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Discrete Part of LP Functions on SU(1,1)

By

Takeshi Kawazoe

§1. Introduction. Let G be SU(1,1) and T, (n e 4Z, |n| 2 1) the holomorphic (n
> 0) and the anti-holomorphic (n < 0) discrete series representation of G (cf.
(Sul, p.237). Let f:m (2, m e N) denote the normalized matrix coefficient of
Tn with K-type (-(n£g),-(ntm)), where "+" corresponds to the + sign of n. Then
the Fourier coefficients of f in LZ(G) are defined by

f(n;2,m)= fo(g)me(g)dg (1.1)

for ne 4Z, |n| 21 and ¢, m ¢ N. In the previous manuscript [K] we define
the operator ¢; which maps the function f on G to the function ¢;(f) on D,
the open unit disk in C, as follows.

o"(F)(2)= F T (@ep(a)dg (2 ¢ D)
(1.2)

=2n¥(2n-1)7}

f(nsz,m)e*(z),
. n Am en Z

ine 8

where er’:(z)=(r(z+2n)/r‘(z+l)r(2n-1))%z2 (2 ¢ N). Then a characterization of
¢3(LP(G)) (1sps2) is obtained in [K], Theorem 8.1, actually, if (n,p)#(1,1),
it coincides with the weighted Bergman space ?p,%np_l(D) on D (cf. [CR]), and
if (n,p)=(1,1), it is given by the subspace HO(D) of the classical Hardy space
Hl(D) which consists of all holomorphic functions Fon D satisfying F' ¢ AI,O(D)'

However, the approach and their proofs in [K] are complicated, and we treat
only the case of m=0. Therefore, in this manuscript, we shall try to reform
them and obtain the independence of m for ¢;(LP(G)). Moreover, we shall give
some applications tothe classical harmonic analysis on D.



§2. Notation. We shall use the same notations in [K]. For the readers who read
first we shall brief them.

2.1. LP functions on SU(1,1). Let G be SU(1,1), the group of 2x2 complex ma-
trices g satisfying detg=1 and t§(1 o)g=(é_?), and let

0-1
ig/2
K={ k_=(° O ) Osesér 1,
8 0 e-1e/2
(2.1)
cht/2 sht/2
A={ at=( ' ) s teR }.

sht/2cht/2

For a complex valued function f on G we put
1l p=C s 1F(9)[Pdg) P (0epes), (2.2)
G \

where dg is the Haar measure on G normalized by the following integral formula
for the Cartan decomposition G=KCL(A+)K ( A+={ ay 3 t>01}):
] Gre b .

fo(g)dg=§;; PRI f(kja k, )shtdedtde’, (2.3)
where do, do' and dt denote the Euclidean measures on [0,4r) and R respective-
ly. Then LP(G) (0<p<=) denotes the space of all complex valued functions on G
with finite || .|| p-_norm".  For lsp<=, these spaces are Banach spaces with the
norm, especially, LZ(G) is a Hilbert space with obvious inner product denoted
by (, ).
2.2. Bergman and Hardy spaces on D. Let D={ z ¢ C ; [z] < 1} be the open
unit disk in C. For a complex valued function F on D we put

LFIl = 7 [F(@)[P(1-]2]%)% d2) P (0<pem, v ¢ R)
p.r © D (2.4)
IFI p=vim (@ee1) [ FIl - (0<pe=),
HY ra-1 p,r

where dz is the Euclidean measure on D. Then the weighted Bergman space
Ap r,(D) and the Hardy space HP(D) are defined as the spaces of all holomorphic



functions on D with finite || .|| D.r and || .|| yp-"norms” respectively. For 1lsp
<=, these spaces are Banach spaces with the norms, especially, if p=2, they
are Hilbert space$ with obvious inner products. Moreover, it is easy to see

that when r s -3, Aj  (D)={0}, and each || F|| ,p is also given by

p,r
p 2n ig 1/
| FIl = sup (=7 |F(re'®)|Pde)"/P. (2.5)
HP 0<r<1 ™ 0
For r > -1 we put
E;’:+1(Z)=B(z+1,2r+1)z2 (2-e N). (2.6)

Then { e&+1 ; £ e N} is a complete orthonormal basis of Ap,;(D).

