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§1l. Introduction

The present paper deals with the Poisson integral repre-
sentation of solutions of a certain system of differential

equations on Siegel's upper half plane Ti,n;
t
%n = (zeM (€); "2 =2, In 2z > o).

Let us introduce the differential operator

1+6
3, = ( 1] 3)’

2 iJ

and consider the system of differential equations:

(Du = y(D)(A )u

n+1)( n+l)

M j t° (Y3,)3,u = 'K(S'

n+l)(s_n+l u

B (Yﬁz)azu = —3(s+ 3

(cf. §5). We denote by a(%n’ T(s) the space of real analytic

functions on f} which are solutions of fz . Put
n ~~s

n+l

~(s+ 5

.ps(z) (det Y)

v
Let Eg(Sn) be the space of hyperfunctions on the Bergman-Silov
boundary S of ‘%n’ For any féB(Sn), we put



= 1 r 1

€ }s00(2) Js £(X')P_(X'-X,Y)dX".
n

Our main result is, then, stated as follows.

Assume s& € satisfies the condition
n-2s -2§&N_.

' Then any solution u of the system T(S canbe represented

as
u = }sf

~for some hyperfunction f gp“7§n:_

This paper 1srorganized as follows. In section 2, after
introducing notation concerning semisimple Lie groups, we state
the main result in [§ ] which will be used in the proof of our
theorem. .From §3 to the last we assume that X 1is Siegel's
upper half plane. In section 3, we will realize X in twb
ways, one which 1is the usual realization as Siegel's upper
half plane and another in the alosure of which the Martin
boundary appears. We will define the Poisson integral | zsf
for any hyperfunction f on Sn in s§lU. Section 5 is devoted

to the proof of the main result.
ﬂ\. Tn‘%m "'chs}w,m }75 w « G—,sgﬁuc—v’«Lﬁ/JW (:f \B(SVJ
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§2 Notation and preliminary results.

We shall use the standard notation 2, R and € for
the ring of integers, the field of real numbers and the field
of complex numbers, respectively. The set of non-negative,
positive integers and positive real numbers are denoted by
N, N, and R+,‘respective1y. For any real analytic manifold
X, we denote by a(x) (resp. B®(X)) the space of all real
analytic functions (resp. hyperfunctions) on X.

Let X be a symmetric space of the noncompact type,
that is, a coset space X = G/K where G 1is a noncompact,
connected semisimple Lie group with finite center and K a
maximal compact subgroup. Let G = KAN be an Iwasawa decom-
position of G, the groups A and N being Abelian and
nilpotent, respectively. Let g = Kk + 0l +# be the
derect Lie algebra decomposition which corresponds to the
decomposition G = KAN. If g€G, let H(g)e(l , k(g)€ K,
n(g)EN be determined by g = k(g)(exp H(g))n(g). Let (l*
(respectively 0[:) denote the space of real-valued (respec-
tively complex—valued) linear forms on (T and for each
HE({ 1let p(H) denote half the trace of the linear trans-

formation X »+ [H,X] of M. If A€ 0(¥ the function

?A(gx) = f exp{(X - p)(H(gk))}dk
K

(dk 1s Haar measure) is a spherical function. Let D(X)
denote the algebra of invariant differential operators on X.

Then Ql(gK) is an eigenfunction for any D€ D(X). Let,
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for any DE€D(X), y(D)(X) denote the eigenvalue of D, that

is,

DY, =EDM) Y, .

Fix A in {l¥*. We denote by (1(X;W (X)) the space
of all real analytic functions on X satisfying the system

TNUL) of differential equations;
M(x) : Dy = y(D)(Mu (D€ D(X)).

Let M be the centralizer of A in K and put P = MAN.
Let L(A) be the line bundle on G/P associated with the
character of P = MAN; man - e(p—l)(log a). We denote by
B (G/P; L(A)) the space of all L(A)-valued hyperfunctions
on G/P. Then B(G/P; L(A)) 4is canonically identified

with the space of all hyperfunctions f on G such that
f(gman) = e()\-—p.)(log a)f(g) (ge G, meM, ac A and neN).

