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The study of monomial representations of exponential solvable Lie groups was
taken up by Dixmier and Takenouchi, and after Kirillov created the orbit method,

fundamental works were done by Bernat, Pukanszky and Vergne.

Let $G=\exp l$ be an exponential solvable Lie group with Lie algebra $, $f\in\varphi^{*},$ $ a
subalgebra of $\#$ such that $f$ $([\, ?])=0$ and let $H=\exp$ $ be the corresponding analy-

tic subgroup of G. One cons iders the monomial representation $\tau=ind_{H}^{G}\iota_{f}$ , where $lr$

is the unitary character of $H$ given by $\iota t(\exp X)=e^{if}tx)$ $(X\in$ , and its canonical
central decomposition

$\tau=\int_{G}9m_{\pi}cd\mu(\sim\pi)$ .
Now our problem is to know the measure class of $\mu\sim$ and describe the multiplicity

$m_{\pi}$ in terms of orbits. About 72, Gr\^elaud and Quint proved independently the same
result as follows: if $i$ is an ideal of $, then the measure class of $\sim\mu$ is the im-
age by the Kiri llov-Bernat mapping of that of a Lebesgue measure on $f+8^{\perp}\subseteq\Psi^{*}$ ,

where $s^{L}=\{l\in\^{s} ; l|\#=0\}$ . and $m_{\mathfrak{n}}$ is uniformly equal either to 1 or to $\infty$ , more
preci sely

$m=[1if(f+\^{i})\cap\Omega(\iota)is$

a mani fold of dimens ion $dim0(z)/2$ ;

$\infty$ otherwise;

here $\Omega(\iota)$ denotes the coadjoint orbit corresponding to $r\in G\wedge$ . In any way $m_{\mathfrak{n}}$ is gi-

ven by the number of $H$-orbi ts contained in $0(\iota)\cap(f+\#^{A})$ .
Moreover Quint left some conjectures. Put $Z(f+\epsilon^{\perp})=\{l\in f+s^{A}$ ; $dimG\cdot\lambda$ is maximum

amongst all orbits intersected by $f+\#^{\downarrow}$ }. Let $\mu$ be a $f$ inite measure on $f+$ ; equi-

valent to $i$ ts Lebesgue measure, $p:q^{*}arrow\hat{G}=\theta^{*}/G$ the Kirillov-Bernat mapping and
let $\sim\mu=p_{*}(\mu)$ be the image of $\mu$ by $p$ . Then his coniectures say:
(i) For all $l\in Z(f+\^{\iota})$ , each connected $com^{p}onent$ of $G$ . $\iota\cap(f+\S^{\perp})$ is a differen-

tiable manifold of dimention greater than or equal to $dimG$ 1/2.

$( \ddot{n})\tau=ind^{\underline{G}}\iota_{f}=\int_{8}^{\oplus}m_{\tau 1}rd\mu(\sim c)$ wi th

$m=[componentnumberofconnectedcomponentsof\Omega(z)\cap(f+\#^{\perp})pisamanifoldofdimensiondimQ(\pi)/2$;rovided each

$\infty$ otherwise.

Now we have fundamental results due to Benoist for symmetric case and to Corwin
$-Greenleaf/Gr\acute{e}$ laud for ni lpotent case, which prove Qu int’ $s$ coniectures with only
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one slight modification, in (i) all $1\in Z(f+t^{t})$
’ should be replaced by “

$\mu$ almost

every 1 in $f+*^{4}’$ , and further that multiplicity $m_{\mathfrak{n}}$ is given also by the number

of $H$-orbits included in 9 (1) $\cap(f+*^{\iota})$ . Final ly even for exponential case we know

Lipsman ’
$s$ works and obtain ourselves:

Theorem. The modif ied Qu int’ $s$ conjectures are true for exponential case. Furt-

hermore we can take for multiplicuty $m_{\pi}$ the number of H-orbits contained in $\Omega(c)$

$\cap(f+\^{L}.)$ .

To prove the part (i) we use essential ly the Sard’ $s$ theorem about the set of

critical values. For the part (i), one natural way to go is to consider a subg-

roup $K$ of codimension 1 or 2 which contains H. But, when $dimG/K=2$ , it $s$ really a

hard task to pass from $K$ to $G$ , as Lipsman says. So we don’t follow this way and

choose another well-known method. Let $s$ recall some $s$ imple facts on groups of

small dimension.