2.3. Norm-preserving operators. The group G=SU(1,1) acts transitively on D
by the linear transformation g-z=(az+g)/(8z+x) (z ¢ D and g=(%~g) e G) and the
isotropy subgroup at z=0 is equal to K, so we have the identification D=G/K.
Here we put J(g,z)=Bz+a, and define the operator Tp,r(g) (O<p<=, r ¢ R and g ¢
G) as follows.

T OF@=ug T T Prg gy 2 e 0y (2
Then it is easy to see that each operator Tp ~(9) preserves || .|| p.r and

_n ] ] p L .
| -1l yp-"norms", and moreover, (Tp,r’Ap,r(D)) and (T ,H"(D)) are irreducible

representations of G with respect to the topologies induced by the "norms".

§3. Discrete series of G. If O<p<e and r ¢ R satisfy the relation: 4(1+r)/p=
2n, we put Tnsz,r' Then (Tn’AZ,n-l(D)) (n € 4Z and n 2 1) are nothing but
the holomorphic discrete series representation of G. Let fEm(g) (g ¢ G and
2, m ¢ N) denote the normalized matrix coefficients of Tn defiend by

Fom(@)=0T (el eX] /11 [T, (Depier] 11l 5 (3.1)

where [ , ]r means the inner product of A, r(D)’ Actually, by using hypergeo-
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metric function we can give the explicit form of fzm: for example, if 2 z m,

_1,2n-1,1/2,r(2+1)r(2+2 1/2 1 2
fgm(g)'?( 1 ) (r(;+1;£(;+22%) T(z-mry (7T )" (3.2)

- -1 -1 oy + 1
x F(-m;2ntg,g-mt1;rd)pt Me™146471M0 "y in(ote’)

b

2

where g=keatke' € KCL(A+)K and r=tht/2 (cf. [Sa]). Some basic properties of fzm
vhich will be used in the following arguments, are summalized as follows.

.emma 3.1. Letne 3Z, n21and &, m ¢ A.

(1 || 7l =1

-1 -i(mtn)e’ .

(2) f‘zm(kegke,)=e 7,(2+n)ee 1r(m+n)B f(g) (ke_, ke, € K: g s G)_
(3) Tn(g)e:=2(2;il)1/2 ) fzm(g)ei.

' ' g=0 M

dn .

1 .7 i(utn)e . o, ,1/2 ”
(4) = J’O e Fom(®hoy)de=2(z1=) " °F) (z)f] (y) (w e W, z, y < G).
(5) fzm ;vzanwsmuZ(Zéil)va (we 32, wz1land u, v e N).
(6) £

o is the etigenfunction of the Laplace-Beltrami operator of G

with the etgenvalue 4n(n-1).
(7) Let 1spse and (n,p)#(1,1). Then || fzmu p <

By the Plancherel formula for LZ(G), each L2 function f on G has the follow-
ing decomposition:

p- n

f= o + °f, °f= 1 f(n;z,m)f) , (3.3)
P netZ,lInlz1 am
£ sMe )
vhere fP consists of wave packets and f2m=conj(f;;) for n s -1. Clearly this

iecomposition for LZ(G)I]Lp(G) (1sps2) can be extended to LP(G). Then the next



lemma is an easy consequence from Lemma 3.1 (5), (6), (7) and (3.3).

Lemma 3.2. Let us suppose that f belongs to L (¢ (1sps2). Then for n ¢ 3Z,

nzland %, me N we have

(1) f?xfzm=0.

