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\S 1. Introduction. Let $G$ be SU(I,I) and $T_{n}(n\epsilon 4Z, |n|\geq 1)$ the hol omorphic $(n$

$>0)$ and the anti-holomorphic $(n<0)$ discrete series representation of $G$ (cf.
[Su], p. 237). Let $f^{n}$

$(\iota, m\epsilon N)$ denote the normal ized matri $x$ coeffi ci ent ofAm
$T_{n}$ wi th K-type $(-(n\pm\iota), -(n\pm m))$ , where $\mathfrak{l}’ 11\pm$ corresponds to the $\pm$ sign of $n$ . Then
the Fourier coefficients of $f$ in $L^{2}(G)$ are defi ned by

$\hat{f}(n;\iota,m)=[f(g)\overline{f^{n}}(g)dgGfm$ (1.1)

for $n\epsilon:Z$ , $|n|\geq 1$ and 2, $m\epsilon$ N. $\wedge Tn$ the previous manuscript [K] we define
the operator $\Phi_{m}^{n}$ which maps the function $f$ on $G$ to the function $\Phi_{m}^{n}(f)$ on $D$ ,
the open uni $t$ disk in $C$ , as fol lows.

$\Phi_{m}^{n}(f)(z)=f\overline{f}(g)T_{n}(g)e_{m}^{n}(z)dgG$ $(z\epsilon D)$

(1.2)
$=_{2\pi}g_{(2n-1)^{-*}\sum_{g=0^{\hat{f}(n;x,m)e_{n}^{1}(z)}’}}\infty$

where $e_{n}{}^{t}(z)=(r(t+2n)/r(\iota+1)r(2n-1))^{:}z^{f}(\iota\epsilon N)$ . Then a characterization of
$\Phi_{0}^{n}(L^{p}(G))(1\leq p\leq 2)$ is obtai ned in [K], Theorem 8.1. actual 1 $y$ , if $(n,p)\neq(1.1)$ ,
$it$ coi ncides wi th the weighted Bergman space

$A_{p}1$

’ inp-l (D) on $D$ (cf. [CR]) , and
$if(n,p)=(1,1),$ $itis$ given by the subspace $H_{0}(D)$ of the class $i$ cal Hardy space
$H^{1}(D)$ whi ch consi sts of al $\rceil$ holomorphi $c$ functions $F$ on $D$ sati sfyi ng $F^{1}\epsilon A_{1,0}(D)$ .

However, the approach and thei $r$ proofs $in[K]$ are compl $i$ cated, and we treat
only the case of $m=0$ . Therefore, $in$ thi $s$ manuscri $pt$ , we shal 1 $try$ to reform
them and obtai $n$ the $i$ ndependence of $m$ for $\Phi_{m}^{\Pi}(L^{p}(G))$ . Moreover, we shall gi ve
some appl ications to the classical harmoni $c$ anal $ysis$ on D.
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\S 2. Notation. We shal 1 use the same notati ons $in[K]$ . For the readers who read
fi $rst$ we shal 1 bri ef them.
2. 1. $L^{p}$ functions on SU $(1, 1)$ . Let $G$ be SU $(1 , 1)$ , the group of $2x2$ compl ex ma-
$tri$ ces $g$ sati sfy $i$ ng $\det g=1$ and $t\overline{g}g=$ , and $\rceil$ et

$K=\{ k_{e}=(^{e^{i8/2}}-ie/2^{)}0 : 0_{\Rightarrow}<e_{\approx}<4_{\pi}\}$ ,
$0$ $e$

ch $t/2$ sh $t/2$
(2. 1)

$A=\{ a_{t}= ( ) : t\epsilon R \}$ .
sh $t/2$ ch $t/2$

For a compl ex valued function $f$ on $G$ we put

$|| f||p^{=(}\int G|f(g)|^{p}dg)^{1/p}$ $(0<p<\infty)$ , (2.2)

where dg $is$ the Haar measure on $G$ normal $i$ zed by the followi ng $i$ ntegral formul a
for the Cartan decompos $i$ ti on $G=KCL(A^{+})K$ $( A^{+}=\{a_{t} : t\succ 0\})$ :

$f f(g)dg\frac{-^{1}}{8_{\pi}}G$
$ff004_{\pi}\infty ff(k_{e}a_{t}k_{e^{1}}04_{\pi})$ shtdedtde ’ , (2.3)

where de , de 1 and dt denote the Eucl $i$ dean measures on $[0,4\pi)$ and $R$ respecti ve-
1 $y$ . Then $L^{p}(G)(0<p<\infty)$ denotes the space of all compl ex valued functions on $G$

wi th fi ni te $||$ .
$||p^{-^{11}norm^{lt}}2^{\cdot}$ For $1\leq p<\infty$ , these spaces are Banach spaces wi th the

norm, esPecially, $L(G)$ is a Hilbert space with obvious inner product denoted
by $(, )$ .
2.2. Bergman and Hardy spaces on D. Let $D=\{ z\epsilon C*\cdot |z|<1\}$ be the open
uni $t$ di sk $in$ C. For a compl ex valued function $F$ on $D$ we put

$|| F||p,r=(\frac{1}{\pi}[|F(z)|^{p_{(1-|z|^{2_{)}2r_{dz)}1/p}}}D(0<p<\infty, r\epsilon R)$

(2.4)

