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1. Introduct 1 on

In the exac $t$ $s$ tudy $of$ two $d$ imens i onal $st$ a $tlstlc$ al me chan $ics$

and quantum field theory, two approaches are presently

ava 11 able: $so$ lvable la $ttlce$ mo de 1 $s$ (SLMs) [11 and $c$ onf $o$ rmal

$fi$ eld theo ry (CFT) [2]. The i deas and me $tho$ ds $ln$ the se

approaches are quite independent of each other. On the one hand,

the SLM de $alswi$ th gene $rlc$ally no $n-critlc$ al mo de 1 $s$ on the

lattlce. and is built upon solutions to a set of $algebraic\sim$

equations called the $star-trlangle$ relation. The CFT on the

$o$ the $r$ hand de $alswi$ th $crltlc$al and $co$ nt i nuous sys tems. The ma $ln$

$too1$ he re i $s$ the symme $t$ ry unde $r$ i $nfinit\Leftrightarrow$ dlmens $io$ nal Ll 6

algebras. notably the Virasoro algebra.

No twi th $s$ tand i ng the i $r$ $concep$ tual dl $ffe$ renc $e$ the se the $orles$

exh $ibit$ une xpe $cted$ $simi$ la $rlties$ . On the bas i $s$ $of$ the re $ce$ nt

wo rks $on$ SLM [3-9] , we po : $nt$ ou $t$ i $n$ $this$ a $rtic$ le two $slmi$ la $r$
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structures that occur in different contexts: One is the

representation of the braid group and the other is the modular

covar lanc $e$ . The $t$ rue na tu re $of$ the se phenomena 1 $s$ $s$ tlll unknown.

We be11 eve that $once$ unde $rstoodp$ roperly 1 $t$ $wi11$ she $d$ new 11 $ght$

to the theory of integrable systems.

2. Star-triangle relation and the braid group

In [4. 8. 9] we have $c$ onst ruc $ted$ a $f$ ami ly $of$ solvable lat $tlc\circ$

models labe led by three $poslt$ ive 1 nte $lers$ $n.$ A. $N$ wl th A $>$ N.

Leaving aside its physical content, let us briefly explain the

settlnl in order to make contact with the braid group.

Cons 1 de $rp$ar $tlt$ lons $Cf_{Q}$ . $\cdots$ . $.r_{n-1}$
) , $f_{1}$

$\in$ Z. sat 1 $sfy1ng$

$f_{Q}\geq\cdots\geq f_{n-1}$ . $\geq 0$ . $f_{0}-r_{n^{-}1}$
$\leq$ A.

Denote by $P_{+}Cn:A$) the set of their equivalence classes unde r

the $r$ elat 1 on $Cf_{Q},$
$\cdots$ . $r_{n^{-}1}$

) $\sim$ ( $r_{0^{+1}}$
$\cdots$ , $\iota_{n^{-}1^{+1)}}$ Le $t$

$A_{\mu}$

$(0\leq\mu fn-1)$ de $no$ tc the fu.ndament al we 1 ght $s$ of the affine Lie

algebra $A_{n-1}$ .$C1)$ An $\bullet$ leme $nt$ a $=$ $\mathfrak{k}f$

O. $\cdots,$ $f_{n-1}1$
$of$ $P_{+}Cn|A$) $is$

identifi.ed with a level A dominant integral weight

$n^{-}1$

$\sum_{\mu=0}$

( $f_{\mu}-1^{-f_{\mu})\bigwedge_{\mu}}Cf_{-1}=$ A – $s_{0}+f_{n^{-}1}$
). If a. $b\in P_{+}Cn:A$) are

related by a $=[f_{0}$ . $\cdot$ . . , $r_{n^{-}1^{]}}$ and $b=Cf0^{\cdot}\cdot\cdot$ . $f_{\mu}\star 1\ldots.r_{n^{-}1^{3}}$

wi th some $\mu=0.1\ldots.*n^{-}1$ . we wr 1 te $b=$ a $+\hat{\mu}$ . An $0$ rde $red$ pal $r$