)2,

(2) f*f’;m:cn b

e : _ T
. of(n,u,m)fnmt, where cn-Z(Zn_

1

Therefore, if we put P;(f)=cn'1f*f;m, P; is the_projectign operator which maps

f in LP(G) to the discrete part of f being of the form uEO %(n;u,m)fzm. One
of the important properties of P; is the following

Proposition 3.3. Let ne 32, n 2 1, m ¢ N, 1sps2 and suppose that (n,p)#(1,1).
Then P; (LP(G)) is contained in LP(G).

Proof. We shall use Lemma 3.1 (7). Let f be in LP(G). 1f n > 1 and lsps2,

n -1 n -1y cn ce
the: | P ()l p=Cn | F+f ol o S Cn | famll LI Fl p <= and if n=1 and l<ps2,
| P (FMI p & Cp" fl p < by the Kunze-Stein phenomenon on G (see [C] and
{csl). Q.E.D.

§4. ¢;-transform. Let ne $Z,n21, me N and 1sps2. For an f in Lp(G) we
shall define ¢ (f) as follows.

(Fe™(z) (z ¢ D), (4.1)

-1
on(F)(z)=c, T (fle,

where Tn(f) is the operator defined by Tn(f)= I3 f(g)Tn(g)dg. By using Lemmas
3.1 and 3.2 we easily see the following G

n..p _a p n I ..
Lemma 4.1. ¢m(Ln(G))—¢m(P:'(L (G)) and d>m(2alfnm) mlen for a finite sum L.
In particular, o, TS injective on P:,(LP(G)).
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Qur aim is to give a characterization of ¢ (Lp(G)) as a space of holomorph-
ic functions on D. First we shall prove the 1ndependence of m for % (Lp(G)).

Ol

Theorem 4.2. Let ne 32, n2 1, me N and Isps2. Then @Z(LP(G))=¢Z(LP(G)).
Proof , Obviously, it is enough to prove that the correspondence of f-z Oagfzm
to f_z 03, fno gives a bijection between P (Lp(G)) and PO(Lp(G)).
The case of (n,p)#(1,1). Let us suppose that f= anlfgm belongs to P;(LD(G)).
Then by Proposition 3.3 f also belongs to Lp(G), and it follows from the same
argument in the proof of Proposition 3.3 that || ?H p(ﬂ faf 0” S p,n” il .
< ». Therefore, we see that f belongs to PO(Lp(G)) Clearly, th1s argument
is reversible by noting that f=c?¥f0m. Thus the desired result follows from
Lemma 4.1.

Before the proof of the case of (n,p)=(1,1) we shall prove a lemma, which

will play an important role in §5.

Lemma 4.3. - For each fl

om there exists an ! function [fiﬁ] such that fim=
e
[ 2171/* _—
Proof. For a fixed o« > 0 we put

[FL1(9)=C2 1F50(9) [%F, (a) (g € ©)

2m 00 i

where sz is the constant determined by

a 1 ap el 2, _

Con1 7 To0(9)] |fom(9) 1 dg=1. (4.2)
Then it is easy to see that [fim] belongs to Ll(G) and moreover,

1 q,¢l
Cf oo (%)

= fG[fimJ(xy'l)f;m(y)dy
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=7 [fim](y'l) IKe1(n+£)efl (ykgx)dkdy

—

L [f Y ( )dyf1 (x)

e (@ ayel 2, .1

1o 7| Fao¥)1%1Fy(¥) 1Py ()

el

'fzm(x)'
Therefore, [fim] satisfies the desired properties. Q.E.D.
The case of (n,p)=(1,1). Let us suppose that f-zioazfi belongs to P (L (G)).
This means that there ex1sts an L1 function [f] on G such that f= [f]*f
Therefore f c1 f*f [f]*f Then by Lemma 4 3 we can choose an L1 function

1

[fmo] on G such that f '[f 0]*f00, and thus, f— [f)*[me]*f Here we note

that [f]*[f 0] belongs to L1(G). Therefore, f belongs to Pl(Ll(G)) Clearly,

this argument is reversible as before, so we can obtain the des1red‘resu1t.
This completes the proof of the theorem. Q.E.D.