$||F||H^{p}r+-1=1im_{2}(2r+1)||F||p,$ $r(0<p<\infty)$
,

where dz $is$ the Euclidean measure on D. Then the wei ghted Bergman space
$A_{p,r}(0)$ and the Hardy space $H^{p}(D)$ are defi ned as the spaces of all holomorphi $c$
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functions on $D$ wi th fi ni te $||$ . $||p,r$ and $||$ . $||Hp-^{I1}$ no $rms^{tt}resp\dot{e}$cti vel $y$ . For $1\Rightarrow<p$

$<\infty$ , these spaces are Banach spaces wi th the no $rms$ , especial 1 $y,$ $ifp=2$ , they
are Hilbert spaces wi th obvious inner products. Moreover, it is easy to see
that when $rarrow<-:,$ $A_{p,r}(D)=\{0\}$ , and each $||F||Hpis$ also gi ven by

$= \sup(\frac{1}{\pi}f|F(re^{ie})|^{p}de)^{1/p}2\pi$ .$||F||H^{P}0<r<1$
$0$

(2.5)

For $r>-*$ we put

$e_{r+1}^{l}(z)=B(\iota+1,2r+1)z^{R}$ $(A\cdot\in N)$ . (2.6)

Then $\{ e_{r+1}^{L}*\iota\epsilon N \}$ $is$ a complete orthonormal basi $s$ of A (D).
$p,r$

2.3. Norm-preservi ng operators. The group $G=SU(1,1)$ acts transitively on $D$

by the 1 $i$ near transformation $g\cdot z=(_{\alpha Z+}8)/(\beta Z+_{\alpha}-)$ ( $z\epsilon D$ and $g=(\frac{\alpha}{8}\frac{8}{\alpha})\epsilon G$ ) and the
isotropy subgroup at $z=0$ is equal to $K$ , so we have the identification $D=G/K$ .
Here we put $‘ J(g,z)=\overline{8}z+_{\alpha}-$, and defi ne the operator $T$ (g) ( $0<p<\infty,$ $r\epsilon R$ and $g\epsilon$

$p,r$

G) as follows.

$T$ (g) $F(z)=d(g^{-1},z)^{-4(1+r)/p}F(g^{-1}\cdot z)(z\epsilon D)$ . (2.7)
$p,r$

Then $itis$ easy to see that each operator $T_{p,r}(g)$ preserves $||$ . $||p,r$ and
$||$ . $||Hp-^{tt}norms^{l1}$ , and moreover, $(T ,A (D))$ and $(T ,H^{p}(D))$ are $i$ rreduci blep,r $p,r$ $p,r$

representati ons of $G$ wi th respect to the topologies $i$ nduced by the ’
$1norms^{\iota}’$ .

\S 3. Di screte seri es $\underline{of}$ G. If $0<p<\infty$ and $r\epsilon R$ sati sfy the relation: 4 $(1+r)/p=$

$2n$ , we put $T_{n}=T_{p,r}$ . Then $(T_{n},A_{2.n-1}(D))$ ( $n\epsilon iZ$ and $n\geq 1$ ) are nothing but
the holomorphic discrete series representation of G. Let $f_{lm}^{n}(g)$ ( $g\epsilon G$ and
$t,$ $m\epsilon N)$ denote the normal $i$ zed matrix coeffici ents of $T_{n}$ defi end by

$f^{n}(g)=[T_{n}1m(g)e_{n}^{m},e_{n}^{l}]_{n-1}/||[T_{n}(. )e_{n}^{m},e_{n}^{t}]_{n-1}||2$ ’ (3.4-)

where $[ , ]_{r}$ means the $i$ nner product of $A_{2.r}(D)$ . Actually, by usi ng hypergeo-

3
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metri $c$ functi on we can gi ve the expl $i$ ci $t$ fo $rm$ of $f_{\iota m}^{n}$ : for exampl $e,$ $ifL\geq m$ ,

$f_{\chi m}^{n}(g)\frac{-^{1}}{2}(\frac{2n-1}{\pi})^{1/2_{(\frac{\Gamma(\iota+1)r(\iota+2n)}{\Gamma(m+1)\Gamma(m+2n)})^{1/2}\frac{1}{\Gamma(L-m+1)}}}(1-r^{2})^{n}$

(3.2)

$xF(-m.\cdot 2n+\iota,\iota-m+1;r^{2L-m-it8-ime^{1}-in(e+e^{1})})reee$ ,

$|vhereg=k$ a $k$
$\epsilon$ KCL $(A^{+})K$ and $r=tht/2$ (cf. [Sa]). Some bas $ic$ prope $rti$ es of $f^{n}$

8 $t8^{1}$
$zm$

’

$Nhi$ ch wi 11 be used $in$ the fol $\rceil$ owi ng arguments, are summal $i$ zed as fol 1 $0\backslash vs$ .

$-\underline{|}$emma 3. 1. Let $n \epsilon\frac{1}{2}z_{3}n\approx>1$ and $\iota_{3}m\epsilon N$ .

(1) $||J_{lm}^{\sim^{v_{l}}}||2^{=l}$ .

(2) $f^{\eta}(kgk)=e^{-i(L+n)e()_{8’}}vn8e^{r}e^{-im+n}f(g)$
$(k_{8^{3}}k_{8}, \epsilon K_{3}\sigma. \epsilon G)$ .

(5) $T_{n}(g)e_{\eta}^{m}$

.
$= 2(\frac{\pi}{2n-l}J^{I/2}$ $\infty\Sigma f^{n}(g)e_{\eta}^{I}vn.\cdot$

$A=0$

(4) $\frac{l}{4\pi\wedge}fef(\approx k)de=2(\frac{\pi}{2n-I})(x)f_{um}^{\nu}{}^{t}(yl04\pi i(u+n)8nI/2_{\acute{I}}n_{l\mathcal{U}}vne^{y}(\mathcal{U}\epsilon N_{3}x_{3}y\epsilon G)$ .