For any g in G and f in 8 (G/P;L(X)), we put (wA(g)f)(x)
='f(g—lx) (x€ G), then it is obvious that uk(g)f is again
an element of [3(g/P; L(A)) and Ty /defines a representation
of G on B(G/P; L(A)). Also, for any g in G and u
in {Q(X; M (N)) we put (r(giu)(x) = u(g-lx) (x€ G). Then
it is clear that ((X; M(A)) 1is stable under w(g) and
we obtain a representation of G on Cl(X; ﬁt(l))-

For any element f of R (G/P; L(1)), we define the

Poisson transform ?Af on X by
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(70 @) = | rienax.
K
By a simple calculation it follows that

(,"hf)(sK) = j £ (m(k)¥, ) (gK)dk,
) K

where

¥, (gK) = exp{-(\+0) (H(g™1))},

It is widely known that, for any fixed k in K, m(k)¥,
belongS'ﬁo ((X; M(X)). Hence the image of }A is contained
in  Q(X;MN)).

The main result in [G}] gives the characterization of

the image of }A'v Namely

Theorem 1. We assume the condition

+

(a)* :2 g:# N, for any a€) .

Then the Poisson integral ?A is a G-isomorphism of
B(G/P; L(X)) onto QR(X;W(A)).
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§3. Two realizations of Sp(n,R)/U(n).

From now on, we deal with the Lie group G = Sp(n,R).
The associated symmetric space X = G/K 1s identified with

Siegel's upper half plane j}n of degree n;

E;n = {Z=X+/-1Y¥; X and Y are n™ real matrices

and Y 1s positive-definite. }.

We shall first give the concrete correspondence of X with
-%h and next define another realization of X in the closure
of which the Martin boundary appears.

We now introduce some notation for later convenience.
Let g = sp(n,R) be the Lie algebra of G. Let Eij be
the matrix of order n whose (i,j)-entry is 1 and others

are zero and put

EO ] Eij 0 - 0 0
ij ij °
0 -Eji Eij+ Eji 0
Then Eg , EJ, and ET, (= ET ) constitute a basis of g.
J? 71] 1 i
We take

0 0 + -
k = R(E;, - E;,) + R(E;, - E;,)
153 13 Ji i§J iJ 13

as a maximal compact subalgebra of g and take



as a maximal abelian subalgebra of g. We denote by ey the

linear form on a defined by

0, .
ei(Ej) = 613.

Then €538y form a dual basis of a¥. The root system

I of (g,a) 1is

T = {z(e, ¢ eJ)(i#J), t2ei}.

i
+ n 0
We take a = { ]} tyEy 5 ty>c-+>t } as the positive Weyl
1=1 n
chamber of a. Then
y = { @, = ey - ey 4 (L = 1,...,n-1), @ = 2en},

£¥="{ e; - eJ(i < 3, e, + eJ(i,J are arbitrary)}

are the set of positive simple roots and that of positive roots

respectively. In this ordering on I, we have

0 +
n= IRE + RE, .,
123 13 §J 13
o= Rre?

13 + 1§JIRE13.

We decompose a and n 1into two parts as follows:

1} a = + a

a 2°

where

0

- 0
a; = I R(Ej - Ey,,),
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Lo
a, = RH, (H, 1=Zl E{)
2) H='r'1'1+52,
where
- 0
ny izj mij
n, = 1 RE,,.
2 1,3 ij

We denote by A A

l’

G corresponding to 215 2y, Hi and Hé respectively.

2 ﬁl and ﬁz the analytic subgroups of

Furthermore we put

g
M) = H tg‘l} 5 B€ SL(n,B)i.

Then Ml centralize A2. We put P = MAN and P1 = MlAlN'
Then P and Pl are parabolic subgroups of g.