§5. Characterization of ¢8(LP(G)). Let n ¢ 3Z, n 2 1 and 1sps2. By Theorem
4.2 our problem is reduced to the case of m=0. We shall give a characteriza-
tion of og(Lp(G)).
, First we shall consider the case of (n,p)#(1,1). Let_us suppose that f=
ny,p N (s L
'Oazfzo belongs to PO(L (G)) and we put F(z)=e4(f)(z)= ok Oazen Then we see
that

f(g)‘—%w'%(l-rz)n £ a B(g,+]_ 2n-1) %rle-izee-in(e.,.el)
o ‘ (5.1)
____é_,"-i'(l_rZ)nF(re'le)e'Tn(e'l'e ),
where g=k a k., e KCL(A*)K and r=tht/2 . Since f belongs to LP(G) by Proposi-

tion 3.3, this relation deduces that || f|| p=cH Fll < ». This means that

p,inp-1
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when (n,p)#(1,1),  belongs to P (Lp(G )) if and only if F—¢g(f) belongs to -
Ap inp- 1(0)’ and ¢0 preserves the norm up to a constant multiplication.
Next we shall consider the case of (n,p)=(1,1). For a holomorphic function

F(z )-lioalz2 on D the fractional derivative (resp. integral) of F of order o« 2
0 is defined as follows.

3

L I‘ 2+l
£=0 (5.2)
- r(g*l) o
(resp F[a](z) gioaz L+1+a )
By using this derivative we shall define
LRI g vim el Py (5.3)

0 Q
Then the space Hé(D) is defined as the space of all holomorphic functions on
D with finite || .|| yl-norm.
0

Lemma 5.1. For each g € G Tl(g)eg(z) belongs to Hé(D) and the norm is uniform-
ly bounded on g € G.

Proof. From the definition (2.7) it is easy to see that

2 —i(e+e’)
- +
2" HaT (g)ef(2))lod- Hettllorle
(1-re “z)
where g=keatke' € KCL(A+)K and r=tht/2 . Then we have || (Tl(g)e?)[a]H 1, 3a-4
< CF(a+2)(l+a-1), where C does not depend on g ¢ G. Thus the desired result
is obtained. . Q.E.D.

Now we shall glve a characterization of @O(L (G)) First let us suppose
that f belongs to L (G). Since ¢é( )(z)=c 1'1(T (. )el(z) ), it follows from
Lemma 5.1 that || e5(f) || Wl s o LT el e 17D s el el <
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This means that ¢O(f) belongs to Hé(D) for all f ¢ L7(G).

Conversely let us suppose that F(z)= 20a el( z) belongs to Hé(D). Here we
put f(g)-2 0asz(g), and let [f ] (2 ¢ N) be the Llfunct1ons on G constructed
in the proof of Lemma 4.3. Actually, for a fixed « > 0 they are given by

L

1

[F101(9)=C2,  Fo0 @) [%F10(a) (g € 6),

where
@ = 2n HIto)r (h404q)
20 T{a+l)r(e+2)

Here we put [f] 02 [szJ Then it follows from Lemmas 4.1 and 4.3 that c -
¢O([f])-¢0( )=F, and moreover,

1+2+a

2o, dlle) o

HEEI = ey U ifool™ 2 az‘FTEIéT' woll 1
- 21\‘ 1 "'1 [U.]
* Taryil 2 T (ZF gy

Obviously, this is finite, because F belongs to Hé(D). Therefore, we see that
F belongs to Qé(Ll(G)).
Summalizing the results we just obtained, we have the following

Theorem 5.2. Let n ¢ 32, n 2 1 and 1sps2.

(1) If (n,p)#(1,1), then ¢n(Lp(G))=Ap dnp-1(P) and v, : Py(LP(G))

~4_ (D) is bijective and norm-preserving.
p,znp-1

(2) If (n,p)=(1,1), then o (r? (G))—d (D) and ¢ : Pé(Ll(G)) ->
H (D) is bijective.

