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Introduct $i$ on.

The purpo $se$ $of$ $this$ $\exp osito$ ry pape $r$ $is$ $to$ $\exp 1$ a $in$ a me $t$ hod $to$

$de^{+}$. erm $ine$ al 1 the $i$ nvar $i$ an $t$ $t$ empe $r$ ed $distri$ bu $tio$ ns $or$ $re1$ a $ti$ vel $v$,

invariant tempered distributions on a real affine space X under the

ac $tion$ $of$ a 1 $in$ ear al $gebr$ a $ic$ $sub$gr $0$ up $G$ $in$ GL (X) $wh$ en X $decompos$ es

$into$ $finitely$ many G-o $rb$ $its$ .
Fo $r$ examp 1 $e$ , co ns $i$ der the $s$ pace X: $=$

$‘ u_{n}(\mathbb{R})$ $of$ all th $e$ nxn

ma $tric$ es $0$ ver $the$ $r$ eal number $field$ . Th $e$ $gro$ up $G:=GL_{n}(R)xSL_{n}+(\mathbb{R})$

ac $ts$ $on$ X by $x$ – $g\cdot x=g\cdot xl$
$tg2$ $with$ $x\epsilon X$ and $g=$ $(g1 , g2)$ EG and X

$decompos$ es $into$ $finitely$ many $orbits$ by $the$ ac $tion$ $of$ G. We pu $t$

X (g) $:=(det(g))$ . We $cal1$ a $temper$ ed $distribution$ $f(x)\epsilon g’(X)$ a

X (g) $s_{-i}$nvar tant tempered distribution $if$ $it$ $s$ a $tisfi$ es
$f(g\cdot x)=\chi(g)^{S}f(x)$ $for$ al 1 $g\epsilon$ G. Whenever $s$ $is$ no $t$ a nega $ti$ ve $int$ eger ,

$it$ $is$ wr $itt$ en as a 1 $in$ ear co mb $in$ a $t_{\tilde{1}}on$ $of$ $the$ $t$ wo $ki$ nds $of$ $co$ mp 1 ex

$po$ wers $of$ de $t(x)$ : $|$ $de$ $t(x)|$
s and $s$ gn (de $t(x)$ ) $|$ de $t(x)|^{S}$ $wi$ th $s\epsilon \mathbb{C}$ .

He $re$ $s$ gn $(*)$ means $t$ he $si$ gna $t$ ure $of$ the val ue $(*)$ . Th $e$ ab $0$ ve comp1 ex

powers are defined firstly in the domain that the real part Re(s) is

sufficiently large and secondly continued to the whole space $\mathbb{C}$ by

meromporphic continuation. But when $s$ ia a negative integer; there

exists a $\chi(g)^{S}-invariant$ tempered distribution whose support is

$cont$ a $i$ ned $in$ $S:=\{x\in X ; det(x)=0\}$ and $it$ $s$ eems $th$ a $t$ $it$ $is$ no $t$ wr $itt$ en
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as a 1 i ne ar co mb ination of the abo ve co mo1\sim ex po wers. However we may

$in$ $f$ $act$ $pro$ ve $t$ ha $t$ any $\chi(g)^{\alpha}-i$ nvar $i$ an $t$ $temper$ ed $di$ $s$ $tribut$ $i$ $on$ $is$

wr $it\dot{r}$ en as :

$a_{1^{r}}\backslash s)\cdot|$ de $t(x)|s$ $+$
$a-,(s)\cdot s$ gn (de $t(x)$ ) $|det(x)|^{S}|s=\infty$ ,

$where$ $a_{1}(s)$ and $a_{\underline{9}}(s)$ are ho 1 omo $rphic$ f.unc $tio$ ns near $s=\alpha$ . A $t$ $t$ he

same time, we may show that the dimension of $\chi(\Leftrightarrow\sigma)^{\infty}$-invariant $tempere\dot{\alpha}$

$distributions$ . We PU $t$
$G^{1}$

$:=tg\epsilon G;\chi(g)=1\}$ . We. call a $t$ e.mpered

$distribution$ $on$ X who $se$ suppo $rt$ $is$ $cont$ a $i$ ned $in$ the $si$ ngul ar $set$ $S$ a
$s$ ingular invariant distribution. Th en any $si$ ngul ar $i$ nvar $i$ an $t$

$t$ emPe $r$ ed $dist\Gamma\tilde{1}bution$ $is$ $writt$ en as a $finite$ 1 $in$ ear $co$ mb $ination$ $of$

the Laurant coefficients of negative order appeared in poles of the

$abo$ve $t$ wo $compl$ ex $po$ wers.

I $t$ $is$ expec $t$ ed tha $t$ the above $situation$ would be val $id$ $in$ a mo $re$

general $sit$ ua $tion$ and $in$ $f$ ac $t$ the au th $or$ $r$ ecogn $i$ zed $t$ he $abo$ ve

Phenomena $in$ a $wid$ er $c1$ as $s$ $of$ $p$ a $i$ rs $(G, X)$ . I $n$ $the$ $fo11owi$ ng the

au $thor$ $wi11$ $\exp 1$ a $in$ $h$ ow $to$ $app$ $1y$ $t$ he theo ry $of$ ho 1 $0$ no $mic$ sys $t$ ems $to$

this Problem.