We give the correspondence of X with '%%. We denote
by S(n,R) (resp. S+(n,R)) the set of real symmetric matrices
of order n (resp. that of positive-definite ones in S(n,R)).
For any X<€S(n,R), put
1

n.(X) =
1 X 1

and, for any Y€ S+(n,lR), put
1

Y__
a(Y) =

N
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They are clearly contained in G. Furthermore, for any g€G,
,

there exist unique elements X€ S(n,R), Y€S (n,R) and k€K

such that g = Hl(x)a(Y)k. This follows from the Iwasawa

decomposition G = NAK. Noting this fact, the correspondence
G/KS7, (X)a(¥)K —> X + /’-‘Héj{l
defines an analytic isomorphism of G/K onto '56. If we put

gy (XNa(¥K = 7 (X )a(Y")K

for g = [‘é g] € G, the straightforward calculation shows that

z' = (C + DZ)(A + Bz)"L,

where 2 = X + /-1Y and 2' = X'+ /-1Y'. Hence, under the

above identification, each g€ G gives rise to a holomorphic
diffeomorphism

T, P2 > (C+DZ)(A +pz)"L

of '%g, the matrix g belng written as above. Since 'Sn is
imbedded in S(n,C) which is the set of all complex symmetric
matrix of order n, the Bergman-gilov boundary*) °f.5rf is
realized as the set S(n,R) under the natural inclusion into
§(n,C). More precisely, the B.-S. boundary of G/K is G/Pl
and S(n,R) 1is naturally imbedded in G/Pl as an open dense

subset_under the correspondence

¥) We abbreviate the B.-S. boundary in the sequel.
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S(h,R) 2 X ——> nl(X)Plé G/Pl‘

This follows from the fact that ﬁlPl is an open dense sub-

set of G.

Next we realize G/K by the method due to T.Oshima [[0]
(cf. also Satake [I3], Furstenberg [{]). We identify A
with Rg by the correspondence

S —al(log a) -an(log a) n
ADa ——> (e seeesy € )€IR+.

For any t = (ty,...,t,)€ mﬁ, we define a(t)EA so that t

corresponds to a(t) wunder this map, namely,

'ti = exp{—ai(log a(t))} (1 =1,...,n).
Let §+ = G x Bﬁ and X = G x R". Then G acts on X and
§+ by'ﬁhe correspondence (g',(g,t)) -+ (g'g,t) for g, g'€ G,
t€R" (or télﬁﬁ). We define an equivalence relation e
for points in X, . Two points x = (g,t) and x' = (g',t')
in X+ are equivalent, which will be denoted by x‘gfx',
if and only if ga(t)XK = g'a(t')K. Then it follows from the
same argument as in the proof of Lemma 7 in [10] that this
equivalence relation e naturally induces an equivalence
relation -~ for points in ﬁ. We put X = ﬁ/~ and let «
be the natural projection of i onto X. Since the action
of G on i is compatible with the equivalence relation, G
also acts on X. Put Eé = 7(gN x R") for g€ G. Then the

map (n,t) =+ (gn,t) defines the analytic diffeomorphism
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Then X has the properties mentioned in Theorem 5 in [[0].
In particular, ﬁé is an open dense submanifold of lf and
U; = w(gN x Ri) (resp. Ug = w(gN x {0})) 4is isomorphic to

G/K (resp. an open dense submanifold of G/P). Furthermore,
%= T. Hence (u°
gég B g

which is the Martin boundary (we denote the M. boundary in the

; 8€ G} 1is an open covering of G/P,

sequel).

We briefly describe a connection between these two
realizations. In view of the semi-direct product N = ﬁiﬁé,
S(n,R) X N, x R" 1s identified with fJ’g by the correspondence

S(n,R) x n, x R"3 (X,T,t) —> m(gn, (X)n,(T),t)€ fJ'g,

where we put Hé(T) =exp T for Tén,. We write vt for

ut for simplicity. For any (T,t)é-"ﬁ2 x IRD

e 42 We put

Y(T,8) = (Ay(Da(t)?*h, (1)L,

Then (X,T,t) = X + /=1Y(T,t) defines an analytic diffeomor-
phism of U' onto %
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§4. Invariant system of differential equations on X.

We 1ntroduce the Poisson kernel for the B.-S. boundary
and an elliptic system of differential equations on n
satisfied by the Poisson kernel.

First we define the linear form p' on a, by
' =
p'(Hy) = n.