(5) $f^{n}* \dot{f}^{j}=\tilde{0}\delta_{m1},2(\frac{\pi}{2n-1}vnuvnwJ\Gamma_{tv}^{\eta}$ ($w\epsilon\frac{1}{2}Z_{3}w\geq 1$ and $u_{3}v\epsilon\Pi$).

(6) $f^{n}vn7$, the eigenfunction of the Laplace-Beltrami operavor of $G$

with the $e\dot{\tau}genvalue4n(n-I)$ .
(7) Let $l\leq p\leq\infty$ and $(n_{j}p)_{\Gamma}{}^{t}(\underline{7}31)$ . Then $||f_{qm}||p<\infty$ .

By the Pl ancherel fo $rmu\rceil$ a for $L^{2}(G)$ , each $L^{2}$ function $f$ on $G$ has the fol 1 ow-
ing decomposition:

$f=f_{P}+\circ f$ ,
$\circ f=\Sigma\hat{f}(n;x,m)f_{tm’}^{n}n\epsilon_{2arrow}^{1}Z,$

$|n|>1$

(3.3)

$\iota,m\in N$

vhere $f_{P}$ consi sts of wave packets and $f^{n}=conj(f^{-n})$ for $n\leq-1$ . Clea $r1y$ thi $s$

Secomposi tion for $L^{2}(G)\cap L^{p}(G)(1\leq P<2\approx)$ can be extended to $L^{p}.(G)$ . Then the next
$\chi m$ $\iota m$

4
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$le N\mathfrak{n}ais$ an easy consequence from Lemwna 3.1 (5), (6) , (7) and (3.3).

Lemmla 3.2. Let us suppose that $f$ belongs to $L^{P}(G/^{1}(1<parrow\leq 2)$ . Then for $n \epsilon\frac{l}{2}Z_{3}$

$n\geq 1$ and $t_{3}m\epsilon Nt\theta e$ have

(1) $f_{P}*f_{lm}^{n}=0$ .

(2) $f*_{J_{Jmn}^{-^{\Lambda}=_{C}}}u=0^{\wedge}\infty\Sigma f(n.;u_{J}m)f_{um^{J}}$ where $c= 2(\frac{\pi}{2n-1})^{\frac{1}{2}}n$ .

Therefore, $if$ we put $P_{m}(nf)=c_{n}f-1*f_{mm’}nP_{m}^{n}is$ the. $p$ rojection operator whi ch maps
$finL^{p}(G)$ to the di screte part of $f$ bei ng of the fo $rmu=0\infty\overline{L}\hat{f}(n;u,m)f_{um}^{n}$ . One
of the important properti es of $P_{m}^{n}is$ the followi ng

Propos $i$ ti On 3. 3. Let $n\epsilon\Xi^{2}Z_{3}$ $n\geq I_{J}m\epsilon N_{3}$ $l\leq p\leq 2$ $ard$ suppose that $(n_{J}pl\neq(I_{3}1)$ .
Then $P^{n}(L^{P}m(G))$ is contained in $L^{P}(G)$ .

Proof. We shall use Lemuna 3.1 (7). Let $f$ be $inL^{p}(G)$ . If $n>1$ and $1_{arrow}<p_{arrow}<2$ ,

then $||P_{m}^{n}(f)||P=c_{n}-1||f*f^{n}|||tr\iota parrow<c_{n}-1||f^{n}|tm|||1||f||p<\infty$ , and if $n=1$ and $1<p\leq 2$ .
$||P_{m}^{n}(f)||p\leq c_{p}||f||p<\infty$ by the Kunze-Stei $n$ phenomenon on $G$ (see [C] and
[CS] $)$ . Q.E.D.

\S 4. $\Phi_{m}^{n}-\underline{transfonn}$ . Let $n\epsilon\iota 2Z,$ $n\geq 1,$ $m\epsilon N$ and $1\leq p\leq 2$ . For an $f$ in $L^{p}(G)$ we
shall defi ne $\Phi_{m}^{n}(f)$ as fol 1 $ows$ .

$\Phi_{m}^{n}(f)(z)=c_{n}T_{n}-\iota(f)e_{n}^{m}(z)$ $(z\epsilon D)$ , (4.1)

where $T_{n}(f)is$ the operator defi ned by $T_{n}(f)=\int f(g)T_{n}$ (g)dg. By usi ng Lemnn $as$

$G$

3.1 and 3.2 we easily see the fol lowi ng

Lemma 4.1. $\Phi_{m}^{n}(L^{p}(G))=\Phi_{m}^{n}(P_{m}^{n}(L^{P}(G))$ and $\Phi_{m}^{n}(Za{}_{\iota}P_{vn})=^{\Gamma^{-}}\ell B_{\chi}e_{n}^{\mathfrak{g}}$ for a finite $s$um $\Sigma$ .
$tnpax\cdot ticular_{g}\Phi_{m}^{n}$ is $inj$eative on $P_{m}^{n}(L^{p}(G))$ .
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Our aim is to give a characterization of $\Phi^{n}(L^{p}m(G))$ as a space of holomorph-
$ic$ functi ons on D. Fi $rst$ we shal 1 prove the $i$ ndependence of $m$ fo $r\Phi_{m}(nL^{p}(G).)$ .