Th $is$ Prob 1 em $s$ eems $to$ be $fi$ rs $tly$ propos ed by We $i1$ [We] $in$ an
a $ttempt$ $to$ $ext$ end I was awa-Ta $te$ Theo ry $on$ ze $t$ a $f$ unc $tions$ . I $n$ [We] ,

We $i1$ reques $t$ ed $to$ $so1$ ve the $det$ erm $ination$ $prob1$ em $of$ $re1$ a $tively$

$i$ nvar $i$ an $t$ $t$ empered $distri$ bu $tion$ $for$ al 1 the $pai$ rs $(G, X)$ $defi$ ned over
$a11$ $the$ 1 $0$ cal $fiel$ ds wh $ile$ our me $t$ hod $is$ we 11 wo rked $only$ $in$ $the$ cas $e$

when the pair(G.X) is defined over the real field. After appeari ng

We $i1$ ’
$s$ PaPer , $s$ $0$ me $int$ eres $ti$ ng pape $rs$ have $been$ pub1 $ish$ ed , $for$

examp 1 $e$ . $P_{\iota}a\ddot{i}$ s..$v$ [Ra]. Ruben thal er [Ru] . $Ri$ cc i-S $tein$ [ $Ri$ c-S $t$ ] and $so$
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$on$ . They $d$ eal $t$ $with$ $re1$ a $t$ ed $prob1$ ems and $0\dot{\mathfrak{o}}t$ a $in$ ed $so$ me $inter$ es $ting$

$r$ esul $ts$ by us $i$ ng Fo ur $i$ er ana1 ys $is$ $or$ $c1$ as $sica1$ $f$ unc $tio$ nal anal ys $is$ .
Bu $t$ $the$ au th $or$ th $i$ nks tha $t$ th $is$ pro $b1$ em $is$ $suit$ ab 1 $e$ $for$ an

aPP 1 $ication$ $of$ $t$ he $theo$ ry $of$ ho 1 $0$ no $mic$ $s$ ys $t$ ems and $it$ $e$ nab 1 $e$ us $to$

solve the problem in a wider class at least when we consider the case
that $(G, X)$ is defined over the real field R. For a pair $(G, X)$

$defin$ ed $over$ $other$ 1 $0$ cal $fields$ (es $p$ ec i.al1 $y$ $with$ $dis$ cre $te$

val ua $tions$ ). $the$ au $t$ ho $r$ $h$ as $no$ $id$ ea 1 $i$ ke an app 1 $ication$ $of$ $mi$ cro 1 $0$ cal

anal ys $is$ .

1. Formulat $i$ on of the problem.

Le $t$ X be a $finitedi$ mens $io$ nal vec $tor$ $space$ de $fi$ ned over $t$ he real

numbe $r$ $field$ .R and 1 $et$ $G$ be a $conn$ ec $t$ ed 1 $i$ near al ge $br$ a $ic$ $s$ ubgr $0$ up $of$

GL (X). We deno $te$ by $P$ the $incl$ us $ion$ map $G$ $-$ GL (X). We $d$ eno $te$

by $G_{\mathbb{C}}$ the $complexification$ $of$ G. The $co$ mp 1 $exification$ $G_{\mathbb{C}^{-}}is$ a

$comp1$ ex 1 $i$ near al gebra $i$ $c$ subgr $oup$ $of$ GL $(X_{\mathbb{C}})$ wher $e$
$X_{\mathbb{C}}$

$is$ the comp1 ex

1 $in$ ear $vector$ $space$ wh $i$ ch $is$ a comp 1 $exification$ $of$ X. We suppo $se$

$t$ ha $t$ :

(1. 1)
$X_{i\grave{\llcorner}}$, $d$ eco mpo $s$ es $into$ a $finite$ numbe $r$ $of$

$G_{\mathbb{C}^{-}}o$ rb $its$ .

Th $e$ co nd $ition$ (1. 1) $i$ mp 1 $i$ es $t$ ha $t$
$X_{\mathbb{C}}$ co $nt$ a $in$ es $0$ ne $0$ pen $d$ ens $e$

$G_{\mathbb{C}^{-}}orbit$ , wh $i$ ch means $t$ ha $t$
$(G_{\mathbb{C}}, X_{\mathbb{C}})$ $fo$ rms a $p$ rehomo $gen$ eo us vec $tor$

$s$ Pace and $t$ ha $t$ $the$ $r$ $e$ al vec $tor$ $space$ X $decompos$ es $into$ a $finite$

numbe $r$ $of$ $0$ rb $its$ by $the$ ac $tion$ $of$ G. Th $e$ $gr$ oup $G$ ( $r$ es $p$ . $G_{\mathbb{C}}$ ) ac $ts$ $on$

the dual real vector space $X^{*}$ (resp. the dual complex vector space
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$X_{\wedge^{*}}...)$ through the contragredient representation $p^{*}$ .
Let . be a real analytic representation of $G$ to the complex

$finite$ $di$ mens $io$ nal vec $tor$ $so\sim$ ace V. We, $s$ ay tha $t$ a V-va 1 ued

hyPer $f$ un $ction$ $u(x)$ a $.-.invar$ iant hyperfunction $if$ :

(1. 2) $u(Q(g)x)$ $=$ . $(g)u(x)$ , $for$ al 1 $g\epsilon$ C.

