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Connection Formulas for Invariant Eigendistributons
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§1. Introduction

Let X be a senmisimple symmetric space G/H, and & a H-invariant open subset of X. Let
D(X) be the ring of invariant differential operators on X, and X a character of D(X).

A Schwartz distribution ® on & is said to be an invariant eigendistribution (I.E.D.)
with an infinitesimal character %, if

(i) ® is H-invariant, and

(ii) D® = x (D)® for all DeD(X).

Ve denote byD%, u(0) the set of all I.E.D.’s with x on O

Let X’ be the H-invariant open dense subset of all regular semisimple elements in X.
As is well-known, any ©®€8%.u(X’) is a real analytic function. For any O €%, u(X),
we have O -€d%.4(X’) clearly.

In the following, we put X = U(p,q)/ {U(r) XU(p-r,q)} . Ve wish to determine
I.E.D.’s on X as explicitly as possible. For this end, we consider the following prob-
lem, which originates in the corresponding one for semisimple Lie groups investigated in
detail by Hirai [4] :

Problem Find a condition that an I.E.D. on X’ is extensible to an I.E.D. on X.

The authors studied this problem in Aoki-Kato [1](based on the results of Faraut [3])
for r = 1, and moreover in Aoki-Kato [2] for p = 4, ¢ = r = 2. In this article, we give
a necessary condition in the case of any p, q and r. (For simplicity, we assume some
condition ((3¢) in §2).) It is shown that our necessary condition in this article is
also sufficient one, when the infinitesimal charactder % is generic. We conjecture that
this fact holds even in the case where X is not generic.

Finally, we briefly describe our method. Let x be a singular semisimple element in
X. To attach the problem above, we want to know the behavior of I.E.D.’s around x. For
this purpose, we need the knowledge of the followings:

@ (the radial parts of) invariant differential operators.

@ invariant integrals, especially, their behavior around =x.
The result of @ is essentially given by Hoogenboom [5] . On the other hand, to get the
knowledge of @, we consider the symmetric subspace Zs(x)/Zu(x) produced by the cen-
tralizers of x, and the invariant integrals on it.

§ 2. Preliminaries

Put U(myn) = {g€GL(n*n,C) | g In,n g% = In,n}
m

b 0 Y
where In.n = diag (1,--,1,-1,--,-1) and g% = *%. Let p,q,r be positive integers. Ve
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assume, for simplicity, the condition

(%) 2Zr=p, 1=r=q.
Let G denote the group U(p,q). For g€G, put o (g)= Ir.p+a-r glr.p+q-r. Let H denote
the subgroup of G consisting of elements fixed by ¢ - then H is isomorphic to U(r) X
U(p-r,q). Put X = G/H. Ve define an inclusion @ of X into G by o(j)=go (g)! with j
= gheX. By this map, X is identified with & (X).

Put Jg = { gortwwenensr 10y o Bifats 26 ER Yo ot wrsmssr

Jo,,J. form a complete system of representatives r por R

of H-conjugate classes in analogues of Cartan sub- (“chate e 51’.2?,\
groups.(Je is split and J- is compact.) So the rank d;éf;:;;z!a, —sinze, h2ts 42
of X, i.e.,the dimension of Jo is r. The Weyl group cosdt —siion,

of Jg is isomorphic to (Z2)" X (Gex6:-4), where we snip coe

denote by &, the n-th symmetric group. Putting J3= = sndfe o2y .

be an element of Jg -then the t -parameter of j is |
the n-tiple of real numbers (t1,°*, tr) defined by
ti=cos20; (15i=0), «©i= cosh?t; (#+1Si=r). sh:—‘zt“'
By the mapping j» (t1,°*, tr), Jgis mapped onto - Fig.
the set ‘
(%)  {(t1,7,7¢) 1 0S¢:S1 (1SiZ), 1=t (I+1=i=r))
and jelJg’ iff ¢:# 0,1 (1ZiSr), tvi# t; (1=1,j=r; i#j). Corresponding to the
action of the Weyl group,the group nggr-q_ acts on the set (% %). Hence a function on
{(1.'1,”,fr)| 0<fl<’52<°'<fr, Ti#1 (i=19",r)}

is uniquely extensible to a H-invariant function on X’.

