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In this note we consider the following problem. Let $F$ be one of
the $A_{f},D_{\Gamma},$ $E_{f},\tilde{A}_{f},\tilde{D}_{f},\tilde{E}_{f}$ type quivers with $r$ vertices and arbitrary
directed arrows. For example

$V_{1}.\underline{f_{1}}V_{2}.arrow f2$

$arrow$ $arrow$

(F)

$arrow$ . . . $arrow f_{r-3}V_{r-2}.arrow f_{r-1}V_{r-1}$.

$I^{fr}$

$V_{r}$

,where $V_{i}$ is a finite dimensional vector space over some field $k$

and if $V_{i}.\underline{f}V_{j}.,$

$fi_{S}$ a linear endomorphism from $V_{i}$ to $V_{j}$ .
Let $V=\oplus_{iarrow jin}{}_{F}Hom(V_{i}, V_{j})$ and let $G=GL(V_{1})\cross GL(V_{9,\sim})\cross$

$\cross GL(V_{f}).$ Then $G$ acts on $V$ naturally, $i.e.,$ for $g=(g_{1}, g_{\underline{9}}, \cdots , g_{r})\in$

$G$ the act ion of $G$ on $V$ is given by $g\cdot f=g_{j}fg_{i}^{-1}$ , if
$V_{i}.farrow V_{j}.$

.
Let $S(V)$ be the polynomial ring over $V$ and the action of $G$ on $V$

$n$aturally extends to the action on $S(V)$ . The first problem is as follows.

PROBLEM. What is the $rel$ative (or absol$ute$) invarian $ts$ in $S(V)$ with
resp$ect$ to this act $jon.$?

Also we consider the same problems for $A_{f},$ $D_{f},$ $E_{f},\tilde{A}_{r},\tilde{D}_{r},\tilde{E}_{r}$

type quivers with arbitrary directed arrows.
We give answers to the above problems for the case $k$ $=$ $\mathbb{C}$

(complex number) (The same holds for any field $k$ of characteristic
$0.)$

For example, let $F$ be an $A_{f}$ type quivers whose arrows are di-
rected one way,

$V_{1}.arrow f1V_{2}.arrow f_{2}V_{3}.arrow f_{3}$ . .. $rightarrow f_{r-1}V_{f}.\cdot$

Then our theorem is given as follows:
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We fix a $b$ase of each vector space $V_{i}$ . Let us denote the dimensio $n$

of $V_{i}$ by $n_{i}$ $(i=1,2, \cdots , r)$ . Then $S(V)$ can be considered as the polyn $0$-

mial ring in the indeterminates $\{x_{i,.j}^{(s)}\}$ where $1\leqq i\leqq n_{s+1},1\leqq j\leqq n_{s}$ ,
and $s=1,2,$ $\cdots r-1$ . To be precise, if we substit $ute$ some values to
$x_{i,j}^{(s)}’ s$ , then the matrix $(x_{i,j}^{(s)})_{i,j}$ corresponds to the homomorphism $f_{S}$

with respect to the ab$oveb$asis.
Let $M_{s+1,s}$ be the matrix $(x_{i,j}^{(s)})_{i,j}$ . ( $n_{s+1}\cross n_{s}$ matrix whose

$(i, j)$ -th coefficient is the indeterminate $x_{i,j}^{(s)}.$ )

DEFINITION. For an$yk,$ $\ell$ with $1\leqq k\leqq p\leqq r$ and $n_{k}=n_{l}$ , we define
the polynomial $P_{t,k}$ by

$P_{t,k}:=\det(M_{t,\ell-1}hI_{\ell-1,\ell-2}\cdots J/f_{k+1,k})$

and call these polyn $om$ ials by determinan $tal$ in varian $ts$ .

Clearly $P_{\ell,k}$ is a relative invariant and $P_{t,k}\neq 0$ if and only if for
any $v(k<v<l)$ , $n_{v}\geqq n_{k}=n_{\ell}$ . Moreover if a pair $(k, l)$ satisfies
the condition that $n_{v}>n_{k}=n_{t}$ for any $v(k<v<\ell)$ , then we call
the $\det$erminantal invariant $P_{t,k}$ primitive. Clearly any determinantal
invariant can be writen as the product of the primitive ones.

THEOREM 1. Let $F$ be an $A_{f}$ type qui $ver$ with one–way directed arrows.
Then the relati $ve$ invariants in $S(V)$ amount to be the monomials of
the primitive determinan $tal$ in varian $tsP_{t,k}$ ’s. Moreover the primitive
$det$erminantal invariants are algebraic independent.

Next let $F$ be an $\tilde{A}_{r}$ type quivers whose arrows are directed one
way

$V_{1}.\underline{f1}V_{2}.arrow f2V_{3}.arrow f3$ . . . $arrow f_{i-1}$
$V_{i}$

(F) $f_{r}\uparrow$

$arrow$
$V_{r}$ $f_{r-1}$

$1^{fi}$

$-$ $\cdot$ . .
$arrow fi+1V_{i+1}$

$S(V)$ can also $be$ considered as the polynomial ring in the in-
determinates $\{x_{i,j}^{(s)}\}$ where 1 $\leqq$