Recalling that o

]
e~

(n—i+l)ei, as is easily seen, we have

i=1

p‘az = E%l Pt
For any s 1in €, we denote by LS the line bundle on G/P1
associated with the character of Pl = MlAlN; man -+
exp{(ggl - s)p'(log a)}. We denote by 5(G/Pl;s) the space
of all Ls-valued hyperfunctions on G/Pl. Then @(G/Pl;s)
is canonically identified with the space of all hyperfunctions
f on G such that

+
(s-231)p* (Llog 2)
f(Sman) = € f(g) (SGG, mEMls aéAl: néN)

(cf. §2). We put

n
= n+l
A= g (s - 1 + 5 )ei.

Then it is easy to see that

e/ 55) T Ble/PsL(A)).
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For any f in @(G/Pl;s), we define
(7,0 (86) = | e,
Js K

Then the above inclusion shows that fsf = ;A £ (cf. 82) and
s

we have

Fs®(6/21530)C Q(XHA)).

The kernel function of JS is, however, somewhat different

from ?l' A straightforward calculation shows that

G a0 = [ raor,alaax,

where
P (gK) = expl-(s + n+1)p " (H, (g 1)y} )

If we fix any k in K, ﬂ(k)Ps is contained in
Q(X;ﬂ(ls)). This follows from the similar argument to the
proof of the same claim for "(k)TA (cf. Proposition 3.10 in
[12]). Being different from ¥y Tr(k)Ps can satisfy many
other differential equations more than 75‘((2\5). The determination
of these equations is one of the interesting'problems (cf.

[? 1. In our case, fortunately, these are easily obtained
as we shall discussed below (cf. Hua [41]).
Recalling that

®¥) For any g G, we denote by H (g) the unique element of
a, such that g K(epo (g))M N.
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j/Re U ImU ]
K=\ ; U&€Uu(n)r,
~-ImU Re U
we write PS(Z,U) = Ps(k“ng) for brevity, where

g = ny(X)a(y),

ReU ImU
k = (Ue U(n)).
-ImU ReU

Then a straightforward calculation implies that

' n +
% s+n;l _(s+n21)
P (Z,0) = (det Y) |det(ZReU + ImU)|

(¢f. Equation (4.8.6) in [4]). For any Z = X + /-TY&’%},

we denote by X4 (resp. yij) the (i,J)—enfry of X (resp. Y)

and introduce the matrices:

1+ 1+

- §i9 3 y,
13 Y 2 ayiJ

S5 3 s

9x = ( 2 X

1
3, = 5(3x - /:TaY).

Let us introduce the differential operatof

= t Y
8, = Y°(Y3,)3,

Lemma 1. For any g = [é g]e G, we put Z' = Tg(z).

Then we have

b, = “(a +B2)7a,%(a + B2).

Z
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Lemma 2. A P_ (z,0) = £(s - By + Bhe_(z,0).

Lemmas 1 and 2 are proved by the same way to derive

Equation (5.6.10) and Theorem 5.7.3 in [ 47.

Theorem 2. For any f in ﬁ(G/Pl;s), u = 7sf satisfies

the differential equations;

16Au = (s - n+l)(s +'§il)u
Z 2
165,u = (s - “*1)( + “;1 )

The first of these follows from Lemma 2. The second is

also proved by the same way.

We identify the functions on X with those on G which
are right K-invariant. We denote by ng) the universal
enveloping algebra of g and regard the elements of .UW(g)
as left G-invariant differential operators on G. Our next
objective 1s to translate the above equations into those

derived from U(g)-

Theorem 3. Let us introduce the differentiai‘operators

_ _ 0.0

Lig = Ly = 2 BBy ¥ BaFyy) + me0sgy (12§)
n - .0 0 .-

Myg = My = kzzl(EkiEkj = EpyEpy) - (n+1)Egy
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Then for any f in dB(G/Pl,s), the Poisson transform u = fsf

satisfies the equations

Du Y(D)(ls)u for DED(X),

+
Lu = (s - -n—;—l-)(s + 5-2—1—)11,

Mu

]
o
.

