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$\approx 1$ . Some problems in the representation theory of reductive

groups are closely connected with various geometric objects

$re$ la $t$ ed $Co$ th $ese$ $groups$ , and th $ese$ $ge$ ome $tric$ $pictures$ a $re$ $often$ we 11

unde $rstood$ th $r$ ough th $e$ We yl $gr$ oup $s$ , th $e$ a $ff$ ine We yl $gr$ oup $s$ and th $eir$

He cke algeb $r$ a $s$ .

Example $s$ .
(i) The.charac $ter$ $f$ ormula $of$ $irre$ duc ib le admi $ss$ ib le module $s$ $of$

re duc $t$ ive group $s$ (Ka $zhdan-Lusztig$ [9]. Bryl $insk$ i-Ka sh iwar a [3] ,

Be il in $s$ on-Berns te in [1] $)$ .
$(ii)$ Th $e$ Sp $r$ $inger$ $represent$ a $ti$ on $s$ ( $Spr$ inge $r$ [16] ,

Ho $tta-Spri$nge $r$ [5] , Sho $ji$ [15] $\ldots.)$ .
$(iii)$ The $classific$ at ion $of$ the $i$ rreduc ib le module $s$ $of$ th $e$

Hecke algebra $of$ an a $ff$ ine Weyl group (Ka zhdan-Lus $zt$ ig [11] ,

$Gi$ns burg [4] $)$ .

Examp le $(ii)$ $is$ $re$ la $t$ ed $Co$ th $e$ $c$ ompu $t$ a $ti$ on $of$ th $e$ $v$ a $lues$ $of$

irreducible characters of finite reductive groups at unipotent

$e$ lement $s$ (the Gre $en$ $p$ olynom $i$ als) , and $(iii)$ $is$ $equ$ ivale $nt$ $to$ th $e$

$c$ la $ssific$ a $t$ ion $of$ the $irreducib$ le $admissib$ le $mo$ dule $s$ $of$ $reduct$ ive

$p$ -adic groups containing non-zero vectors fixed by an Iwahori

$s$ ub gr oup (Iwaho $r$ i-Ma $ts$ umo $\zeta Q$ [7] , Ma $ts$ umo $to$ [13] , Bo re 1 [2]).
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One of th $e$ pur po ses of this note is to $c$ lar ify th $e$ re lat ions of

th $e$ ab ove $e$ xamp le $s$ .

$=2$ . Le $t$ us $e$ xpla in (i) and $(ii)$ $fr$ om $0$ ur po in $t$ $ofview$ .

(i) Le $t$ $G$ $be$ a $c$ omp le $x$ $reduct$ ive $gr$ oup and X $ics$ $flag$

variety. We denote by $’\iota A$ the category of coherent $D$ -modulesX $\cross X$

$with$ ( $di$ agonal ) G-a $cti$ on $s$ . He $re$ $DXxX$ $is$ $the$ $s$ hea $f$ $of$ (algeb $r$ a $ic$ )

differential operators on $XxX$ . We have certain standard

$D_{X\cross X}$-modules $\grave{u}_{w}$ and $\pi_{W}L$ in $’\backslash \acute{A}$ , where $w$ is an element of the

Weyl group W. { $[Mu_{W}]$ $I_{w\epsilon w}$ and { $[Lu_{W}]$ $1_{w\epsilon W}$ are free Z-bases of

th $e$ $Gro$ th end $ie$ ck $gr$ oup $K(A\backslash )$ . We $i$ de $nti$ fy $K(A\backslash )$ $wi$ th the $gr$ oup

$r$ in $g$ $Z[W]$ $vi$ a $[Mu_{W}]\simarrow w$ and $de$ no $te$ th $e$ $e$ lemen $t$ $of$ $Z[W]$

$correspondi$ng $to$ $[L\backslash w]$ $by$ a (w).

By th $e$ Be $i1$ in $s$ on-Be rn $stein$ $c$ at $egoric$ al $e$ qu ivalenc $e$ [1] , \‘A is

equivalent to a category of certain representations of G. Then $A_{w}$

corresponds to a principal series module and $u_{W}L$ corresponds to the

un $i$ que $s$ imp le qu $oti$ en $t$ $of$ $the$ $pr$ in $cip$ al $series$ module. $Si$ nc $e$

characters of principal series module $s$ a $re$ known, the problem is

$red$ uc $ed$ $Co$ $computing$ th $e$ a (w) ’
$s$ .