$Ca$ . $b$ ) ls sald to be $N$-admi $ss$ ible 1 $f$ the re exi st $\epsilon\in P_{+}Cn:A-N$)

and $n\in P_{+}Cn:N$) such that
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a $=\epsilon+n$ . $b=\epsilon+\sigma(\eta)$ . (1)

whe re a deno $tes$ the cyc 1 \ddagger $c$ $d1$ a $gr$ am au $t$ omo rph $i$ sm $\sigma CA_{\mu}$
)

$=\Lambda_{\mu+1}$ .
Fo $r$ $N=$ 1 (1) $si$ mp ly me ans $b$ $=$ a $+$ $\hat{\mu}$ $wlth$ some $\mu$ . Now 1 $et$

$r_{m}$ be th $e$ $set$ $of$ .
$pa$ th $s$

. $conslsti$ ng $of$ N-adm $issi$ ble $p$ a $irs$

a $=$
$Ca_{1}$ . $\cdots$ . $a_{m}$

). $Ca_{i}$ . $a_{1+1^{)}}$ 1 $s$ $N$-admi $ss$ lble $for$ $1\leq ifir-1$ .

Let $V_{m}=eCv_{2}$ be the span of orthonormal vectors $v_{a}$ indexed

by a $\epsilon r_{m}$ . By a local face operator we mean a matrix $u_{i}$

$C2\leq 1\leq m^{-}1)$ that acts on $V_{m}$ in the foll owlng manne $r$ :

$u_{i^{V}a}=$ $\sum_{a’.W}v_{a}$ . .

Here $a$
. runs over the paths that differ by a only at the

$i-th$ $c$ ompone nt $a_{1}$ . The $sc$ al\"a $rc\tilde{o}effic1e$ nt $s$ $\tilde{W}$
$re.p$ re se $nt$

the Boltzmann weights in the language of statistical mechanics.

Cle a rly $uu$ $=uU$ 1 $f$ I $1-J1$ $\geq 2$ .
$i$ $J$ $J$ 1

Th $e$ algeb $ralc$ $c$ ontent $of$ the $constructi$ on $of$ SLM am.ount $s$ $to$

the $f$ ollowlng $result$ . Suppose $u_{1}$ depend $s$ $on$ an $ext$ ra va $rl$ able

$u\epsilon$ C.

Theoren. [4. 8. $9J$ Fo $re$ ach $n$ . A. $N$ the re exi $st$ $f$ ace

$oper$ a $tors$ $U_{i}Cu$ ) ac $ti$ ng on $V_{W}$ such tha $t$ the $st$ a $r-tri$ a $ng$ le

re la $ti$ on (STR) 1 $s$ val 1 $d$ :
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$u_{1}.cu)U_{i+1}Cu+v)u_{1}ev)=u_{1+1^{Cv)U_{1}Cu+v)U_{1+1}Cu)}}$ . $u.v\epsilon c$.
$C2$)

The STR gua ran $tees$ the $c$ ommu $t$ a $tivi$ ty $of$ the $t$ rans $fer$ ma $trix$

$for$ di $ffe$ rent value $sof$ $u$ [11. Ou $r$ $soluti$ on $ispa$ rame $tr1$ ze $d$ by

an elllptic theta function

$1/8_{sin}u\tilde{\pi}$ $(1-2p^{k}cos2u+p^{2k_{)}}(1-p^{k})$ .
$e_{1^{Cu.p)}}$ $=21p$ $[$

$k=1$

Fo $r$ 1 ns tanc $e$ 1 $n$ the $c$ ase $N=$ $1$ . the $u_{1}Cu$
) a re glve $n$

explicltly by

$\overline{w}(_{a+\hat{\mu}}^{a}a+2\hat{\mu}a+\hat{\mu}|u)$ $=m[1+ul$ .
$W(_{a+\hat{\mu}}^{a}$

. $a+\mu+\hat{v}a+\hat{g}|u)$ $= \frac{[a_{\mu V}-uJ}{[a_{\mu v}J}$ .
$W(_{a\star\hat{\mu}}^{a}a+\mu+\hat{v}a+_{\hat{X}|u)}.=\frac{tuJ}{[1J}\frac{[a_{\mu v}+11}{[a_{\mu\nu}]},$