Here we put L = (L and M = (Mij)'

ij)
.Proof. The first of these equations are obvious from

the definition of ?s‘ Therefore, it is sufficient to prove

the rest of these. As is easily seen, the system of differen-

tial equations introduced in Theorem 3 is equivalent to the

system
Tu = (s - %’—l—)(s + Eiz'l)u,
Mu = o,

where

R
"

ny((va ey + Fragey),

=
i

y(t(yax)aY - t(YaY)aX).

We denaote by Eij the (i,j)-entry of the matrix L.
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To prove the theorem, we need a lemma which will be

proved at the end of this section.
Lemma 3. For any function u on X, we have
(Lilu)(/—_l'ln) = (Ly;u) (V=TI)) (1 = 1,...,n).

We assume this lemma for a moment. Then, in view of

Lemma 1, Lemma3 shows that any solution u of the equations

Tu = (s - Bby(s + By,
Mu = o.

also satisfies -
Lyu = (s - E%l)( + le
Liqu=20 (2 <1 <n).

Since u 1s regarded as a right K-invariant function on G,

Theorem 4 follows from these equations and the fact that

{Ad(ML;) 5151 sn, wEW) = (L, My 5 4,5 = 1,...,n0.")

QED

a
Proof of Lemma 3. For any (al,...,an)€ Rﬁ, we put a = 1

-

In §3, we have defined two local coordinate systems on X. an

We assume that for any CS,R,a)G‘S(n,R) x T(n,R) le?,

¥) Here we denote by W the Weyl group of (G,A) and,for
any w€W, w denotes an element of K which normalize
A such that wM = w.
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Z(S,R,a) = X(S) + /ITY(R,a)EET}h
with
X(S) = 8 and Y(R,a) = (epr-a2~exptR)-l.

A simple calculation implies that

-2 2

Y =a° - (a-2R+tRa-2) ~2p+PR2 -2)

+ %(a—2R +2%ra"%R+*R%2

up to a matrix each entries of which is a peolynomial of R
whose order is higher than 2. The Jacoblan of the map
(S,R,a) +~ Z(S,R,a) are as follows:

) 9
9s

1J

9 1.3 39
ayi = -5aj5 * (higher order terms in R)

i
3 23
5;;; = °a15323 + (higher order terms in R).

In particular, a straightforward calculation implies that

_?_ = _;_a 3__3....

Byl -2 1aa1

9 - 3.9 2 9 2, 9 1 )
o— = -r,,ajx— -~ J} r,afe—— - al(z—+ =) r ,=——)
ayil il 13&l 1<k<i ik karkl i Bril 2k>i kiarkl

up to polynomials of R whose orders are higher than 1.

We identify any Q 4in n + a with a left invariant
differential operators on NA by
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(Qu)(na) = a%u(ﬁéetQ) £=0"

Then a straightforward calculation shows that

0 _ 3
E; = aisgz (L <1 <n),
E), = il( 9_ 4 1 r 9y + (higher order terms in R’
iJ a.J arij K>1i kiarkJ
(1 > 3),
E, .= 1 2 + (higher order terms in R)
ij~ aiaj asiJ ‘

9 _ 1 2.0
7 -5218;
3 - 1 'S 0 0 1 3y 0
=—— I -za,a,( } =—=r, E.. +E;, -5 ] —=r .E .).
ayil 2171 k<121 ik 'kl i1 2 k>13Kk ki“kl
2y
(In the above discussion we have identified a = ‘. with

a 'an
.)

We now proceed to prove Lemma 3. First remark that

> _ 2 2 :
L|z=/-11n = B3y + 3Y)|z=/:TIn'
By the above results, we have

3 1

= T
axij gaiajuij + (higher order terms in R).

Denoting 1y Eij the (i,j)-entry of hai, we have
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il -Z<
= ErvEl I ocain oone
Lij o= CEi =1 13" kj R=S=0,a=1

Next we calculate 3%. By the above results, we have

a
Ba = Ba = - 4 g0 (higher order terms in R)
Vi3 %Y1 233 "1

for any i, jJ (L 2 j) and in particular

3 - 1.2.0
3y, 221815
3 _ ak 0 0 1 ay
= = - a, (] E.+E,-5 ] —= )
311 iy B Tik k1 1172 &, 3 kit

(2 £1 <n)

up to polynomials of R whose orders are higher than 1.