Putting pm= p+q-2r, we define a H-invariant open subset Xi of X as follows:

X: = {jeX! the multiplicity of eigenvalue 1 in the matrix o (j) is at most p+2}).
Then jego Jo belongs to Xi iff ¢ =1 holds for at most one i in the t -parameter
(f1y°'97r) of J.

|
|
1
l
!
|
|
JQnX’ sVe get X’= .II.EOH.JQ,- Let J' = ljon""ﬁn ity by \‘\1;
T
|
|
1
t

Put o =gi.1-7ljglti-tj)’ Li=4ci(t:-1)9/73t:2+ 4{(pu+2) ti-1} a/;‘ti (i=1,--,r) and
v

S={w'SLi, ,Lr)w | S is a symmetric polynomial with r-variables} . Due to Hoogen-
boom [5] , we have the following

Lemma There exists an isomorphism § of D(X) onto S such that, for any Dé D(X),
feC®X) and £=0,1,--,r, we have

i(D)IJ" (flog) = (DfRy -

Definition Let D« be the element of D(X) defined by the condition
) = o (LA L+ e,
Due to the lemma above, Di,D2,--,Dr form a system of free generators of the comnutative
algebra D(X). Hence we have the bijection x+=>(21,-+, A1) of the set of the characters
of D(X) onto the set of non-ordered r-tiples of complex numbers given by
2 (D) = AH+a-r2k k=1,2,--,1).
Let x A1,y Ar denote the character x :D{X)—C defined by the above formulae.
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Definition Let =% 5 .. 3, be a character of D(X). In the case of A:# A4;(i#]j),

% is called regular. Otherwise, % is called singular. ¥hen A1=A42=--=A4 holds, % is
said to be most singular.
Let ® be an I.E.D. on X’ with the infinitesimal character X% A1,y Ar? and IIgthe

restrlctlon of ® to JQ then u = wH satisfies the system of differential equations
LR R Ly = (2 %2 e +x‘=)u (k=1,2,,T).

§ 3. Main results
Keep the notations in the previous sections. We set p=p+l=p+tq-2r+l, A (s)=s?-p?
and
= {A(s) Is =%x(p+2i), i=0, 1, 2,--} = {4i(i+p+1)1i =0,1,2,-)
As = {A(S) ls =i(P+2i)7 i=‘1, '2"' ’ /"} {41(1+ﬂ+1) fi=-1,-- "ﬂ} .
We write ki= k(i) for k€é(G:. Put L =4t (t-1)d?/dv? +4 {(ﬂ+2) t-1} d/dt. Let
F(t,2) =Fi(t,2) denote the real analytic function in © >0 satisfying the differen-
tial equation (L-A)F =0 and F(1,A) = 1. The function G(z,A)= F(l-7,4) is a
hypergeometric function. We note that A€As holds if and only if F(t,2) is real
analytic at t = 0. Furthermore we choose, once for all, a series of functions Fi(t, 1)
(i=2,3,-*) of t satisfying the condition (L-2)Fi = Fi-1.
We will describe our results, dividing into two subsections, according as X 1is regu-
lar or singular.

§ §3.1. The case that =% A1,y Ao is regular

Put Gr.o= (keGB! i, € Ao (1=i={)} . Now, as a complete system Ry of repre-
sentatives of G g/(GgXGr 9), we take
Ry = (ke Gr.gl ki<ke<-<kg, koot <kgeo<--<ke} .

For any %1, ,vs €0, put

F(xi,v1) === F(xs, v 1)
D‘VI,"', .‘,S(Xl ,-"’XS) = det : M
F(Xl,'ﬁ's) """ F(Xsy‘vs)

Let II be a function on U Jq, and let IIg denote the restricton of II to JQ We will
consider the following three conditions with respective to II = (H!)g 2.1,

(1) For any Qe({0,1,2,--,1} ,
wllg(zi,,t¢) = kze:RQ!Ck le‘,---,lkg(“’""“)

lelén.", lkf( Th+1,7s T r).
with some constants gC«. (When Rg=¢ i.e. Q>#[ (21,22, 2} NA4], we put
I1g=0.)
(2) II = 0. ,
(3) There exists a © € Jy.u(X) such that II is the restriction of ® to ng Jg-



Theorem 1. Retain the above notations. Suppose that x=1% At,yAr is regular.

