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Introduction. Let $0_{R}$. b $e$ a Kac-Moody algebra over the real
number field $R$ with a symmetrizable generalized Cartan matrix
(GCM) , and $\mathfrak{h}_{R}$ the Cartan subalgebra $of$

$\mathfrak{g}_{R}$ . Then, the Kac-Moody

algebra Q. ove $C$ corresponding to the same GCM and its Cartan
subalgebra $\mathfrak{g}$ are given by

$\mathfrak{g}$

$=c\otimes_{R^{9}R}$ a $n$d $g$ $=$
$c\otimes_{R^{\mathfrak{h}}R}$ ,

$re$ spect ively. Let $\triangle$ be the root sys $t$ em $of$ $(0\circ , \mathfrak{h})$ , and $g$ $=$ $\mathfrak{h}$ $+$

$2_{\alpha\in\triangle}$

$\mathfrak{g}^{\alpha}$ the root space decomposition. There exists an
(essentially unique) involutive anti-linear anti-automorphism $0_{d}$

$\ni$
$xarrow x^{*}$

$\epsilon$
$0_{o}$ such that

$h^{*}$ $=h$ $for\forall h$ $\in$ $\mathfrak{h}$ , $(g^{\alpha})^{*}$
$=$

$\mathfrak{g}^{-\alpha}$ for $\forall_{\alpha}$
$\in$ $\triangle$ .

We denot $e$ by $f$ the real $f$ orm $\{x \in 0. ; x + X^{*} = 0\}$ $of$ $g$ . I $n$ the
$f$ ini $te-d$ imens $i$ onal cas $e$ , thi $s$ $is$ nothing but a compac $t$ real $f$ orm
of Q. .

The purpose of this note is to present a method for
construction of \dagger \dagger Lie groups $\dagger$ ’ associated with (suitable

compeli $ti$ ons $of$ ) thi $s$ real $f$ orm 1 , as groups $of$ operators on
(complet $i$ ons $of$ ) certain repre $s$ entat $i$ on space $s$ $of$ $\mathfrak{g}$ .

1. The adjoint representat ion and integrable highes $t$ we ight

representat $ions$ . $Let$ ( $\pi$ , V) be the $adjo$ int repre $s$ entat $i$ on
(ad , Q. ) , or the $highest$ we $i$ ght repre $s$ entat ion $(\pi_{\Lambda} , L(\Lambda))$ wi th
dominant int egral $highest$ we $i$ ght A. We denot $e$ by $P(\pi)$ the $s$ et
of weights of V, and by $v_{1^{1}}$ the weight space of weigh $\mu$ for each

el ement $1^{J}$ in the dual vector space $\mathfrak{h}*$

$of$ $\mathfrak{h}$ .
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Let $\underline{V}$ be the (infinite, in general) direct products of all
the we ight spaces

$v_{\mu}$ o $v$ er A $\epsilon$ $P(\pi)$ . Then, V $is$ regarded as a
subspace of $\underline{V}$ , and the action of $\mathfrak{g}$ on V is naturally extended up
to $\underline{V}$ .

Since we have assumed that the Cartan matrix of $\mathfrak{g}$ is
symm $et$ ri zable , there exi $sts$ a Hermi $ti$ an form $(\cdot|\cdot)_{0,\pi}$ on V whi ch
has the following property called cont ravariance:

$(\pi(x)u|v)_{0,\pi}=$ $(u|\pi(x)^{*}v)_{0,\pi}$ for $\forall_{X}$
$\in$ $\mathfrak{g}$ , $\forall u$ , $v$ $\in$ V.

I $n$ cas $e$ $\pi$

$=\pi_{\Lambda}$
, $this$ Hermi $t$ ian $f$ orm $is$ $posit$ ive de $finite$ on the

whole space $L(\Lambda)$ . However, in the cas $e$ $of$ adj $0$ int
representat ion, $(\cdot|\cdot)_{0}$ , ad

$is$ guaranteed to be de $f$ ini $te$ only on

the subspace 2 $g^{\alpha}$ , and is indefinite on $\mathfrak{h}$ if $\mathfrak{g}$ is of
$\alpha\in\triangle$

infini $te-d$ imens ion ( $[Kac-Pe$ terson, Th. 1]). So , we take a
po $sit$ ive de $finite$ Hermi $t$ ian form $(\cdot|\cdot)$

ad on $\mathfrak{h}$ , and $ext$ end $it$ to
the whole space $\mathfrak{g}$ by

$(x|y)$
ad

$=$ $(x|y)_{0}$ , ad for $x$ , $y$ $\in$

$2_{\alpha\in\triangle}$

$\mathfrak{g}^{\alpha}$

(Note that the weight space decomposition is an orthogonal
decompos $iti$ on $wi$ th respect to $(\cdot|\cdot)_{0,\pi}$ because $of$ the
contravari ance. ) Fo $r\pi$ $=$

$\pi_{\Lambda}$ ’ put
$(\cdot|\cdot)\pi_{\Lambda}$

$=$

$(\cdot|\cdot)_{0,\pi_{\Lambda}}$

Let $H(\pi)$ be the completion of the pre-Hilbert space
(V, $(\cdot|\cdot)_{\pi}$ ). $S$ ince the we $i$ ght space decompo $sit$ ion $is$ a
orthogonal decompo $sit$ ion wi th respect to $(\cdot|\cdot)_{\pi}$ , we may cons ider
$H(\pi)$ as a subspace $of\underline{V}$ . Henc $e$ , $for$ $x$ $\in$ $g$ and $v$ $\in$ $H(\pi)$ , the
symbol $\pi(x)v$ has a sense as an element in $\underline{V}$ .