.
$i\leqq n_{s+1)}$

.
$1\leqq j\leqq n_{s},$

. $a.nd$. $s=$
$1,2,$ $\cdots r$ . We define the $d$eterminantal invariants and the primitive de-
terminantal invariants just in the same way as the above. (Here we
consider $V_{r+1}=V_{1}$ and $k,$ $\ell$ run through 1 to $r+1.$ ) Since $\tilde{A}_{r}$ type
quiver $h$as the symmetry under the cyclic $p$ermutations, We may as-
sume that $n_{1}=Minimum\{n_{1}, n_{2}, \cdots , n_{f}\}$ . Then we will define $ab$solute
invariants $\phi_{i}\in S(V)(i=1,2, \cdots , n_{1})$ as follows.
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DEFINITION. Let $\phi_{i}\in S(V)(i=1,2, \cdots , n_{1})$ be the i-th elemen $tary$

symmetric func tion of the prod $uct$ of matrices
$M_{1,r}M_{r,r-1}M_{r-1,r-2}\cdots M_{2,1}$ , namely

$\det(tI_{n_{1}}-M_{1,t}M_{r,r-1}\cdots M_{2,1})=\sum_{k=0}^{n_{1}}\phi_{i}(-1)^{i}t^{n_{1}-i}$

It is easy to see that $\phi_{i}’ s$ are absolute invariants.
For $a$ relative invariant $f\in S(V)$ , we call that $f$ has weight $\epsilon=$

$(k_{1}, k_{2}, \cdots, k_{f})\in \mathbb{Z}^{f}$ if $g\cdot f=(detg_{1})^{k_{1}}(\det g_{2})^{k_{2}}\cdots(\det g_{r})^{k_{r}}f$ ,where
$g=(g_{1}, g_{2}, \cdots,g_{f})\in G=GL(n_{1})xGL(n_{2})x\cdots GL(n_{f})$ .

By $S(V)^{t}$ , we denote $t$ he relative invariants of weight $\epsilon$ in $S(V)$ .
Here we can state our theorem for this case.
THEO $REM2$ . Let $F$ be an $\tilde{A}_{f}$ type quiver with one-way $d$irected arrows.
(1) The absolnte invariants $S(V)^{G}$ is the polynomi$al$ ring of $n_{1}$ gen-
erators $\phi_{1},$ $\phi_{-},,$ $\cdots$ , $\phi_{n_{1}}$ , namely,

$S(V)^{G}=\mathbb{C}[\phi_{1}, \phi_{2}, \cdots, \phi_{n_{1}}]$ .

(2) The rela $tive$ invariants in $S(V)$ amount to be the monomials of
$\phi_{1)}\phi_{2},$ $\cdots$ , $\phi_{n_{1}-1}$ and $P_{ji}$ ’s, where $P_{j,i}’ s$ are the primitive determinant $al$

invariants. $\phi_{1},$ $\phi_{\underline{9}},$ $\cdots$ , $\phi_{n_{1}-1}$ and $P_{ji}’ s$ are algebr$aic$ independent.
(3) As $S(V)^{G}nlodule,$ $S(V)^{t}$ is a free module of $r$anA one.

These are examples of our answers to the problem. For the $oth$er
cases, we also give explicit generators of the relative invariants in $S(V)$

and prove that they are algebraic independent.
The proof of the above facts needs some combinatorics to calcu-

lat $e$ the Littlewood-Richardson coefficients explicitly for Young diagrams
of the special shapes.

We also state extentions of the problem. Theorem 1 comes up
$n$aturally in the following situation.

Let $P$ be $a$ parabolic subgroup of GL(n) (where $n=. \sum_{i=1}^{r}n_{i}$ )
defined by

$n_{f}$ ... $n_{2}$ $n_{1}$

$P=$ $(* * * * )n_{1}n_{2}n_{f}..\cdot$

-48–



Let $P=LU$ be $a$ Levi decomposition of $P$ , where $L$ is $a$ reductive part
of $P$ and $U$ is the unipotent radical of $P$ . For example

$n_{-}$ . .. $n\cdot$) $n1$

$n_{r}$

:
$L=$

$n_{2}$

$n_{1}$

Let $\mathfrak{R}$ be the Lie algebra corresponding to $U$ . Then $L$ acts on $\mathfrak{R}$ by
adjoint action, hence $L$ acts on $\mathfrak{R}/[\mathfrak{R}9t]$ by adjoint action This action
just coincides with the acion of $G$ on $V$ in Theorem 1. So we can extend
the probleln as follows.

PROBLEM 1. Let $C_{7}$ be a semisimple Lie $gro$up and let $P$ be a parabolic
$sub_{b}\sigma ronp$ of G. Let $P=LU$ is a Levi decomposition of $P$ and let $\mathfrak{R}$

be the Lie algebra corresponding to U. What is the relative invariants
under the adjoint action of $L$ on $V=\mathfrak{R}/[\mathfrak{R}\mathfrak{R}].$?

It is known that the ab $ove$ action of $L$ on $V$ is prehomogenius.

PROBLEM $1’$ Consider the problem and the problem 1 over any field $k$

instead of the complex field (or $tlle$ field of $ch$aracteristic $0$).

For example, let $F$ be an $A_{\sim}$, type quiver and $k$ be a finite field

(F) $V_{1}.\underline{f_{1}}V_{\sim}.$’

If $dimV_{1}=1$ , i.e., $V_{1}=k$ , then $S(V)$ is isomorphic to $S(V_{2})$ and
$G_{9,\sim}$ naturally ac $ts$ on $S(V_{2})$ . It is known in this case that the absolute
invariants $S(V_{-},)^{G_{2}}$ are the polynomial ring in the Dickson’s invariants
$I_{1},$ $I_{2},$ $\cdots$ , $I_{n_{2}}$ Compared with the characteristic $0$ case, (See Theorem
1) things seem to be slightly changed over $a$ finte field,
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