$C3)$

whe re [$uJ$ $=9_{1}C\pi u\nearrow L$ . $p$). $L=$ A $+n$ , and a $\mu v=f_{\mu}-f+\nu-\mu$
$for$

a $=$ [ $f_{0}$ . $\cdot$ . $.,$ $f_{n-1}$ J. Th $e$ mo de ls $wi$ th $n=2$ , $N=1$ have be en

introduced and studied in detail by $Andrews-Baxter$ -Forrester

$\mathfrak{k}10]$ unde $r$ the name . $\epsilon 1$ gh $tvert$ ex SOS mo del $s$ .
The mo.dels become critical at $p=0$ . The local face

operators $V_{1}$ then reduce to polynomials $ln$ the variable $x=$

$e^{2\pi fu/L}$
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$co\mathfrak{n}st$ . $u_{i}Cu$ ) $=g_{i}x^{N}+g_{\dot{i}}x^{N-1_{+}}$ . .
$.+g_{1}^{\alpha}$

C4)

and the STR (2) $to$ ge $t$ he $rwith$ the the $c$ ommu $t$ a $tlvlty$ $u_{1}u_{j}$ $=u_{j}u_{1}$

$C$ I $i-j|\geq 2$) .
$i$ mply $that$ the $ir$ le ad $i$ ng $coefficients$ $\epsilon_{i}$

$g$ lve a

representation of the braid group on $V_{m}$ :

$g_{i}g_{1+1}g_{1}=g_{i+1}g_{i}g_{1\star 1}$ . $\epsilon_{i}\epsilon_{J}=$ . $g_{j}g_{1}$
$if$ 1 $1-J$ $[$ $\geq 2$ .

In the case $N=$ $1$ we have an additional relation

$ce_{1^{-1)}}Cg_{i}+q)$ $=0$ . $q=e^{2\pi t\nearrow L}$ .
which means that the representation factors through the Iwahori

$-Hecke$ algebra. In fact. when restricted to the subspace $v_{m}’=$

the 1 $i$ ne ar span $of$ $tv_{a}|$ $a_{1}=$
[ $0.$ O. $\cdots$ , 03} , $formu$ la $s$ (3). (4) wi th

$Cu]$ replaced by sin(xu/L) reproduce the irreducible

$rep$ $res$ ent a $tlon$ $s$ tudl $ed$ by We $nz1$ [111. -CFo $r$ $n=2$ th 1 $s$ $h$ a $s$ $been$

no $ted$ $ln$ [12]. )

A very similar structure has $been,$ $encountered$ by

$Tsuchlya-Kanle$ [133 $in$ th $e$ $ir$ $s$ tudy $of$ the CFT wi th the gauge

symme $t$ ry wl th re spe $ct$ $to$ A $(1)1^{\cdot}$ Le $t$
$V_{j}$

(re $sp$ . $x_{j}$
) deno te the

irreducible $A_{1}$ m $0$ dule (resp. A 1
module) of spin $j$ $=$

(1)

$0. \frac{1}{2}.1$ . $\cdots.\frac{A}{2}$ . $i$ . $e$ . $t$ he $0$ ne $wi$ th hl gh $est$ we 1 gh $t$
$2J\Lambda_{1}$

$(re$ $sp$ .
$CA-2j)\Lambda_{0}+2J\Lambda_{1})$ . Pu $t$ X

$=e\#_{j}0\leq j\leq A/2^{\cdot}$
I $t$ $is$ known tha $t$ $on$ X the $re$

$is$ a natural ac $t1$ on $of$ the V $irasoro$ algebra fidt $=$ ( $e$ CL ) $O$ Cc :
$n\epsilon Z$

$n$
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$[L_{m}. L_{n}]$ $=$ $C m-n)L_{m+n}+\frac{c}{12}mCm1)2_{-}$ $\iota_{m+n.0}$ . $[L$ $cJ$ $=0$ .
$m$

.
$C5)$

Given a $trip1e$ $v=$ $(j_{2^{J}}J_{1})$ we $co$ ns $i$ de $r$ an $operator$ $\Phi_{V}Cu:z$
)

on X, linearly parametrized by $u$ $\in v_{j}$ a $n$ d satisfies

$\pi_{J_{2}}\Phi_{V}(u:z)\pi_{j_{1}}=\Phi_{7}Cu:z)$
. wh $ere$ $\pi_{j}$

signifies the projection $\#$

$arrow\chi_{j}$ . I $t$ $is$ cal le $d$ a ve $r$ tex $oper$ ato $r$ 1 $f$

$[X^{Q}t^{m}. o_{v}Cu:z)]$ $=z^{m}\Phi_{\vee}CXu:z)$ , Xetm $\epsilon$ A 1
$C1)$

$[L_{m}, \Phi_{V}Cu:z)]$ $= z^{m}Cz\frac{d}{dz}+$ $(m+1)\Delta_{j})\Phi_{V}(u_{0}. z)$ . $\Delta_{j}$