Theorem 4.2. Let $n \epsilon\frac{-}{2},z,$ $n>arrow I_{3}m\epsilon N$ and $l\leq p\leq 2$ . Then $\Phi^{n}(L^{p}m(G))=\Phi_{0}^{n}(L^{P}(G))$ .

Proof.
$\infty$

Obviously, it is enough to prove that the correspondence of $f=af^{n}\iota^{\overline{\frac{\supset}{=}}}0\iota\iota m$

to $l \backslash \acute{f}=\sum_{\chi=0x0}a_{L}f^{n}$ gives a bijection between $P^{n}(L^{p}(G)m)_{\infty}andP_{0}^{n}(L^{p}(G))$ .
The case of $(n,p)\neq(1,1)$ . Let us suppose that $f=\sum_{=}af^{n}\iota 0xxm$ belongs to $P_{m}^{n}(L^{p}(G))$ .
Then by $P$ ropos $i$ ti on 3.3 $fa1$ so bel ongs to $L^{p}(G)$ , and $it$ follows from the same
argument $in$ the proof of Propos $iti$ on 3.3 that $||$ . $t_{||}’p^{=q1}f*f_{\mathfrak{m}0}^{n}||p\approx<c_{p,n}||f||p$

$<\infty$ . Therefore, we see that $*belongs$ to $P_{0}^{n}(L^{p}(G))$ . Cl $ea$ rl $y,$ $this$ argument
$is$ reve $rsible$ by noti ng that $f=ct*f_{0m}^{n}$ . Thus the des $i$ red resul $t$ follows from

Lemma 4.1.
Before the $p$ roof of the case of $(n,p)=(1 , 1)$ we shall $p$ rove a lemma, $whi$ ch

will $p1ay$ an important role $in$ \S 5.

Lemma 4.3. For each $f_{Pm}^{J}$ ihere exists $arL^{l}funct^{\wedge},‘ on[\hat{\tau}_{vn}^{I}1$ such that $f_{vn}^{1}=$

$\overline{[f_{vn}^{l}J}*f_{rF7l}^{l}$ .

Proof. For a fixed a $>0$ we put

$[f_{\iota m}^{1}](g)=C_{xm}^{\alpha}|f_{00}^{1}(g)|^{\alpha}f_{\iota m}^{1}(g)$ $(g\epsilon G)$ ,

where $C^{\alpha}$ is the constant determi ned by
$\iota m$

$c_{\iota m^{C}1}^{\alpha}\int|f_{00^{(g)|^{\alpha}|f_{\mathfrak{g}m}^{1}(g)|^{2}dg=1}}^{1}G^{\cdot}$ (4.2)

Then it is easy to see that $[f_{\mathfrak{M}}^{1}]$ belongs to $L^{1}(G)$ and moreover,

$[f_{\iota m}^{1}]*f_{mm}^{1}(x)$

$=f[f^{1}](xy^{-1})f_{mm}^{1}(y)dy$

$G$

$\iota m$
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$=f[f_{\chi m}^{1}]G(y^{-1})fef(ykKi(n+\iota)e1mme^{X})dkdy$

$=c_{1}f[f_{zm}^{1}]$$(yG )f_{tm}(y)dyf_{\iota m}^{1}(x)$

$-1\overline{1}$

$=c_{1}C_{km}^{\alpha}f|f^{1}(y)|^{\alpha}00|f^{1}(y)|^{2}dyf^{1}(x)Gtmlm$

$=f_{\iota m}^{1}(x)$ .

Therefore, $[f^{1}]$ sati sfi es the desi red properti es. Q. E. D.
$\iota m$

The case of $(n,p)=(1,1)$ . Let us suppose that
$f=\infty\Sigma$ a $f^{1}$ belongs to $P^{1}(L^{1}(G))$ .

This means
$\backslash t,hatthere-ll$ exists an $L^{1}$ function

$[f]onGsuch\iota=0\iota\iota m$

that $f=[f]*f_{mm}^{1}m$ .
Therefore, $f=c_{1}f\star f_{m0}=[f]*f_{m0}^{1}$ . Then by Lemma $4.3\backslash \cdot$ we can choose an $L^{1}$ function
$[f_{m0}^{1}]$ on $G$ such that $f_{m0}^{1}=[f_{m0}^{1}]\star f_{00}^{1}$ , and thus, $f=$ $[f]*[f_{m0}^{1}]\star f_{00}^{1}$ . Here we note
that $[f]*[f_{m0}^{1}]$ belongs to $L^{1}(G)$ . Therefore, $\backslash f$ belongs to $P_{0}^{1}(L^{1}(G))$ . $C1$ early,

thi $s$ argument is reversi ble as befo $re$ , so we can obtai $n$ the desi red result.
This compl etes the proof of the theorem. $Q.E$ .D.

\S 5. $\underline{Characteri}$z $ati$ on $\underline{of}\Phi_{0}^{n}(L^{p}(G))$ . Let $n\epsilon:Z,$ $n\geq 1$ and $1\leq p\leq 2$ . By Theorem
4.2 our probl em is reduced to the case of $m=0$ . We shall give a characteri za-
tion of $\Phi_{0}^{n}(L^{p}(G))$ .