2. The spaces of di $f$ ferent iable vectors. For $m=$ $0$ , 1 , 2 ,
, we define the spaces of $C^{m}$-vectors inductively by

$H(\pi)0$ $=$ $H(\pi)$ ,

$Hm(\pi)$ $=$ { $v$ $\in$ $Hm-1(\pi)$ ; $\pi(x)v$ $\in$ $Hm-1(\pi)$ for any $x$ $\in$ $g$ } ,

for $0$ $<$ $m$ $<$ $+\infty$ .
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We call each element in $Hm(\pi)$ a vector of class $C^{m}$

Actually, the $diff$erent iabili ty in $this$ $s$ ense, $is$ $d$ et $e$ rmined by
one $st$ ri ctly dominant element in $\mathfrak{h}_{R}$ , as $f$ollows.

Theorem 1. Le $t\Pi 1=$ $0$ , 1, 2, $\cdot$ .. , and $h_{0}$ b $e$ a $\epsilon trictl\gamma*$

dominan $t$ $el$ emen $t$ in $\mathfrak{h}_{R}$ , $that$ $is$ , an $el$ emen $t$ sa $tis$ fying $\alpha(h_{0})$ $>$ $0$

for $eV\Theta 1^{\cdot}.Y$ posi $tive$ $root$ $\alpha$ . Th en, $iL$ holds $that$

$H(\pi)I\Pi$ $=$ $[V\epsilon$
$\underline{V}_{j}$ $\pi(h_{0})^{m_{V}}\epsilon$ $H(\pi)f$ .

Fix a strictly dominant element $h_{0}$ in $\mathfrak{h}_{R}$ , and define an
inner product $(\cdot|\cdot)_{\pi,m}$ on $Hm(\pi)$ $(m= 0 , 1, 2, \cdots)$ by

$(u|v)_{\pi,m}=2_{i=0}^{m}$. $(\pi(h_{0})^{j}u|\pi(h0)^{j}v)\pi$ $f$or $u$ , $v$ $\in$ $Hm(\pi)$ .

Cl $e$arly, $(Hm(\pi), (\cdot|\cdot)$ $)$ $is$ a Hi $1be$ rt space , and ev $e$ ry
$\pi,$ $m$

inclus ion $Hm+1(\pi)$ $c.arrow Hm(\pi)$ $is$ cont inuou $s$ . Furthe $r$ , the act $i$ on
of $g$ on V is continuously extended to the bilinear map

$\mathfrak{g}_{m+1}$
$x$

$Hm+1(\pi)$ $\ni$ ( $x,$ v) $arrow\pi(x)v$ $\in$ $Hm(\pi)$ , where $\mathfrak{g}_{m}=Hm(ad)$ . I $n$

part $i$ cular, $f$ or each $x$ $\in$

$0.m+1$ , we may (and do) regard $\pi(x)$ as an
(unbounded , in general) operator on $Hm(\pi)$ wi th domain $Hm+1(\pi)$ .
Thanks to the contravariance of the original Hermitian form
$(\cdot|\cdot)_{0,\pi}$ , thi $s$ operator $is$ $clo$ sabl $e$ .

3. Negat ive spaces. Let $m=$ $0$ , 1 , 2 , $\cdot$ .. For $e$ ach $v$ $\epsilon$

$H(\pi)$ , the map $Hm(\pi)$ $\ni$ $uarrow$ $(u|v)_{\pi}$ $\in$ $C$ , de $fines$ a cont inuous
linear $fo$ rm on $Hm(\pi)$ . We denot $e$ by $||v||$ the norm $of$ thi $s$

$\pi,$ $-m$

linear form. Let $H$ $(\pi)$ be the completion of the normed linear
$-m$

space $(H(\pi) , ||\cdot||\pi, -m)$ . Actually, $H_{-m}(\pi)$ $is$ a Hi lbert space, and
we have a $dec$ reas ing $s$ equence $of$ Hilbert space $s$ :

$\underline{V}\supset$ ... $\supset$

$H_{-m-1}(\pi)$ $\supset$

$H_{-m}(\pi)$
$\supset$ ...

$\supset$ $H(\pi)$ $=$
$H_{0}(\pi)$

$\supset$ ... $\supset$

$H(\pi)m$ $\supset$ $Hm+1(\pi)$ $\supset$ $\supset$ V.