$-1$

In the above we identified A
$C1)$ wi th $g.1(2,$ $OeC$ Ct. $t$ ] $QCA$ A

1

nontrlvial vertex operator exlsts if and only if [13]

1 $j_{1}-J_{2}$ I $\leq j$ $\leq j_{12}+j$ . $j$ $\equiv j_{12}+j$ mod $Z$ and $3_{1^{+j}2^{+J}}$
$\leq$ A.

(6)

In our $te$ rmi no lo gy th 1 $s$ co $ndlt$ lon $st$ a $tes$ $that$ $b=$ [ $2j_{1}.03$ and

$c=$ [ $2J_{2}$ . $O1$ $\in P_{\star}C2:A$) are $2j$ -admi $ssible.$. Tsuch $lya$-Kanl $e$ de rlve $d$

$d1ffe$ rent 1 al equa $t1$ ons and supplementa ry algeb ra l $c$ re la $t$ lons $for$

th.e $co$ rre la $t.i$ on $f$ unc $t.1$ ons $<\Phi_{v_{m}}Cu_{m}..z_{m}$
)

$\cdots\Phi_{v_{1}}Cu_{1}$ : $z_{1}$
) $>$ . an.d showe $d$

that tho se $equ$ a $t1$ ons admi $t$ a bas $is$ $of$ solu $t1$ ons Ci $nf$ ac $t$ the

co $r$ relatl ons themse lve s) 1 nd $e$ xed by the se $t$ [ $p=$ $(p_{m}. \cdots, p0)$ 1

$p_{1}\epsilon\frac{1}{2}$ Z. Osp $i^{f}\frac{A}{2}$. $p_{m}=p_{0}=0$ and $v_{i}=$
$(p_{1}p_{i-1})j_{1}$ sa $tlsfies$

C6)}. When $J_{1}=\cdot\cdot.=j_{m}=Nz$ . the $correspondi$ ng mono $d$ romy

representation realizes the braid relation. They verified that

$ln$ the case $N=1$ the re $re$ sul $ts$ Wenzl’ $s$ rep re sent a $t1$ on $of$ the
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$2\pi\overline{\iota}/(A+2)$

$Iwahori-Hecke$ algebra for $q=$ $e$ . Similar result has

been obtained also by Kohno [14] when $q$ is not a root of unity.

It is noteworthy that the same representation appears in

totally different contexts.

3. Modular covariant characters

Ou $r$ second $r$ ema rk 1 $s$ on $dlffe$ rent role $sof$ mo dula $r$

covariance in solvable models.

$Kac^{-Peterson}$ [ $15J$ established the close connection between

-the cha rac $tersof$ $aff1$
. ne Li $\epsilon$ algeb $r\dot{a}s$ . the $t$ a $\overline{f}u\dot{n}ct$ lons and

modular forms. Of $signif\overline{i}cance$ here is $an$ object called

$b$ ranch 1 ng $coeffici$ ent $s$ . Le $t$ $Cg$ . $\mathfrak{h}$) be a $palr$ $of$ at $f$ lne Li $e$

algeb ra and 1 $ts$ $subal\dot{g}ebra$ . Cons $i$ de $r$ -tbe 1 $r\dot{r}e$ duc 1 ble

de $c$ ompo $sit$ lon $of$ a $hl$ ghe $st$ we 1 ght $\mathfrak{g}-mo$ dule $L^{\mathfrak{g}}CA$) wi th $re$ spe $ct$

to $\mathfrak{h}$ :

$L^{9}CA)$
$=2\Omega_{\Lambda\Lambda}^{\cdot},$

$\Leftrightarrow L^{b}CA’)$ .