Fi $rst$ we shall consider the case of $(n,p)\neq(1,1)$ . $Let_{\Phius}$ suppose that $f=$

$\sum_{t^{=0z\mathfrak{g}0}}af^{n}$ belongs to $P_{0}^{n}(L^{p}(G))$ and we put $F(z)=\phi^{n}(f)0(z)=\sum_{1^{=0\iota}}\overline{a}e_{n}^{A}$ . Then we see
that

$f(g)-^{1-*}\neg(1-2r^{2})^{n}\infty\Sigma$ a $B(\iota+1,2n-1)-*reet-i\iota e-in(e+e^{t})$

$L^{=0}\iota$

(5. 1)

$\frac{-1}{2^{lI}}(1-r)\overline{F}-*2n(re)ei8-in(e+e^{1})$ ,

where $g=k$ a $k$
$\epsilon$ KCL $(A^{+})K$ and $r=tht/2$ . Si nce $f$ belongs to $L^{p}(G)$ by Proposi-

8 $t8^{1}$

tion 3.3, thi $s$ relati on deduces that $||f||p^{=c}||F||p,$ $4np-1<\infty$ . Thi $s$ means that
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when $(n,p)\neq(1,1)$ , $f$ belongs to $P_{0}^{n}(L^{p}(G))if$ and only $ifF=‘\phi^{n}0(f)$ belongs to
$A_{p,\xi np-1}(D)$ , and $\Phi_{0}^{n}$ Preserves the no $rm$ up to a constant $mul$ ti pl icati on.

$Next\infty$ we $sha1\rceil\dot{c}$onsi der the case of $(n,p)=(1,1)$ . For a holomorphi $c$ function
$F(z)=\Sigma$ a $z^{k}$ on $D$ the fractional deri vati ve (resp. $i$ ntegra1) of $F$ of order $\alpha\geq$

$t=0\iota$

$0is$ defi ned as follows.

$\Gamma(\iota+1+_{\alpha})\iota$

$F^{[_{\alpha}]_{(Z)=\sum_{\infty}}}\iota=0^{a_{A\overline{\Gamma(\iota+1)}}z}\infty$

(5.2)

(resp. $F_{[_{\alpha}]}(z)=\sum_{L^{=0}}a_{l}\frac{\Gamma(\iota+1)}{r(\iota+1+_{\alpha})}z^{1}$ ).

By us $i$ ng thi $s$ deri vati ve we shall defi ne

$= \lim\alpha||F^{[_{\alpha}]_{||}}1,8\alpha-\pm\cdot$

$||F||H_{0}^{1}$
$\alphaarrow 0$

(5.3)

Then the space $H_{0}^{1}(D)is$ defi ned as the space of all holomorphi $c$ functi $ons$ on
$D$ wi th fi ni $te||$ .

$||H_{0}1$
-norm.

Lemma 5.1. Fop each $g\epsilon GT_{1}(g)e_{I}^{0}(z)be\tilde{\iota}ong\epsilon roH_{0}^{I}(D)$ and the norm is uniform-
ly bounded on $g\epsilon G$ .

Proof. From the definition (2.7) it is easy to see that

$z^{-1}(zT_{1}(g)e_{1}^{0}(z))^{[_{\alpha}]_{=}}\frac{r(_{\alpha}+2)(1-r^{2})e^{-i(e+e^{1})}}{(1-re^{18}z)^{\alpha^{+}2}}$ ,

where
$g=k_{e}a_{t}k\underline{8}_{1}^{I}\epsilon$

KCL $(A^{+})K$ and $r=tht/2$ . Then we have $||(T(g)e^{0})^{[_{\alpha}]_{||}}111$

, ia-i
$arrow<$ Cr $(\alpha+2)(1+_{\alpha} )$ , where $C$ does not depend on $g\epsilon$ G. Thus the desired resul $t$

is obtained. Q. E. D.

Now we shal 1 gi ve a characterizati on of $\Phi_{0}(L11(G))$ . Fi rst 1 et us suppose
that $fbe1$ ongs to $L^{1}(G)$ . Si $nce\Phi_{0}(f)1(z)=c_{1^{-1}}(T_{1}(. )e_{1}^{0}(z),f)$ , $it$ fol $\rceil$ ows from
$Le$mma 5.1 that $||\Phi_{0}1(f)||H_{0}1\leq c_{1^{-1}}(||T_{1}(. )e_{1}^{0}||H_{0}1, |f|)\leq c_{1^{-1}}c||f||1$ $<\infty$ .
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This means that $\Phi_{0}(f)1$ belongs to $H_{0}^{1}(D)f_{\infty}ora1\rceil f\epsilon L^{1}(G)$ .
$Convers_{\Phi}elyletl$ .

us suppose that $F(z)=\sum_{=}\overline{a}e^{1}\iota 0\iota 1(z)$ belongs to $H_{0}^{1}(D)$ . Here we
put $f(g)=\sum_{=}af(g)\iota 0t\iota 0$ , and let $[f^{1}]\iota 0(\iota\epsilon N)$ be the $L^{1}$ functions on $G$ constructed
$in$ the proof of $Le 1\mathfrak{m}a4.3$ . Actual 1 $y$ , for a fi xed a $>0$ they are $gi$ ven by

$[f_{\iota 0}^{1}](9)=c_{\iota 0^{|f_{00^{(g)|^{a}f}x0^{(g)}}^{11}}}^{a}$ $(g\epsilon G)$ ,

where
$c_{A0}^{a}=\frac{2^{\alpha i(1+_{\alpha})}\pi r(t+2+_{a})}{\Gamma(_{a}+1)r(\iota+2)}$

Here we put $[f]=a[f^{1}]k^{\sum_{=}}0tt0\infty$ . Then $it$ fol $\rceil$ ows from $Le Tmlas4.1$ and 4. 3 tha $tc_{n}$
.