Hence, denoting Iij the (i,j)~entry of ua%, we have

=2

_ 0 .0
Ly z=/-T1_ ~ (

x1Bx;j

~ 0

E + (n+1)E

iq 13) |R=5=0,a=1"

We have thus proved the lemma.
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§5. Induced system on the Martin boundary.

We first review on the theory of systems of differential
equations with regular singularities. Let M be a (n + m)-
dimensional real analytic manifold with a local coordinate
system (tl,...,tn,xl,...,xm). Set NJ = {‘cJ = 0}, N = {t1 =

>0,oco,t >0}¢

cee= b = 0} and M, = {t n

1
We consider a system of differential equations on M

m: PJu =0 (J=1,...,n).
Assume that MW has regular singularities along the set of
the walls '{Nl,...,Nn} with the edge N in the sense of
Kashiwara-Oshima [ 5 ]. Let sV (x)e ¢ (v = 1,...,r) denote
the characteristic exponents of ). (We assumed rj = ord PJ

and r = rl"'rn.)

For simplicity, we assume that s (v=1,...,r) do not

depend on x and that

(4) st - s¥¢ N - {0} for v =2,...,r.

We need another assumption
(B) Any hyperfunction solution u(t,x) of M defined on M,
has a unique extension U on M such that

supp u C ﬁ;,

and that

— 118 —



PuU=0 (J=1,...,n).

Then there exists a micro-differential operator B(t,x,Dt,Dx)
such that, for any hyperfunction solution u(t,x) of M on
M+, we have

~ sl *)
B(t,x,D.,D )sp(u(t,x)) = sp(£(x)t,")

with a suitable hyperfunction f(x) on N.

The condition (B) is relaxed to the condition
(C) There are differential operators QJ‘ defined on a
neigbbourhood of the edge N such that QJu = 0 and, for
each j (J = 1,...,n), QJ has regular singularities in a
weak sense'along the wall NJ.

| ‘For a proof of these facts and more precise statements,
sé‘e‘ [51.

We derive an important theorem concerning the induced
system on N for a system with regular singularities (in a
slightly extended sense). Let M. be the system defined above.
Let, further, Rk (k = 1,...,p) be differential operators of

the form

o+ ]
[}

k Rk(t’x’&’Dx)’

+ =
where vy tJ(B/BtJ) (J

which is a quotient of IiL:

l,...,n). We define a system

*) We call f(x) the boundary-value of u in the sequel.
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n:

s
= - 1 14
Put Rk = Rk(O,x,sl,Dx). Remark that R, = (t Rkt

Then we have

Theorem 4.(T.Oshima) Assume (A) and (C). Then for any
hyperfunction solution u(t,x) of JU on M, , the boundary-

value f(x) of u satisfies the system

Ind J0) tRf=0 (k=1,...,p).

For a proof, see T.Oshima [}] ].
.- We shall apply this theorem to the system introduced in

Theorem 3. In order to describe more precisely, we define the

system

Du = Y(D)(A)u for D€ D(X),
¢+ fLu= (s - Hly(s + Bily,,
Mu = 0,

for any s€ €. The system TZS is obviously a quotient of
ﬁl(ls). We denote by G(X,ﬂé) the space of reai analytic
functions on X which are solutions of TTS. The above remark
implies that Q(X,HS)C, Q(X,ﬂ(ls))-

Then we have the following theorem.
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Theorem 5. Assume s€ € satisfies the condition
(D) n-2- 25€N+'.

Then the Poisson transform }s is a G-isomorphism of

B(G/Pl,s) onto Q(X,ﬂé).