Rewriting it as an identity of characters one gets

$x_{\Lambda}^{\mathfrak{g}}$ $=$ $Z$
$b_{\Lambda\Lambda}$ . $Cq$ ) $x_{\Lambda’}^{b}$ ,

$\Lambda’$

wh $i$ ch de $fi$ ne $s$ the banch $i$ ng $coefflcients$ $b_{A\Lambda’}Cq$ )

Go dda $rd-Kent-Oli$ ve [16] $p$ rovl de $d$ a me tho $d$ $to$ $c$ ons $t$ ruc $t$ a-. -

$r$ ep re sent a $ti$ on $of$ the Vi $ra$ so ro algeb ra (5) on the spac $e$ $\Omega_{\Lambda A},$ .
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The $b_{A\Lambda}$ . $Cq$) $c$ an $be$ re $gar$de $d$ a $s$ $its$ $ch$ a $r$ ac $ters$ . Th $anks$ $to$ $the$

$t$ rans $fo$ rma $ti$ on $fo$ rmula $for$ the $cha$ rac $ters$ $x_{A}^{9}$ . $x_{\Lambda}^{\mathfrak{h}},$ , the

branching coefflcients also enioy automorphic properties.

In SLM the branching coefficients appear as the local state

$p$ robab $i1ities$ (LSPs). By an LSP we me an the $pr$ obab $ility$ tha $t$ the

local fluctuation variable $a_{1}$
$on$ a lattice site 1 takes a

$gi$ ven $s$ ta $te$ a: $P_{a}=p$ rob (a 1
$=$ a).

Cons $i$ de $r$ the mo de ls $ln$ $se$ $c$ t. 2 $ln$ the re $gion$ $0<p<$ $1$ .
$-n\nearrow 2<u<0$ . and put $p=e^{2\pi i\tau}.\cdot$ $q=e^{-2\pi in/L\tau}$ . For a $\epsilon$

$P_{+}Cn:A)$ we denote by $LCa$ ) the irreducible $A_{n-1}$ module with(1)

$hi$ ghe $st$ wel $g\overline{h}t$

-

a. Le $t$ $C\mathfrak{g},$ $\mathfrak{h}$ ) $=$ $(A_{n-1}^{C1)}\circ A_{n-1}^{(1)}, A_{n-1}^{C1)})$ , and deno $te$

by $bCq$)
$\epsilon\pi a$

the branching coefficients associated with the

de $co$ mpo $siti$ on -.o $f$ the $tensorP$ ro duc $*$ $LC\zeta$ ) $\Leftrightarrow LCn$ )
$\backslash$

’ $\epsilon\in P_{+}Cn:A-N$). $n$

(1)
$\epsilon P_{+}Cn:N),.\cdot$

. wi th re $spect$ $t$ \’o the $di$ a gona 1 subal $geb$ ra $A_{n-1}$ .

Theoren. [ $5-8J$ $Suppo$ se $n=2$ $or$ $N=$ $1$ . Then the LSP 1 $s$

given by

$p_{a}=b_{\xi\eta a}Cq)$
$x_{a}^{sp}/x^{sp}\epsilon x_{n}^{sp}$ , $C7)$

$-$

whe re $x_{a}^{sp}$ $si$ gnl $f1es$ t.he $pri$ nc $1p$ al ly $speci$ al $ized$ $cha$ rac $ter$ $of$

$LCa)$ . and $\epsilon$ . $\pi$ a $re$ re la $ted$ $to$ th $e$ cho $ice$ $of$ $t$ he $b$ ounda. ry

$condltlon$ .

Fo $r$ a mo re $preci$ se $st$ atement. se $e$ [7. 83.

In the evalua tl on $of$ the LSP the $c$ ruc $i$ al $too1$ $is$ Baxt $er$ $s$

$co$ rne $r$ $t$ rans $fer$ ma $trix$ (CTM) de $f1$ ne $d$ a $s$ $fo$ llows. Di $vi$ de the
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la tt lce into four quad rant $s$ A. B. C. D.