$\Phi_{0}(1[f])=\phi(f)=F01$ , and moreover,

$||[ f]||1^{=}\frac{2^{\alpha*(1+\alpha)}\Uparrow}{r(_{\alpha}+1)}|||f_{00}^{1}|^{\alpha}$
$\infty\Sigma a_{L}\frac{r(\iota+2+_{\alpha})}{\Gamma(\mathfrak{g}+2)}f_{\iota 0}^{1}||1$

$\iota=0$

$= \frac{2_{\pi}}{\Gamma(\alpha+1)}|i|z^{-1}(zF)^{[_{\alpha}]_{||}}1,$

$i\alpha-*$ .

Obviously, this is finite, because $F$ belongs to $H_{0}^{1}(D)$ . Therefore, we see that
$F$ belongs to $\Phi_{0}(L11(G))$ .

$SuIlr a1izi$ ng the resul ts we just obtai $ned$ , we have the fol 1 owi ng

Theorem 5.2. Let $n\epsilon 23z_{3}n\geq I$ $mdI\leq p\leq 2$ .

(I) If $(n,p)\neq(1_{3J}l)$ then $\Phi_{0}^{n}(L^{p}(G))=A$ 1 $(D)$ and $\Phi_{0}^{n}$ : $\mu_{o^{(L^{p}}}(G))$

$p_{3\overline{2}}np-I$

$+Ap_{32}np-JI(D)$ is $biject_{\vee}^{i}ve$ $ard$ nonm-preserving.

(21 if $(n,p)=(I_{3}I)_{J}$ then $\Phi_{0}^{I}(L^{1}(G))=H_{0}^{l}(D)md\Phi_{0}^{I}$ : $P_{0}^{1}(L^{I}(G1)arrow$

$H_{0}^{l}(D1$ is $b\cdot\dot{b}iective$ .

$Rema$ rk 5.3. Noti ng the $p$roof in the case of $(n,p)=(1,1)$ , we see that $if$

$||F||1,g_{a}-;<\infty$ for an $\alpha>0$ , then $||F||1,\}_{\alpha}-*<\infty$ fo $r$ all $\alpha>0$ and more-
over $||F||H_{0}1<\infty$ . Therefore, it is easy to see that for each a $>0H_{0}^{1}(D)$ is
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also defi ned as the space of al 1 holomorphi $c$ functions $F$ on $D$ such that
$F[_{\alpha}]$

belongs to $A_{1,\alpha-\perp}122(D)$ .

$Coro\rceil 1$ a $ry5.4$ . $L^{l}(G)nP_{0}^{I}(L^{I}(G))=\{0\}$ .

Proof. I $f$ $f\epsilon L^{1}(G)be1$ ongs to $P_{0}^{1}(L^{1}(G))$ , then $||f||1^{=2\pi^{2}}\perp||\Phi_{0}(f)1||1,$
$-\pm<\infty$ .

Obviously, this means that $\Phi_{0}1(f)\equiv 0$ and thus $f\equiv 0$ . Q.E.O.

\S 6. $\underline{The}\frac{space}{1}H_{0}^{1}(D)$ . In $this$ secti on we shal 1 $s$ tate some $basic$ properti es of
the space $H_{0}(D)$ introduced in the previous section.

Proposition 6.1.

(I) $H_{0}^{l}(D)$ is dense in $H^{l}(D)$ .

(2) $H_{0}^{f}(D)$ is no $\dot{\sigma}$ contained in and does not $con^{\perp}\triangleright ainH^{\infty}(D)$ . $tn$ partic-
$n\tilde{L}axH_{0}^{l}(D)$

$\subset\overline{\Gamma}$
, $H^{l}(D)$ .

Proof. Let $f$ be $inL^{1}(G)$ . Then $||\Phi_{0}(f)1||H1\approx<(||T_{1}(. )e_{1}^{0}||H1 , |f|)\leq C||f||1<\infty$ ,

and thus , $H_{00}^{111}(D)=\Phi(\llcorner(G))\subset H^{1}(D)$ ( $s$ ee Theorem 5.2 (2)). Here we note that
$\Phi(0\llcorner 11(G))$ is $G$-invariant under the action of $T_{1}(g)(g\epsilon G)$ . Therefore, since
$(T_{1},H^{1}(D))$ is irreducible, $H_{0}^{1}(D)$ must be dense in $H^{1}(D)$ . This proves (1).

Let $F$ be an extrema 1 functi on $inH^{\infty}(D)$ . Then $|F^{1}(z)|=(1-r^{2})^{-1}||F||\infty$ (cf.
[D], p. 144, Ex.7). Therefore, $F^{1}$ does not belong to $A_{1,0}(D)$ . This means that
$F$ does not $bel$ ong to $H_{0}^{1}(D)$ (see Remark 5.3) , and thus , $H_{0}^{1}(D)$ does not conta $in$

$H^{\infty}(D)$ . Let $D$ be the space of $a1\rceil$ hol omorphi $c$ functions $F$ on $D$ such that
$f_{D}|F^{\mathfrak{l}}(z)|^{2}dz<\infty$ . Then by usi ng Schwarz $Isi$ nequa 1 $ity$ and Remark 5.3 we see

that $Dis$ contai $nedinH_{0}^{1}(D)$ . However, $itiswel\rceil$ -known that $Dis$ not conta $in-$

ed in $H^{\infty}(O)$ ( $c\hat{\tau}$ . [D], p.106, Ex.7). Thus $H_{0}^{1}(D)$ is not contained in $H^{\infty}(D)$ .
Moreove $r,$ $si$ nce $H^{\infty}(D)is$ contai ned $inH^{1}(0)$ , the 1 $ast$ asserti on $is$ obvi $ous$ .