Le $t$ $H(W)$ be the He cke algebra of $W$ (see Iwah ori [6] and

Ka zh $d$ an-Lu $szt$ ig [9] $)$ . I $t$ $is$ an algeb $r$ a ove $r$ the Laur $e$ nt po lynom $i$ al

$r$ in $g$
$l[q , q^{-[}]$ $with$ a $sC$ and a $rdb$ a $sis$ $\{ T_{w} \}$ we $w$

. V $i$ a the

$speci$ a 1 $iz$ a $ti$ on $q+$ 1 , we $h$ ave :
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$H(W)|_{q\Rightarrow]}$
$\simeq$ $Z[W]$

$tb$ $v$

$(-1)^{1(w)}T|wq\Rightarrow 14arrow$ $w$ ,

wh $ere$
$\chi$ $is$ th $e$ leng th $f$ unc $ti$ on. Ka zhd an-Lu $szt$ ig [9] de $f$ ine $d$ a

different basis $\{ C^{*} \}$ of $H(W)$ and conjetured that $a(w)$
$w$ $w\epsilon W$

$(-])^{1(w)}c_{w}^{*}|_{q-1}$ . Th $is$ $c$ onj $ect$ ure wa $s$ $sett$ le $d$ by

Be $i1$ in $s$ on-Bern $ste$ in [1] and $B$ ryl $insk$ i-Ka sh iwa $r$ a [3].

$(ii)$ Le $t$ $Z$ $be$ th $e$ $Ste$ inbe $rg$ $tr$ iple $variety$ , $that$ $is$ ,

$Z$ . { $(A,$ $x,$ $y)\in$ $Lie(G)xX\cross X$ $|$ A $is$ $ni$ lpo $t$ en $t$ , A $\epsilon\underline{b}_{x}$ A $b$ }.
$-y$

Here $\underline{b}_{x}$ is the Borel subalgebra of Lie(G) corresponding to $x$

$\epsilon$ X. $Z$ $h$ a $s$ pure $d$ imen $si$ on $d$ a 2 $d$ im X and the $ir$ re duc ib le

components of $Z$ are parametrized by W. Let $Z_{w}$ be the

irreducible component of $Z$ corresponding to $w\in$ W.

Springer and Kazhdan-Lusztig defined a $W^{X}W$-module structure on

the top homology group $tI_{2d}(Z)$ $z$ $e$ $z[z_{w}]$ and showed that it is
$weW$

isomorphic to $2[W]$ as a $W^{X}W$-module via the correspondence $[Z_{e}]$

$rightarrow e$ , whe $re$ $e$ $is$ th $e$ $i$ de $ntiCy$ $e$ leme $nt$ $of$ $W$ ( $see$ Kazhdan-Lu $sztig$

$[1 0])$ . $Let$ $b(w)$ $be$ the $e$ leme nt $of$ $Z[W]$ $corresp$ ond $i$ ng $to$ $[Z_{w}]$ .
$Si$nc $e$ the $b$ a $sis$ $\{ b(w) \}_{w\epsilon W}$ $of$ $Z[W]$ $cont$ a in $s$ much in $fo$ rma $ti$ on

concerning the Springer representation, it is important to find a

me thod fo $r$ compu $t$ ing the $b(w)$ ’
$s$ expl $icitly$ .
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$\approx 3$ . In $Kashiwara-Tanisaki$ [8] we constructed an intertwining

operator :

$(li)$ $=Ch$ : $K(A\backslash )$
$+$ $H$ (Z)

2 $d$

of $WxW$ -modules using the characteristic cycles of $D$ -modules and

showed that it is compatible with the identifications of $K(\chi)$ and

$H$ (Z) wi th $Z[W]$ $e$ xp la $i$ ne $d$ $in$ Se $cti$ on 2. In $c$ on $se$ que $nce$ , $if$ we2 $d$

wr $ite$ a(w) $=$ I $m(y, w)b(y)$ , th $e$ in $teger$ $m(y, w)$ $coi$nc $ides$ $wi$ th the
$y\epsilon W$

multiplicity of the characteristic cycle of the $D$ -module $f_{w}$ along

$z_{y}$ . We deduced some properties of the Springer representation from

th $is$ a $na$ ly $tic$ de $scripti$ on $.of$ $m(y, w)$ .
Alth ough the a lgo $\dot{r}i$ thm $for$ comput ing the $m(y, w)$ ’

$s$ (hence th $e$

$b(y)$ ’
$s$ ) $is$ no $t$ ye $t$

$\dot{k}$ nown, we $h$ ave go $t$ $s$ ome par $ti$ al $res$ ult $s$ in [181.