[Fig. 1]

Cho $0$ se the $st$ a $tes$ on the two axe $s$ a $=$ $(\lambda_{1}. \cdots. \lambda_{m})$ and a’ $=$

$C\mu_{1}\ldots..\mu_{m})$ . We $de$ no te by $d_{aa}$ . the partition. function for the

-quad rant
$-$

A wl th $-$ th $is$ bounda ry $c$ ond $iti$ on. the . sum–. $be1ng$ $t$ ake $n$

ove $r$ the $i$ nte rnal va $r\dot{\iota}$ able $s$ $Cop$ en $ci$ rc le $s\sim$
1 $n$ Fi $g$ . $1$ ). The CTM $d$

$1s$ the ma $t$ rlx $w1$ th ent $rles$ $d_{aa}$ . . Othe $r$ CTMs $S,$ $1.9$ a re de $fi$ ne $d$

simllarly. The $y$ are block diagonal in the sense $A_{\wedge\wedge’}=0$ if

$\sim E_{j}$

$Cj$ $=0.1\ldots.)$ be the $ei$ genv $a$ lue $s$ $of$ $d$ 1 $n$ a
$x_{1}\neq\mu_{1}$ . Let $e$

fixed block $x_{1}=\mu_{1}=a$ . Baxter found in the solvable cases the

$f$ ollow $i$ ng behav $iorof$ $E_{j}$ a $s$
$m.arrowrightarrow$ :

$E_{j}$
–

$E_{0}$ $cnst$ . $N_{j}u$ . $N_{j}$ : $i$ ntege $r$ . (8)

wh $e$ re $u$ 1 $s$ the ,
$spect$ ral $par$ ame $ter$ . $enteri$ ng $in$ the STR (2).

The he $a$ $rt$ $of$ the re sul $t$ (7) 1 $s$ that (up $to$ an ove rall sh 1 $ft$ ) the

$N_{j}$ $consti$ tu $t\Leftrightarrow$ the $sp$ ec $t$ rum of $L_{0}$ 1 $n$ the $s$ pac $e$ $\Omega_{A\Lambda}$ . . The

au $t$ omo rph 1 $c$ $propertles$ $of$ th.e $b\epsilon n$ a (q) and $of$ the spe $cla$. $11zed$
characters afford us the complete knowledge about the behavior

$of$ the LSP $ln$ the $crltlc$ al 1 imi $t$ $Parrow 0$ . $qarrow 1$ .
Another modular lnvariance shows up when one considers

la tti ce systems a $t$ cri tl $c$ al $ity$ . Cons $i$ de $r$ a lattice $l_{n}$ wound on

a $c$ yl 1 nde $r$ by the $periodic$ bounda ry $conditlon$ $Ci_{1}+n$ . : $=$

$C1$ 1 ) $(Fig. 2)$ .. 1 2
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$[Flg. 2]$

Le $t$
$e^{-H}$ be the $t$ rans $fer$ ma $t$ rix in the ve rt ical di rection of a

crittca $l$ $st$ a $tistlc$ al mo $de1$ on $e_{n}$ . We de $note$ by $V_{n}$ the $sp$ a $ce$

on wh $i$ ch ac $ts$ H. and deno $te$ by $e$ the ho rl zontal sh $ift$
$1k$

$oper$ a $tor$ on $.-V_{n}$ . Le $t-- E_{j}$ $Cj=0.1,$ $\cdots$ ) be $ei$ genvalue $sof$ H.

The $crltlca1i$ ty $of$ the mo de 1 lmp 1 $ies$ the $fo$ llow $i$ ng $sc$ al 1 ng

behaviors of the lowest eigenvalue $E_{0}$ a $n$ d of low lying

$\bullet$ xc 1 tat 1 ons (cf. $C8$) $)$ as the wi $d$ th $of$ the cyllnde $r$ $n$ be $c$ ome $s$

la $rge$ :

$\pi c$

$E_{0}$
$\sim$ fn $-$

$r_{n}$

$E_{j}-E_{0}$
$\sim$

$arrow^{2XXn}$

$x_{J}$ : $lnteger$ . $C9$ )

On the basl $sof$ the $confo$ rmal 1 nva rl anc 8 $of$ $crltlc$ al $sys$ tems,

Cardy $t17$ ] related the constants $c$ . $x_{J}$
to the representation

of the Virasoro algebra. Let V be the space. considered in the

1imi $t$ $of$ $narrowrightarrow$ , spanne $d$ by the ve $ctors$ $corresp$ond 1 ng $to$

$e1ge$. nvalue $s$ satl $sf$ yi ng (9). Cardy’ $s$ asse $rt$ lon \ddagger $s$ the $fol1.owlng$ :