Q. E. D.
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$Pro\beta OSiti$ On 6.2. Let us $s$uppose that $F$ be Zongs to $H^{l}(D)$ . Then for each $a>0$

$F_{[_{\alpha}]}belong\epsilon$ to $H_{0}^{l}(D)$ .

$Pro$of. We eas ily see that $||(F_{[_{\alpha}]})^{[_{\alpha}]}||1,\iota_{a^{-\pm^{=}}}\wedge||F||1,$
$*_{\alpha^{-_{2}^{\iota}}}<\infty$

for each $\alpha>0$

and $F$ in $H^{1}(D)$ . Then the assertion is clear from Rema $rk5.3$ . Q. E. D.

For }$1\epsilon R$ and a $\epsilon L^{1}(aD)$ we put

p (a) $( z)\frac{-^{1}}{2_{\pi}}$

u
$f \frac{(1-r^{2})}{|1-re|i(8-\dot{\varphi}),.2(1+_{t1})}02\pi$ a $(\phi)d_{\phi}$

$(z=re^{i_{8}})$ ,

and let $H^{1}$

()
$(D)$ be the space of al 1 holomorphi $c$ functions on $D$ bei ng of the

fo $rmP_{\cup}(a)$ for an $a$ in $L^{1}(a0)$ . Then $H^{1}(D)=H_{(0)}^{1}(D)$ by [D], Corol $\rceil$ a $ry2$ in $p$ .
34, and moreover we have the foll $owing$

Prooos $i$ ti on 6.3. For each $w<0H_{(_{\mu})}^{l}(D)\subset H_{0}^{l}(D)\subset H^{l}(D)$ .

$P$ roof. Let us suppose that $F$ belongs to $H_{(_{U})}^{1}(D)$ , that is , $F=Pu(a)$ for an a
$inL^{1}$ (aD). Wi thout 1 $oss$ of general $ity$ we may assume that $-4<_{t\downarrow}<0$ . By usi ng
the $i$ nteg $ra1$ formula for the fracti onal deri vati $ve$ (cf. [K] , (9.1)) , $F^{[_{E}]}$ can
be wri tten as

$F[_{S}]_{(Z)-\Gamma 1m_{\vee}^{1}-}.\int \mathfrak{o}^{F(_{\zeta})|\sigma|(1-|_{\zeta}|)(1-\zeta Z)}2\epsilon 2-\in--2_{d_{\zeta}}$ .

Now we shal 1 take an $\epsilon>0$ such that $0<\epsilon<-2_{11}$ . Then by usi ng Theorem A $in$

[DRS] we see that

$||F[_{S}]_{||}1$

, ie-i

$\leq$ $\frac{1}{\Gamma(1-\epsilon)}\frac{1}{2_{\pi}}||a||10\phi<2\mathfrak{n}D\sup_{\leq}f\frac{(1-|_{\zeta}|^{2})^{1-\epsilon}}{|1-\zeta e^{i\phi}|^{2(1+_{W})}}\int D\frac{(1-|z|^{2})^{\epsilon-}}{|1-\zeta z|^{2}-}dzd_{\zeta}1$

1 1
$\leq$

$C||a||1f(1-\eta 0)$
$0$

$dr$
$1- \epsilon-2(1+_{W})_{d_{\eta}}\int(1-r)^{\epsilon-1}$

$<$ $\infty$ ,

$-106-$



where $|\zeta|=_{\eta}$ and $|z|=r$ . Then the desi red resul $t$ is obvi ous from Remark 5.3.
Q. E. D.

\S 7. $\ovalbox{\ttREJECT}^{Ali$cati $ons$ . We shall appl $y$ the cha racterizati on of $\Phi_{m}^{n}(L^{p}(G))$ to the
cl assi cal harmoni $c$ anal $ysis$ on D. The fol 1 owi ng theorem, whi $chis$ obtai $ned$

in [DRS], Theorem 5, is an easy consequence of Theorem 5.2 and Remark 5.3.

Theorem 7. 1. $Le rr>-\frac{1}{2}$ and 8 $\geq 0$ . Then

$(l)$ If $F$ belongs to $A$ $(D)_{g}$ then $F$
[8]

$l_{J}p$
$belong_{S}$ to $A(D)l_{3} p+\frac{1}{2}8^{\cdot}$

(21 . $tfF$ belongs to $A(D)_{s} 1_{3}x+\frac{f}{2}8$ then $F_{[8]}$ belongs to $A_{l_{3}r}(D)$ .

$Moreover_{3}$ if we replace $A(D)= \{0\}l_{3}-\frac{1}{2}$ by the space $H_{0}^{l}(D)_{g}$ the assertions are
$al_{SO}val\dot{\tau}dfo^{\underline{\gamma}}$ . the case of $r=_{-} \frac{f}{2}$ .

To the detail of the proof see [K].