Remark 5.3. Noting the proof in the case of (n,p)=(1,1), we see that if
Il Fif 1,40-4 < ° for an o > 0, then || F 1,4a-4 < ° for all « > 0 and more-

over || F|| 1 < =. Therefore, it is easy to see that for each a > 0 Hé(D) is
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also defined as the space of all holomorphic functions F on D such that F[u]
belongs to A1,§a~§(D)’

Corollary 5.4. rl¢g) N Pé(Ll(G))= {0}.

1
Proof. If f ¢ Ll(G) belongs to Pé(Ll(G)), then || ]| (=2=7|| ¢é(f)” 1,3 <=
Obviously, this means that @é(f)so and thus f=0. Q.E.D.

§6. The space Hé(D). In this section we shall state some basic properties of
the space Hé(D) introduced in the previous section.

Proposition 6.1.

(1) Hé(D) is dense in HY(D).

(2) H (D) 18 not contazned in and does not contain H (D). In partic-
uZar H (D) < #l().

Proof. Let f be in Ll(G). Then || ¢ (.7 L|f]) s C|| £ 1<

)l y
Here we note that

| 41 s
and thus, H (D) 1( 1(G)) C:Hl(D) (see Theorem 5.2

(.
(2
¢O(L (G)) 1s G- 1nvar1ant under the action of Tl(g) (g
(TI,HI(D)) is irreducible, Hé(D) must be dense in Hl(D

Let F be an extremal function in H(D). Then |F'(z)]=( ” FIl
(D], p.144, Ex.7). Therefore, F' does not belong to A O(D . Th1s means that
F does not belong to Hé(D) (see Remark 5.3), and thus, Hé(D) does not contain
H®(D). Let D be the space of all holomorphic functions F on D such that

ID]F'(Z)lzdz < ». Then by using Schwarz's inequality and Remark 5.3 we see
that D is contained in Hé(D). However, it is well-known that]) is not contain-
ed in H”(D) (cf. [D], p.106, Ex.7). Thus Hé(D) is not contained in H (D).
Moreover, since H™(D) is contained in Hl(D), the last assertion is obvious.

Q.E.D.

Je

).

e G). Therefore, since
). Th1s proves (1).

)
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Proposition 6.2. Let us suppose that F belongs to g (D). Then for each o> 0
1
F[a] belongs to HO(D).

Proof. We easily see that || (F[a])[“]“ 1 ages= N Fll g oy< = for each o > 0
and F in Hl(D). Then the assertion is clear from Remark 5.3. Q.E.D.

For y e Rand a ¢ Ll(aD) we put

27 2 .
21 - (1-r%) _. i@
Pu(a)(z) 2“_ fo Il-rei(e_q.’)'lz(l_‘,u) a(¢)d¢ (z-re )

and let H%u)(o) be the space of all holomorphic functions on D being of the
form Pu(a) for an a in Ll(aD). Then Hl(D)=H%0)(D) by [D], Corollary 2 in p.
34, and moreover we have the following

Proposition 6.3. For each u < 0 Hz(u)(D) CHé(D) < HJ(D).

Proof. Let us suppose that F belongs to H%u)(D), that is, F=Pu(a) for an a
in Ll(aD). Without loss of generality we may assume that -i<u<0. By using
the integral formula for the fractional derivative (cf. [K], (9.1)), F[E] can

be written as
e, .. 1 2e 2\v-€/q —_\-2
F I F( 1- 1-zz) “dc.
(2)=rr=y . 2)g]™ (1-fc]®) “(1-gz) “dg

Now we shall take an e > 0 such that O<e<-2u. Then by using Theorem A in
[DRS] we see that

[ B
2\1-¢ 2\e-1
1 1 (1-1z]%) (1-1z]%)
s 1| al| sup f : s - dzdz
Ml-e] an® "N 1 o o0 0 1-ce | 20TF) Tp 1772
1
s cflall, fo(l-n)1‘€‘2(1+“)dn () Lgr
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where |c{=n and |z|=r. Then the desired result is obvious from Remark 5.3.
Q.E.D.