The re exi $st$ $tvo$ Vi raso ro ope $rato$ rs $tL_{n}1$ and. $1\overline{L}_{n}$ }. $mu$ tually

$c$ ommu $t$ a $t$ lve and $ac$ tlng on V wl th the $c$ ommon value $ot$ the

central $.c$ harge $c$ . The operators $L_{0}$ a $n$ d $\overline{L}_{0}$ are related to $H$

and $k$ by

$H-E_{0}\sim$
$\frac{2\pi CL_{0}+\overline{L}_{0})}{n}$ , $k$

$\frac{2\pi CL_{0}-\overline{L}_{0})}{n}$ . (10)
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Next consider the lattlce $\tau_{mn}$ on the torus obtained by

$imposing$ $fur$ the $r$ $t$ he $twistedb$ ounda ry $co$ nd $iti$ on $Ci_{1}.1_{2}+m’$ ) $=$

$\{i_{1}+m^{*}$ . $i_{2}$
) -i $n$ the ve $rtlc$ al $directi$ on Cm $=m+\sqrt{-1}m^{n}$ ). We

$i$ nt ro $duce$ $\tau=\sqrt{-1}m/n$ a $s$ the mo $du1i$ pa $r$ ame $ter$ $of$ th $e$ $to$ ru $s$ .
The $fi$ ni $te$ $p$ a $rt$ $ZC\tau$) $of$ $the$ $p$ a $rtition$ $funct1$ $on$ $is$ de $fi$ ne $d$ by

the $f$ ollowi ng $in$ the 1 imi $t.$

.
$m$ . $narrowrightarrow-$ $with-\cdot-\tau$ $flxed$ :

$ZC\tau)$ $=Alm$ $\frac{z_{mn}}{e^{-fm’n}}$ $=$ Aim $t$

$race_{V_{n}}$

$($ $e^{-m}$ $(H-fn)-1m’k_{)}G$ ,

whe re $Z$ 1 $s$ the par $titi$ on $f$ unc $ti$ on on $\tau_{mn}$ . By (10) $it$ 1 $s$

mn
wr $it$ ten a $s$ a se $s$ qu $i-1l$ near $fo$ rm $of$ Vi raso ro $cha$ rac $ters\psi_{ch}Cq$) :

$L_{O}-c/24c_{\vee}-c/24q^{*0})$
$ZC\tau)$ $=trace_{V}Cq$

$=$ $\lambda$ $N_{h,\overline{h}}v_{c.h^{(q)\psi_{c.F^{(q^{*})}}}}$ .
$Ch$ . $h$)

whe re $q=e^{2\pi 1\tau}$ . $q^{*}$ ls the comp lex $c$ onj $u$ ga $te$ . and $N_{h,\overline{h}}$
$a$ re

nonnegative integers.

By th $\underline{e}$

-
$.d..eflnitl$ on 1 $t$ 1 $s$ $clear$

.
tha $t$ $ZC\tau+1$ ) $=ZC\tau$). $In\sim$ the

non twi $stedc$ a $se$ $m$
. $=0$ $Cf$ . $e$ . wh $en$ $\tau$ 1 $s$ $pure$ ly $i$ mag $i$ na $ry$).

one mus $t$ $h$ ave $Z(-1/\tau)$ $=ZC\tau)$ $bec$ aus $e$ $of$ the 1 nva rl anc $e$ unde $r$

the rotation of the lattice through 90 degrees. For the Ising

mo de 1 th $is$ rela $t1$ on $has$ been ve $rifled$ $directly$ by

Fe $rdinand-Fi$ she $r$ [18] $vi$ a an exac $t$ $c$ ompu ta $t$ Ion $of$ $ZC\tau$). I $f$ $0$ ne

accepts the invariance of $ZC\tau$) under the full mo dular group
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$SL_{2CZ})$ , the po $ssi$ ble $cholce$ $of$ V 1 $s$ $st$ rongly re str $icted$ .
Whe $n$ V de $c$ ompose $s$ 1 $nto$ a $dlrect$ sum $of$ a $f1nlte$ numbe $r$ $of$

$irre$ duc 1 ble repre $s\dot{e}$ nt $a$ $t$ lons $ofYi4e\overline{\gamma i\wedge t}$ . the the $0$ ry $is$ $c$ alle $d$

mi ni $mal$ . As an example. $c$ ons 1 de $r$ the $e1$ gh $tvert$ ex SOS mo $dels$

(the $c$ as $e$ $n=2$ and $N=$ 1). I $n$ th $is$ $c$ ase the $b$ ranch $ing$

coefficients $b_{\zeta na}Cq$
) give irreducible unitary characters [19]

$of$ . $Yi*$ wi th the $cent$ ral $charg\circ$

$c=$ $1$ $- \frac{6}{LCL-1)}<$ $1$ .