Next we $sha1\rceil$ recal 1 the expl $i$ ci $t$ form of the matrix coeffi ci ents $f^{n}tm(s$ ee
(3.2) $)$ . Let $G(m\alpha;\gamma;x)$ be the Jacobi polynomi al wi th degree $m$ . Then si nce
$G(f-m+2n;A-mm+1;1)=(-1)^{m}r(2n+m)r(A-m+1)/r(2n)r(\iota+1)_{*}itis$ easy to see tha $t$

$G(L-m+2n;\chi-mm+1;r)$ has the expansion bei ng of the form

$G_{m}(\iota-m+2n;\iota-m+1;r)$

$=(-1)^{m} \frac{\Gamma(2n+m)_{\Gamma}(\iota-m+1)}{r(2n)r(\chi+1)}r^{m}$

$+\overline{w}\Gamma(\iota|\mathfrak{n}+1)_{(1-r)(Q_{m}^{n}}rx$

,m-l
$(\iota)(1-r)^{m-1}+Q_{m}^{n}$

,m-2 $(\iota)(1-r)^{m-2}+\ldots+0_{m,0^{)}}^{n}$ ,

where $0_{m,k}^{n}$ is a polynomial of 2 with degree $k$ whose coefficients only depend
on $n,$ $m$ and $k$ . Therefore, si nce $F(-m;2n+\iota,\iota-m+1;r)=G(A-m+2n;A-l\uparrow 1m+1;r),$ $f_{\mathfrak{g}m}^{n}(g)$

12
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( $\iota\geq m,$
$g=k_{e}$ a $tek$ , and $r=tht/2$ ) has the expans $i$ on:

$f_{\iota m}^{n}(g)=c_{mt0}^{n_{f^{n}(g)r^{-m}}}\{r^{2m}+(1-r^{2})P_{m,m}^{n}(t)$

(7. 1)
$+\ldots+(1-r^{2})P_{n,1^{(A)\}}}^{n}e^{-m8^{1}}$ ,

where $C_{m}^{n}=(-1)^{m}(r(m+2n)/\Gamma (m+l)r (2n))^{2}\iota$ and $P_{m,k}^{n}(f)=(-1)^{m}\frac{\Gamma(2n)}{r(2n+m})\iota 0_{m,k}^{n}(\iota)$ . By us $ing$

these $polynomia\uparrow sP^{n}$

$m,k$ ’ we shall $\infty defi$ ne a di fferential oPerator $\mathfrak{o}_{m,k}^{n}$ as fol $\rceil$ ow $s$ .
For a holomorphic function $F(z)=\Sigma az^{A}\iota=0\iota$

$o_{m,k^{F(z)=}}^{n}\sum_{\iota=0^{P^{n}}}m,k^{(\chi)a_{A}z^{L}}$ . (7.2)

Moreover, we put

$\mathfrak{o}_{m^{F(z)=C_{m}^{n}}}^{n}\{F_{(m)^{|z|^{m_{+(1-|z|^{2})^{m}D_{m,m^{F}(m)^{(z)|z|^{-m}}}^{n}}}}}$ (7.3)

$+(1-|z|^{2})^{m-1}D_{m,m-1}^{n}F_{(m)}(z)|z|^{-m}+\ldots+(1-|z|^{2})^{-1}o_{m,1^{F}(m)^{(z)|z|^{-m}}}^{n}-$

where $F_{(m)}(Z)=\sum_{k=m^{a_{\chi}z^{\chi}}}\infty$ .
$\infty$

Now we shall recall $P$ ropos $i$ tion 4.2 and $itsproof\infty$ . Then we see that $F(z)=$

$\sum_{\chi=0^{a_{\chi}e_{n}^{l}(z}})$ belongs to $\Phi^{n}(L^{p}(G)0)if$ and only $ifx^{\sum_{=}}0ttmaf^{n}$ belongs to $P_{m}^{n}(L^{p}(G))$ , and
thus by (7. 1), (7.3), $if$ and onl $yif$ $||D_{m}^{n}F||p,*np-1<\infty$ when $(n,p)\neq(1,1)$ , and
$||D_{m}^{n}F^{[_{\alpha}]}||11,*\alpha-*<\infty$ for an $\alpha>0$ when $(n,p)=(1,1)$ . Here let $A_{p,4np-1}(D)_{m}$

(resp. $H_{0}(D)_{m}$ ) be the space of $a1\rceil$ holomorphic functions $F$ on $D$ such that
$||\mathfrak{o}_{m}^{n_{\ulcorner}}||p,$

$\xi np-1<\infty$ (resp. $||\mathfrak{o}_{m^{F}}^{n[_{\alpha}]}||1,$

$*\alpha-*<\infty$ for an $\alpha>0$ ). Then we have
the following

Theorem 7.2. $Lein \epsilon\frac{1}{2}z_{J}n>\approx I$ $mdI\leq p_{\approx}^{<}2$ .

$(l)$ $tf(n_{l}p)\neq(I_{3}$ Il, then $A$ $(D)=4$ $(D)$ for $m\epsilon N$ .$p_{3} \frac{1}{2}np-I$ $m$ $p_{3} \frac{1}{2}np-l$

(2) $tf(n_{J}p1=(l_{3}l)_{j}$ then $H^{l}(D)=H^{I}(D)$ for $m\epsilon N$ .
$0$ $m$ $0$
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$\sim^{Coro11ar}7.3$ . Let us suppose that $(n_{3}p)\neq(I_{3}I)$ . Then if $Fbelong\epsilon$ to
$Ap_{3} \frac{\iota}{2}no-\llcorner I(D)_{s}$

then $F’belong\epsilon$ to $Ap_{s^{\frac{1}{2}(}}n+l$ ) $p-1(D)$ .

Proof. This is an easy consequence from the case of $m=1$ in Theorem 7.2.
Q. E. D.
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