Lemma. (1) $G=\exp$ $2, $\pi_{2}=\langle X,$ $Y>_{R}$ : $[X.Y]=Y$ ($ax+b$ algebra). Let $f\in\_{2}^{*}$ , $=RX, $H=\exp\#$ .
Then $ind_{H}^{G}\iota_{f}\simeq ind_{H^{\ell}}^{G}Iv^{s\oplus}ind_{H’}^{G}\iota-Y^{2}$ with $H’=\exp RY$ .
$\beta)G=\exp\wp_{3}(a),$ $\s(a)=\langle T, Y_{1}, Y_{2}\rangle_{R}$ : $[T, Y_{1}]=Y_{1}-\alpha Y_{2}$ , $[T, Y_{2}]=Y_{2}+aY_{1}(a\in R\backslash \{0\})$ . Let $f\in$

$t_{3}(\alpha)^{*},$ $\#=RT,$ $H=exp\cdot i$ . Then
$ind^{\underline{G}}\iota_{f}\simeq\int\bigoplus_{\mathfrak{c}0},2)$

$ind_{H’}^{G}I_{8}^{\wedge}$ de

with $H’=\exp$ (RY $1+RY_{2}$ ), $\wedge\theta=(\cos\theta)Y^{*}+$ ( $s$ in $\theta$ ) $Y^{*}\in\_{3}(\alpha)^{*}$ .
t) $G=\exp g_{4},$ $w_{4}=<T,$ $X,$ $Y$ . $Z>_{R}$ : $[X, Y]=Z$ , $[T.X]=-X$ . $[T, Y]=Y$ (split oscillator algeb-

ra). Let $f=\alpha T^{*}+\beta Z^{*}\in\iota_{\wedge}^{s}(\beta\neq 0)$ . $*=RT+RX+RZ,$ $H=\exp$ $. Then indfi $\iota_{f}\simeq ind_{H}^{G}$ . $tr$ with $H’$

$=\exp\theta’$ , $8’=RT+RY+RZ$ .
{$4|G=\exp \mathfrak{g}_{6},$ $\varphi_{6}=<T,$ $X_{1},$ $X_{2},$ $Y_{1},$ $Y_{2}>_{R}$ : $[X_{i}, Y_{j}]=\delta_{ij}Z(1\leqq i, j\leqq 2)$ , $[T, Y_{1}]=Y_{1}-\alpha Y_{2}$ , $[T, Y_{2}]=$

$Y_{2}+\alpha Y_{1}$ , $[T, X_{1}]=-X_{1}-\alpha X_{2}$ , $[T, X_{2}]=-X_{2}+\alpha X_{1}$ . Let $f=\alpha T^{*}+fZ^{*}(\beta\neq 0),$ $t=RT+RX_{\iota}+RX_{2}+RZ,$ $H=$

$\exp*$ . Then $ind_{H}^{G}lr\simeq ind_{Ii’}^{G}$ Zf with $H’=\exp t’$ , $\’=RT+RY_{1}+RY_{2}+RZ$ .

Now the part (i) of the conjectures is shown by induction on $\dim$ G. If $ff+[\mathfrak{g}, q]\neq$

$\Psi$ , we take an ideal $\varphi_{0}$ of codimension 1 containing \S +[\iota , q] and apply the induct-

ion hypothesis to $G_{0}=\exp q_{0}$ . If $9+[\%,*]=$, making use of a minimal non-central

ideal or, we modify 8. For instance, let $\sigma\iota$ be a minimal ideal of dimension 2. Wh-

en $?\cap\alpha=0t$ , we can go down to the quotient $G/A,$ $A=\exp\alpha$ , to which is applied the

induction hypothesis. SupPose that $l\cap\alpha=\langle 0$ }. Let $*0$ be the centralizer of at and

let $G_{0}=\exp\psi_{0}$ . Put $\iota’=f\cap \mathfrak{g}_{0}+Q\iota$ . Then $t’\subseteq 0,$ $=RX\oplus $0 with $x\in\theta$ and we see

–64 –



$ind_{H}^{G}tr\simeq\int ro\bigoplus_{2\pi 1}$. $ind_{H’}^{G}t_{9}^{\wedge}$ de
iust as in Lemma (2). Since $f^{1}+[\,\eta]\neq$, we know already the decomposition of ind $GH’$

$t_{\hat{9}}$ , and can compare, for any coadjoint orbit 9, $Q\cap(f+\^{\iota})$ with $0\cap(\theta+f^{\prime A})$ to obt-
ain the multiplicities. Other cases are treated likewise.

Now we leave the following problems.

1) Rec iproci $ty$ : Does $dim(\}\ell_{\pi}^{-\infty})^{H.\chi,\Delta_{\downarrow\{.c}^{1/z}}$
’ give the mult iplicity $m_{\mathfrak{n}}$ ? Here $A_{H.G}=A_{H}/$

$A_{G}$ .
2) Penney’ $s$ Plancherel formula: Find $a_{\pi}^{k}\in(\}\rho_{\pi}-\infty)^{H.x}i^{\Delta_{H_{J}G}^{1/z}}$

$(1Sk_{-m}_{\pi})$ satisfying, for
all $in C_{c}^{\infty}(G)$ , $\psi_{H}^{f}(e)=\int_{6}k\hslash 1E_{\iota}.\langle\pi(\psi)a_{\pi}^{k}, a_{\pi}^{k}\rangle d\mu(\sim\tau)$, where $\psi_{fI}^{f}(g)=\int_{H}$ $ $(gh)\iota f(h)\Lambda_{H.G}^{-1/a}$ (h)dh

with a left Haar measure dh on H.

