping f : VvV —> V, Vf denotes { v cv
| £(v) = v L

o
Let S be a group and 0 an automorphism of G. G denoted { g € G l o(g) =

g }. The inner automorphism S induced by s € G is briefly denoted by s.

G2 : Let € = H @ He be the Cayley algebra with the multiplication (m + ae)

- — C . . . .
(n + be) = (mn - ba) + (an + bm)e and € its complexification. Define vy : €

— € by
Y(m + ae) = m - ae
’ (o .
and put €' = (€ )Ty' Now define

6," = { € 150,(€°) | alxy) = (o) (aw) },
. T

G, = { a & Iso (€) | alxy) = (ox)(ay) } = (6,7,
_ : ’ _ _ TY
Gyay = { o € Iso (") | a(xy) = (ax) (ay) } = G .
F4 : Let J =33, € ={x ¢& M3, 0 , X* = X } be the Jordan algebra with

1 C , P .
—5—(XY + YX) and J~ its complexification. Let I_ =

the multiplication X o Y 1

diag(-1, 1, 1) & M(3, R) and define 0 : J — J by

o(X) = IlXIl

r _ ,+C _ C .
and put J’' = (J )Ty' Jl = (J )Tc' Now define

F4C ={a €& IsoC(JC) | a(X oY) = aX o oY },
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C. T

F, = { o € IsoR(J) | a(X oY) =ax o ay } = (F4 ),
= ’ _ _ C. 1ty
F4(4)—{aélsoR(J)|ot(XoY)—0LX00LY}—(F4) '
c,to
Fa-20) = {aé€ IsoR(Jl) | a(x 0 YY) =aXoavy } = (F,7) -

C . s .
E6 ¢ In J., we define Hermitian inner products <X, ¥Y>, <X, Y>Y' <X, Y>0 are

defined as
<X, Y> = (1X, V), <X, Y>Y:=(TYX' Y), <X, Y>U==(T0X, Y)
respectively, where (X, Y) = tr(X 0 Y). Now define

E6C ={a¢ IsoC(JC) | detax = detx 1},

c C,TA
E, = {a¢ E, | <aX, ov> = <x, v> } = (E6 ),
— ’ _ _ C, 1Y
Eoey = 1 @ € Isop (3" | detax = detx } = (B, ) ',
o C, TAY
= = < > =
Eg (2 {a¢ B | <ax, o> X, v } (Eg ) "',
C C,TAC
g (-14) = {ac¢ Eg | <ox, o> = <X, ¥ } = (Eg ) ,
C, T
g g6y = L @€ Iso (d) | detaX = detx } = (B )
C C . c . t -1
where A : E6 —> E6 is the outer automorphism of E6 defined as A(a) = o

(ta is the transpose of o with respect to (X, Y)).
E7 : Put P =3I ®BRGR and let PC be its complexification and put P’ =
(PC)Ty' Define X, 1 : PC-—} p€ by
AMx, v, &, n) = (Y,-X, n,-8&), 1(X,Y, & n)=(-1ix, iy, -1E, in)
respectively. In PC, we define Hermitian inner products <P, Q> , <P, Q>Y by
<P, Q> = <X, Z> + <Y, W»> + (&) + (tn)w, <P, Q>Y = <yp, 0>

respectively, where P = (X, Y, &€, n), 0= (2, W, T, w) & PC. For P, O & PC, we

can define C - linear mapping P x Q : PC'~? Pc. Now define
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E. =1{o0 ¢ Isoc(PC) l a(p x Q)on_1 = oP x a0 },

7
E7 = { o 6 E7C | <oP, aQ) =:<p, o> } = (E7C)T>\,

By = L o€ Iso () | a(P x 0)a T = oP x a0 } = (E7C)TY.
Eisy = Lo E7C | <ap, aQ> = <P, 0> } o= (E7C)TAY,
E-2d) = {a¢ IsoR(P) | a(p x Q)a_l =aqP x a0 } = (E7C)T.

E8 : Put 28C = 27C® PC @PC dcd®cDc. BSC has the structure of Lie

under the suitable Lie blacket [Rl' R2] and has the suitable

Define w : 28C~—7 BSC by

algebra of type E8

Hermitian inner product <Rl' R,>.

(U((br p, O, r, s, t) = ((I)l QI_Ql_rl-tI_s)

= (g C) . Now define
8 '1

~ . c
and put A = Aw. Put Bg(g) = (g )TY' Bg(-24)

C _ c =
E8 ={ o ¢ ISOC(B8 ) ' G[er R2] = [aRl, @R2] }.
Eg = {a ¢ Eg | <aR;s, OR,> = <R;s R,

c.tx
>} = (E8 )T '
C, 1y

E8(8) ={a¢€ Isoé(es(s)) | a[Rl, R2] = [aRl, aRz] } = (EB y 'Y,
C,\ T

Eg(-24y = L0 € Isop(eg op)) | alRye Ryl = [oR), Ry} = (B .

Remark. We have the natural inclusion G2 < F4 < E6 C.E? (_ES. So
Y €6, Fy CE CEyy 0 €FyC Eg CEy CEgy A €E, ( Eg.

(v & E8 is the element - 1 of center of E7).
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