Be $si$ de $s$ , we $h$ ave $\dot{g}$ ene $r$ al $iz$ ed the ab $o$ ve $result$ $of$ [8] in [17]

and [19]. In [17] we have cons $i$ dered re al reduc $t$ ive group $s$ and $in$

[19] we $have$ us $ed$ an a $ffi$ ne Weyl $gr$ oup in $ste$ ad $of$ the Weyl $g$ roup.

$=4$ . In this note we generalize the result of [8] using $H(W)$

$i$ ns $te$ ad $of$ $Z[W]$ $(see [20])$ .
We first give a realization of $H(W)$ using M. Saito’s theory

$of$ Ho $dge$ mo dul $es$ $(see [14])$ . Le $t$

$A0$ $be$ the $c$ a $te$ gory $c$ ons $ist$ ing $of$

the Ho dge module $s$ on $X\cross X$ $wi$ th G-ac $ti$ on $s$ . We have $cert$ a $in$

standard objects $Mw$ and $Lw$ of $A0$ for $w\in W$ and the

underlying $D_{XxX}$-modules of $Mw$ and $Lw$ coincide with $a_{w}$ and

$\backslash L_{w}$ . Le $t$ A $be$ the $f$ ull $s$ ub $c$ at $e$ go ry $of$
$A_{0}$ wh $ose$ $object$ $s$ $h$ ave
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comp $osition$ $f$ ac $tors$ $of$ th $e$ $fo$ rm $Lw(n)$ $for$ $s$ ome $weW$ and $neZ$ ,

whe $re$ (n) $is$ the Ta $te$ $twist$ . We $c$ an de $f$ ine a $Z[q , q^{-[}]-algeb$ ra

structure on the Grothendieck group $K(A)$ and we have the

$fo$ llow $ing$ :

The $or$ em A ([20]). $K(A)$ $is$ $is$ omo $rphic$ $to$ $H(W)$ a $s$ a

$z$ -algeb $r$ a. The $is$ omo $r$ ph $ism$ $is$ $g$ iven by [Mw] $Parrow(-1)^{1(_{W})}T_{w}$

a nd $[L_{w}]rightarrow(-1)^{k(_{W})}c_{w}^{*}$ .

${\rm Re} c$ en $t$ ly Ka zhdan-Lu $sztig$ [11] and $G$ in $s$ bu $rg$ [4] $h$ ave $i$ den $tified$

the equivariant $K$ -homology group
$K^{Gx\mathbb{C}^{*}}(Z)$

of the Steinberg triple

variety with the Hecke algebra $H(W_{a})$ of the affine Weyl group $w_{a}$ ,

and have obtained irreducible modules of the Hecke algebra

de $c$ omp $osi$ ng th $is$ $space$ (Examp le $(iii)$ ).

Analogous to $(\phi)$ we have a $natur$ al map :

$(|/\#)$ gr : $K(A)$
$arrow K^{Gxt^{*}}(Z)$

de $fi$ ned in te rms $of$ Hodge module $s$ .

$GxC^{*}$

Th $eor$ em $B$ ([20]). I $f$ we $identi$ fy $K(A)$ and $K$ (Z) $wi$ th

$H(W)$ and $H(w_{a})$ respectively, then the map gr coincides with the

natural inclusion.
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This theorem gives a natural explanation of the fact that the

Hecke algebra appears in the context of the equivariant K-theory.

Fur $thermore$ $it$ $gives$ an $altern$ a $t$ ive $proof$ $of$ th $e$ above me $ntio$ne $d$

result of Kazhdan-Lusztig and Ginsburg.

Another motivation of our result is a conjecture of Lusztig

[12] wh $ich$ $c$ la $ims$ th a $t$ th $e$ two-s $ided$ $ce11s$ $of$
$w_{a}$ a $re$ in $o$ ne-t o-one

$correspondence$ $wi$ th $t$ he $ni1potent$ $0$ rb $ics$ in $Lie(G)$ . I $n$ $or$ de $r$ $to$

$pro$ ve the $c$ onj ecture it should be imp $ort$ ant to $s$ pe $ci$ fy the $e$ lement

$of$
$K^{Gx}$ $C^{*}(Z)$

$corres$ pond ing $to$ $c_{w}^{*}$ $for$ $e$ ach $w\in$ $W_{a}$ . Ou $r$ $re$ sult

gives a description of this element for $w\in$ W.
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