Set $\epsilon=$ $CL-2-s$ ) $A_{0}+$ $(s-1)\Lambda_{1}$ . a $=$ $(L-1-t)\wedge 0+$ $Ct-1)\Lambda 1$ $n=\Lambda_{0}$

or $\Lambda_{1}$
according as $s$ $\equiv t$ or $t+1$ mod 2. Put further

$h=h$ st

We have then

$.1.--\leq t\leq$
.

$s\leq$ L-2.

$b_{\zeta na}Cq)$ $=\nu_{c,h_{st}}e_{q})$

$=\pi C\tau)-12e$ 2
$q^{LCL-1)\gamma^{2}}$

$\epsilon=*1\gamma\epsilon Z+s/2CL-1)-\epsilon t/2L$

whe re $\pi C\tau$)
$=q^{1/24}\mathfrak{n}rightarrow$ $(1-q^{j})$ , $q=e^{2\pi L\tau}$ . I $t$ $is$ a $r$ gue $d$ [17] $that$

. $J=1$

the to rus $p$ a rt itl $on$ func t. ion is $gi$ ven by

$ZC\tau)$ $=$
$Cq)|^{2}$ .

$\sum_{1\leq t\leq s\leq L-2}$ $|V_{c.h_{st}}$
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The branching coefficients used $in$ th $e$ LSP re sul $t$ a $rise$ he $re$ a $s$

the $c$ ons $ti$ tuen $ts$ $of$ $ZC\tau$). The $c$ omple $te$ 1 $ist$ $of$ the $to$ ru $s$

$p$ a $rtltion$ $f$ unc $tio$ ns $of$ the $minima1$ $co$ nf $0$ rmal the $ories$ $is$

ava $i$ lable $[20,21]$ . In the $c$ a $se$ $of$ $non^{-mlni}$ mal the $ories$ the

$finlte$ $reducibi1itywi$ th $respect$ $to$ la $rger$ symme $t$ ry al $gebras$

$p$ lay $s1$ mi la $r$ $c$ ruc $i$ al ro le $s$ [22-26].

The re a $reo\sim$. the $r$ example $s$ whe $r.e$ the $co$ inc $i$ de nc $e$ $is$

$establi$ she $d$ $of$ the LSP and the $br$ anch $i$ ng $coefficients$ $Xor$

app $roprl$ a $te$ $c$ ho $ice$ $of$ the $p$ a $ir$ $(g. \mathfrak{h})$ ([3] , [6]). I $n$ the se $c$ a $ses$

the correspondlng torus partition functions are also supposed to
...

$be$ $given$ $in$ $te$ rms $of$ the $s$ ame $set$ $of$ $b$ ranch $i$ ng $coefficie$nt $s$ .

Th $is$ $coincidence$ $is$ $quite$ $mysteri$ ous $bec$ au $se$ the $orlgl$ ns $of$ the

$torus$ a $re$ $tot$ al $1y$ $differe$. $nt$ . In Ca $rdy’ s$ . the $0$ ry the $tor$,us appe a $rs$

.
. a $s$ the $c$ ont $i$ nuum 1 $i$ mi $t$

. $of$ the $fi$ nl $te$ la $ttic_{J}.\cdot e.$
$whi$ le 1 $t$ a $ppe$ a r s

as the $on.e$ tha $t$ de sc $ribes$ the $c$ ommut $i$ ng $f$ am $i$ ly $of$ $t$ rans $fer$

ma $trlces$ $of$ SLM. We $expect$ $th\dot{a}t$ the $re$ 1 $s$ a un $ified$ way $of$

understanding conformal fleld theory, solvable lattice models

and the role of infinlte dimensional Lie algebras.
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