Then, for X = U(p,q)/ {(U(r) XU(p-r,q)} with 2r=p and 1=r=gq, we obtain that
(a) the condition (3) implies the condition (1), in the case where AsN {411, 342,-,
Ar) =¢ and
(b) the condition (3) implies the condition (2), in the case where AsN {11, 42,
Ar) £9.

Let us consider a condition weaker than (3): v
(4) There exists a © € B¥ n(X:) such that II is the restriction of ® to Ho‘]i'
Then the statement of Theorem 1 can be expressed in more detail as follows:

Proposition 2. Suppose 2=2% A1,y A is regular. Then, the condition (4) is

equivalent to the condition (1) [resp.(2)] , in case that AsN {A1,42,, 1} =¢
[resp. AsN {Li1,22,,A) #¢1.

Moreover, we assume that Y =12 A1,y A is generic. Note that QJ": 0 (2+#0)

for © € f’x.u(X), because of 1:4As (i=1,2,--,r). Hence, using the undermentioned
Proposition 3 owing to Oshima, we see that the inverse of Theorem 1 follows (Theorem 4).

Proposition 3. If xis generic, then there is a © € J.«(X) satisfying the con-
dition (supp ®)NJe #¢.

r
Theorem 4. Let II be a (real analytic) function on Eo']!" Ve put IIg = Ilpg. Sup-
pose that =12 L1,y A is generic. Then, if and only if II is the restriction of a
¥ AT
Oefi n(X) to HOJE, ve get
(a) Ig=0 (1§.2§r),
(b) wIle = cdet (F(ti,4;)) 15i.;¢r for some ced.

At present, we conjecture that, even when X is not generic, the inverse of Theorem 1
holds.

§ §3.2. The case that x is singular

For simplicity, we confine ourselves to the the case that ¥ is most singular, say, }
=%3,2,-,2 for some A€C. Foramap j: {1,--,r) = {1,-,r} , put Ji = j(i).

Ve set
Di(x1,%2, " yXr3 A) = Dit === v (R1,R2,"""yXr 3 )
Fj‘ (x1,2) sz(m,l) """ Fjr(xr,l)
=det | Fj-1(xi,2) Fi-1(xe,2) - Fip-1(x,2)
Fj‘—r+l(x1,zl) sz—r+1(x2,l) """ Fjr-r+1(Xr,l) .

Put S = {j: {1,-,r} = {1,-,r} | jZa (e=1,--,r)} .



Proposition 5. Let Vl be the space of the solutions (around (71,"",7r)

= (1,-+,1)) of a system of differential equations
(#) (LR +LRe-+LR)u = A% (k=1,,1)
which are real analytic. Then, as a basis of V,, we can take (Di(t1,,tr3 )

I jES) .

For ® €8, ,.,.#(X), u= @@y satisfies (#) and is extensible to a function
real analytic at (71,,tr) = (1,--,1). Adding the “connection conditions” of the
I.E.D. at the points of X—X’ and H-invariance of the I.E.D. to Proposition 5, we obtain
the following theoren.

Theorem 6. Suppose that x is most singular, say, 21=1Z A, A, At For

© € Jx u(X), ve put IIp=0yy .
(i) For some constants ¢Cj, we have

wllg(t1, 5 7r) = 2 4C; > DI (te1ryy Torr s A)
Q 1 T .]'ESQQ i (Sﬁﬁ'gxefjgno 1) or) )( 0= 0,1,,1),

where we set Fi(t,1) =0 for i=0,-1,-2,--- and
Sg = {Jt {L,,r} = {L,=,1}) | J12je22dy, Jgrr1=igee==je=r1) .
(ii) In particular, when A¢Aq4, it follows that
(a) IIp =0 (=1,2,-,r),
b)) wle(ti1,,7r) =cD " "(71,~,7:) for some ceC.
Moreover, when A € As, we have IIe = 0.
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