Examples: $\textcircled{1}$ In $Lemm\underline{a(l),\pi_{\theta}=}ind_{H’}^{G}t_{8}^{\wedge}$ is irreducible and we see $(\}f_{\tau r_{b}}^{-\infty})^{H.x_{\{}\Delta_{d}^{1/z}}\cdot‘=Ca_{\theta}$

$w$ ith $a_{e}$ : $? f_{\mathfrak{n}_{9}}’\cdot\infty\ni\psirightarrow\int_{H}\psi(h)_{tf}(h)\Lambda_{H,G}1/2$(h)dh. So $dim(\}\ell_{\pi}^{-\infty},)^{1I.x,A_{\mu,\Leftrightarrow}^{\iota\gamma a}}=1$ and, under prop-

er normalizations of measures, $\psi_{H}^{f}(e)=\int_{0}^{z\pi}\langle r_{9}(\emptyset)a_{0},$
$a_{9}>$ de for all $t\in C_{c}^{\infty}(G)$ .

$0\iota$ For the algebra in Lemma (2), we take $f=Y_{1}^{*}$ and $\=RY_{1}$ . We introduce some notati-
ons as in the figure. Let $z_{\lambda}=ind_{H}^{G}$ . xi

for $l_{0}\leqq\lambda\langle l_{1}$ and we take $g_{\mathfrak{n}}\in G$ such
that $g_{n}$ $1=1_{n}$ , where $1_{n}=(1, y_{n})\in\^{t*}$

with some function $y_{n}=y_{n}(1)$ of Z.
Then $\tau=ind^{\underline{G}}\iota f\simeq\int_{\lambda_{l}}^{\lambda_{1}}\underline{\infty\iota_{\lambda}}d\lambda$ . Accordi-
ngly a. (1): }$P_{\pi_{\lambda}}^{*\infty}\ni larrow\emptyset(g_{n})\in C(n=0,1,2$ ,

$\ldots)$ belong to $(yf_{\pi_{\lambda}}^{-\infty})^{H.x_{f^{\Delta_{H,6}^{1/l}}}}$ and, no-
rmalizing various measures appropri-

ately, we have, for all $in C_{c}^{\infty}$‘(G), $\psi_{H}^{f}$

$($

$e)=J_{\lambda}^{\lambda};\infty\sum_{\mathfrak{n}\cdot 0}<z_{\lambda}(\psi)a_{n}(l),$ $a_{n}’(\lambda)>d\lambda$ with
$a_{\mathfrak{n}}’(l)=(1+y_{\mathfrak{n}}^{2})^{1/2}|1-\alpha y_{n}|-1/2a_{n}(l)$ .

$\textcircled{3}$ We take the split oscillator group in Lemma {8). Let $f(a, \beta)=\alpha T^{*}+\beta Z^{*}$ and let $1($

$\alpha,$
$\#)$ the correspond ing irreducible representation realized through a polarizati-

on $l=\langle T, Y, Z\rangle_{R}$ : $t(\alpha, \beta)=ind_{B}^{G}\iota_{f}(d, \beta)$ , $B=\exp l$ . Let’ $s$ cons ider $\#=RT+RZ,$ $f=f(\alpha_{0}, \beta_{0})$

with $\beta_{0}t0$ . Then $\tau=ind^{\underline{G}}tr\simeq\int_{R}2\tau(\alpha, \beta_{0})d\alpha$ and $(W_{\pi(d}. \beta 0^{1} )$ $H,$ $x_{f}\Delta_{H.G}^{t/z}=Ca_{1}(\alpha)\oplus Ca_{2}(a)$ ,

here $a_{1}(a):R_{\pi 1d}$ . $\rho_{0}$ )
$\ni larrow\int^{\infty}0$ ip $(\exp sX)s^{i}(d-d_{0})-1/zds\in C$ . a2 (a): $R_{\pi td}^{*\infty}$ . $p_{\epsilon}$ )

$\ni tarrow\int_{0}^{\infty}$

$\psi(\exp-sX)s^{i}(d-d_{0})-1/2ds\in C$. Finally, normal iz ing measures, we get our Plancherel
formula for $\tau:\psi_{H}^{f}(e)=\int_{R}$ ( $\langle r(\psi)a_{1}(\alpha),$ $a_{1}(\alpha)\rangle+\langle I$ ($)a2 (a), a2 $(\alpha)\rangle$ ) $da$ for all $\psi EC_{c}^{\infty}(G)$ .
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