By de $fi$ ni $ti$ on, $(\cdot|\cdot)_{0,\pi}$ $g$ ive $s$ a non-d $e$ generat $e$ cont inuous
pai $ri$ ng $ofH_{-m}(\pi)$ and $Hm(\pi)$ . Thanks to the contravariance $of$
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$(\cdot|\cdot)_{0,\pi}$ , the act $i$ on $of$ each $x$ $\in$

$\mathfrak{g}_{m+1}$ on $Hm+1(\pi)$ $is$ $ext$ end $ed$ to
a cont $i$ nuous 1 $ine$ar map $ofH_{-m}(\pi)$ into $H_{-m-1}(\pi)$ by

$(\pi(x)u|v)_{0,\pi}=$ $(u|\pi(x)^{*}v)_{0,\pi}$

for $u$ $\in$

$H_{-m}(\pi)$ , $v$ $\in$ $Hm+1(\pi)$

4. Groups corresponding to complet ions $t_{m}$ of 1. Let $t_{m}$ be
the closure of $f$ in $\mathfrak{g}_{m}$

, and $x$ an arbitrary element in $t_{m+2}$ $(m=$
$0$ , 1 , 2 , $\cdots$ ). As noted above $\pi(x)$ $is$ regarded as an closable
operator on $Hm(\pi)$ and on $H_{-m-1}(\pi)$ , wi th domains $Hm+1(\pi)$ and
$H$ $(\pi)$ , respect ively. By $defini$ ton $of$ $t$ , contravariance means$-m$

l-invariance , and so $(\cdot|\cdot)_{0,\pi}$ $is$ $t$ -invariant. Making use $of$

thi $s$ fact , we obtain the following evaluat ion as for the act ion
$of$ the $ope$ rator $\pi(x)$ .

Theorem 2. $i$ ) For an.$vv\in$ $H_{m+1}(\pi)$ , there hold the
$i$ nequal $it.\gamma$

$|(1-\pi(x))u|\pi,$ $m\geqq$ $(1-C|x|ad, m+1)|u|\pi,$
$m$

.

$ii)$ For an$.vv\in$ $H_{-ffl}(\pi)$ , there holds the $ilI$equa 1 $ity^{r}$

$||(1+\pi(x))v||\pi,$ $-m-1\geqq$ $c(1-c’||x||_{ad,m+1})||v||\pi,$
$-m-1^{\cdot}$

Here , $C$ , $c$ , and $c$
’ are pos $itive$ real numbers independent of $x$ ,

$u$ , and $v$ , $||\cdot||\pi,$
$m$

$is$ the norm on $H_{m}(\pi)$ induced $f$ rom the inner
produc $t$

$(\cdot|\cdot)\pi,$
$m$

, and $|\cdot|\pi,$
$m$

$is$ also the norm on $Hm(\pi)$ de $fined$

by

$|v|\pi,$ $m=2_{j=0}^{m}$ $(\pi(h_{0})^{j}v|\pi(h_{0})^{j}v)^{1/2}$ $f$ or $v$ $\epsilon$ $H(\pi)m$ .

Clearly, the norms $||\cdot||$ and $|\cdot|$ are equ ivalent to each
$\pi,$ $m$ $\pi,$ $m$

$0$ the $r$ .
Thanks $to$ the evaluat $i$ on $ii$ ) $of$ th $is$ theo $rem$ , we $see$ that ,

$f$or any $sufficie$ntly small $\epsilon$
$>$ $0$ , the image $s$ $of$ the operators

$1\pm\epsilon\pi(x)$ : $Hm+1(\pi)$ $arrow Hm(\pi)$ are dens $e$ in $Hm(\pi)$ . Thi $s$ $f$ act ,
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together with the evaluation i) in Theorem 2 , impli $es$ that the
criterion in [Yosida] as for the exponentiability of a closed
operator on a Banach space , appl $ies$ to the $clo$ sure $of$ the
operator $\pi(x)$ : $Hm+1(\pi)$ $arrow Hm(\pi)$ . Thus , we have

Theorem 3. Le $tl\Pi=$ $0$ , 1 , 2, $\cdot$ .. , a$l?dx\in$ $t_{m+2}$ . Th en, $ti$ here

$exist\epsilon$ a un ique strongly $con$ tinuous 1-parameter group $e^{t\pi(x)}$
$=$

$exp(t\pi(x))$ $(t \in R)$ of bound opera tors on $Hm(\pi)$ whose
infini tesimal genera $tori\epsilon$ the $clo$ sure $of$ the opera $tor\pi(x)$ :
$Hln+1(\pi)arrow H(\pi)I\Pi$ .

Let $K_{m}^{\pi}$ be the group of bounded operators on $H(\pi)$ generated

by the 1-parame $t$ er groups $e^{\pi(x)}$ wi th $x$ $\in$

$t_{m}$ $(m= 2 , 3 , 4 , \cdots)$ .
We get a decreas ing $se$quence $of$ groups:

$K_{2}^{\pi}\supset K_{3}^{\pi}\supset$ ... $\supset K_{m}^{\pi}\supset K_{m+1}^{\pi}$ $\supset$ ...

The above theorem says that each subgroup $K^{\pi}m$ preseves the
$(m-2)-t$ ime $s$ $diff$erent iabli $ty$ .
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