Proof. Fix g&G. As we have remarked in §3, U; is
identified with X and Ug is an opén dense submanifold of

G/P. Furthermore Aﬁg_": N xR". We take A€ a* satisfying
the condition (A)' stated in Theorem 1. Then the system N{(2)

has regular singularities along the set of walls {Ué,...,Ug}

with the edge Ug. Here we put Ué = 7({(gn,t) € gN x IR"; t, = 0}
for 1 =1,...,n. (In our case, we have put M= ﬁé, M+ = U;,

N = Ug, M =10M(\), etc.) The characteristic exponents of J(}A)
are s; = ((p-wik)(Hl),...,(p-wil)(Hn)) (1 = 1,...,r)f)where

HJ is the element of a such that ai(HJ) = gij(see, Propo-
sition 3.4 in [§ ]). Under the assumption (A)', the system
M(A) satisfies the conditions (A) and (C) (see, §5 in [61]).
Hence there exists a micro-differential operator Bg(t,H,Dt,DH)

such that, for any u in Q(X;H{())), we have

S

~y =y 1
Bg sp(u) = sp(f (n)t,")

with a suitable hyperfunction fg(ﬁ) on ul.

g
For any s€ C, satisfying the condition (D), we take
A = Xs from now on. The condition (D) implies that AS

satisf;gs‘ (A)'. We consider the system 'RS which is a

¥) W ='{wl=l,...,wr} (r = #W) denotes the Weyl group of G.
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quotient of ﬂl(&s). Remark that

= (B2 - 5,282 -8),. .., (- (B —5) B(BEL - )

in this case. We identify N x R" with ﬁé by the corres-

pondence
N xR"3 (n,t) ——> (gn,t)e€ ‘tfg.
Then it follows from Lemma 8 in [ ] that

+
EJ vz=Y, -4 @=1,...,0D),

Ul = Botoqoooty g

0
13|% = ®3%341 By G >0,

(e
|

13(Ug = B3 tiq(Byooty L% E 1y 1z

(Here we denote by YIU; the left invariant vector field on U;

corresponding to Y.) Recall the operators L and M

1J ij
(see, Theorem 3). From the above remark and the concrete

expressions of LiJ’ it follows that (tJ°'°t is

-1
1-1) Lyy
well-defined on ﬁé for such 1 and J that 1 > j. Further-

more, a straightforward calculation impies that

(¢ 1.t 1y

s = (s - Bhy(s + ntly,

£+0 (1 21 n),
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-S

(t T(t,+et, )L tsl)l = (2n+2-2s-3)E0, + § EO gV
J i-1771] t+0 ij j<K<d kjTik
1 >3),
-8 s
1 1 _
(t Mijt )lt+0 = 0.
Hence the induced system on Ug of 'ﬂ; is
.50 5 2
Ind(TL) : Ejqf =0 (1> 1),
at least assuming
(*) 2n + 2 - § -2s # 0 for j = 1,...,n-1.

This system shows that the boundary value f{n) of any u
Q(X;ﬂs) is invariant under the right actioéfof N,. In case
when s satisfies the condition (*), we replace u by t*y
for a large positive number k. Then from Lemma 5.13 in { 3
one can @lso derive the induced system Ind(ﬂ;). Hence (¥)
can be omltted.

As proved in Proposition 2.28 in [|2], for any uGEG(X,UKXS)),
the boundary-value fg(ﬁ) @gefines an element of B(G/P,L(Xs)).
More precisely, fg(ﬁ)(dt) 1 does not depend on g€ G and
is contained in 05(G/P;L(As)). Hence the above argument shows
that, if eu 1s contained in G(X;ﬂs), the "boundary-value"
fg(ﬁ)(dt) °1 is an element of B(G/P;L(AS)) which is invariant
under the right action of ﬁé » namely, is contained in
B(G/Pl;s). We have thus defined a G-homomorphism of Q(X,Ré)
into {(G/P;;3s) (cf. §4 in [§]).

We now proceed to the proof of the theorem. Under the
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assumption (D), it follows from Theorem 1 that }As defines
a G-isomorphism of B(G/P,L()\s)) onto Q(X,Jﬂ()\s)). We have
expressed an inverse of ?xs by use of the theory of systems
of differential equations with regular singularities. As we
have remarked in §li that })L maps any element of B(G/Pl,s)
into Q(X;T(s). On the other ;and, the boundary-value of any
element of Q(X,r(s) is contained in (6(G/P1,s) as we have

proved above. Hence the theorem. QD

Remark: In a subsequent paper, it will be proved that

the system T(s is equivalent to the system

Lu = (s --%)(s +‘n_;_}_ u,
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