§7. Applications. We shall apply the characterization of ¢ (Lp(G)) to the
classical harmonic analysis on D. The following theorem, Wthh is obtained

in [DRS], Theorem 5, is an easy consequence of Theorem 5.2 and Remark 5.3.
Theorem 7.1. Let r > -2 and 8 2 0. Then

(1) If F belongs to 4 (D), then F[B] belongs to A

i,r 1,r+38

(2) _If F belongs to 4 1,(D), then F[B/ belongs to A, (D).
2

1,r+38 I,r

Moreover, if we replace A 1(D)={0} by the space H (D), the assertions are

1,-2
also valid for the case of r=-3.

To the detail of the proof see [K].

Next we shall recall the explicit form of the matrix coefficients f (see
(3.2)). Let g (a,y, ) be the Jacobi polynomial with degree m. Then s1nce
Gm(z—m+2n 2- m+l 31)=(1)™r (2n+m)r (2- -m+1)/T(2n)r(e+l), it is easy to see that
<Gm(z-m+2n;2-m+1;r) has the expansion being of the form

Gm(z—m+2n;z-m+l;r)

=(-1)™ r(2ntm)r(g-m+l) m
T(2n)r(s+1)

r(g-m+1)

Py )Gy () (1)) () (1-r)™

..+Q{,:,0),

where Q; K is a polynomial of g with degree k whose coefficients only depend

on n, mand k. Therefore, since F(-m;2n+2,2-m+1;r)=Gm(z-m+2n;1-m+1;r), fzm(g)

12
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(2 2 m, g=keatke, and r=tht/2 ) has the expansion:

Fom(9)=Caf oo (@)™ trMe(1-r2)pl ()

(7.1)

+ ..+(1-'r2)P2 1(1)} e'mel,

where Cn-( 1)™(r (m+2n)/r(m+1) (2n))é and P ( )=( m"%é%%ﬁ)z'om k( ). By using

these polynomials P Kk we shall deflne a d1fferent1a] operator Dn K as follows.

For a holomorphic funct1on F(z)= Zoazzl

D" L F(z)= ):P (z)az (7.2)
m,k 4=0 M k
Moreover, we put
D;F(z)=c; Frm 2l Me(1-]2)%) ok mF(m z2)|z|™ (7.3)
+1-[z2)™ ol (212" +(1-;z|2)‘lo;,1F(m)(z)|z1““~
2

= E
where F( )(z) WEndp 2

» Now we shall recall Proposition 4.2 and its proof. Then we see that F(z)=
R 0 . n( z) belongs to ¢ (Lp( G)) if and on]y if Zoa £l qn befongs to P;(LP(G)), and
thus by(7 1),(7.3), if and only if || p" F” pinp-1 < ° when (n,p)#(1,1), and
| Dn'[° 4 3g-3 < = foran a > 0 when (n,p) (1,1). Here let A %np-l(D)m
(resp HO(D)m) be the space of all holomorphic functions F on D ;uch that
I 0, 0"F || D, inp-1 < © (resp. || D nelo] Il 1,3a-3 < © for ana > 0). Then we have
the fo]]ow1ng

Theorem 7.2. Letne 32, n 2 1 and 1sps2.
(1) If (n,p)#(1,1), then Ap ; (D) =A_, p-l(D) for m e N.

> 2np-1 m p,s:n

(2) If (n,p)=(1,1), then Hé(D)m=Hé(D) for m e N.
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Corollary 7.3. Let us suppose that (n,p)#(1,1). Then if F belongs to 4
then F' belongs to A (D).

p, dnp-17/-

p,3(n+1)p-1

Proof. This is an easy consequence from the case of m=1 in Theorem 7.2.
Q.E.D.
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