Our $Prob1$ em $is$ $t$ he $fo11owing$ .

$\iota_{\downarrow Iain}$ Problem

Determine all the v-invariant hyperfunction on X.

When . is a rational representation and if the solution $u(x)$ is

$r$ es $tri$ $ct$ ed $to$ be a $r$ a $t$ $i$ $0$ nal $f$ unc $tion$ , the $prob1$ em $is$ $r$ educed $to$ the

$r$ eal $ization$ pro $b1$ em $of$ $G$ $in$ the $s$ pace $of$ $r$ a $tio$ nal $f$ unc $tio$ ns $on$ X and

$it$ may be so lved by an algebra $ic$ me thod. However $if$ $v$ $is$ ac tuall $y$

$r$ eal anal $ytic$ and $u(x)$ $is$ all $0$ wed $to$ be a hyper $f$ unc $tion$ $or$ a $t$ empered

distribut $i$ on on X, we have to take func ti ons whose support is

co $nt$ a $i$ ned $in$ the coml emen $t$ $of$ $t$ he $0$ pen $0$ rb $its$ , wh $i$ ch we call $s$ ingu $lar$

$di$stributt $ons$ , $in$ $to$ the co ns $i$ $derat$ $i$ $on$ . Such $f$ unc $ti$ $0$ ns are no $t$

$suit$ ab 1 $e$ $for$ al $gebraic$ man $i$ pul a $tion$ . I $n$ $0$ rd er $to$ $sol$ ve the ma $in$

probl em in hyperf unc ti on catego ry , we apply the theo ry of ho 1 $0$ no mic

sys $t$ em $to$ \={o} $urproblem-$ . Tha $t$ $iS^{-}$ $to$ $say$ , we $r$ ewr $ite$ the co nd $ition$ $for$

$u(x)$ $in$ $($ 1. $\underline{)})$ by $t$ ak $i$ ng an $i$ nf $init$ es $i$ mal ac $tion$ $of$ $G$ and $ob$ ta $in$ a

$ki$ nd $of$ 1 $i$ near $diff$ eren $ti$ al equa $tio$ ns call ed a $holononic$ system.

We denote by $g$ the real Lie algebra of G. Let dv be the

$infinit$ es $i$ mal $re$pres en $t$ a $tion$ $of$ $v$ . Co ns $i$ der the $fo11$ ow $i$ ng sya $t$ em $of$
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1 $ine$ ar $diff$ er $enti$ al equa $tions$ :

(1. 3)
$\mathfrak{M}_{(d\cdot)}$ : ($\backslash \langle d’ P$ (’ $A$ ) $\cdot x,$

$\frac{a}{8x}\rangle$ - dv $(A)$ ) $u(x)$ $=0$ $for$ al 1 $A\epsilon 9$ .

Her $e$ $<x,$ $y>$ $is$ $the$ $c$ an ao $ni$ cal $biline$ar $fo$ rm $on$ ( $x$ , y) $\epsilon XxX^{*};$
$dP$ $is$ th $e$

$infinit$ es $i$ mal $repr$ es en $t$ a $tion$ $of$ $p$ ; $u(x)$ $is$ $the$ unkn $0$ wn $f$ unc $tion$ $of$

$the$ sys $t$ em $of$ 1 $i$ near $differenti$ al equa $t.ion$ $\mathfrak{M}_{(d\cdot)}$ , vh $i$ ch may be $t$ aken

$to$ $be$ a V-va 1 $u$ ed $hyperf$ un $ction$ $on$ X. Fr $om$ $the$ as $sumotion\sim$ $th$ a $t$ $G$ $is$

co nnec $t$ ed , the co nd $ition$ $for$ $u(X)$ $b\gamma$ $t$ he equa $tio$ ns (1. 3) $is$

equ $i$ val $ent$ $to$ $the$ 1 $imit$ a $tion$ $on$ $u(x)$ by $the$ $gro$ up ac $tion$ $in$ (1. 2).

Name 1 $y$ $u(x)$ $is$ v-i nvar $i$ an $t$ $if$ and $only$ $if$ $u(x)$ $is$ a $solution$ $to$ the

$s$ ys $t$ em $of$ 1 $ine$ ar $di_{\perp A}^{rae}er\simeq.nti$ al equa $tions$ $ffl_{(d\cdot)}$ . Thus th $e$

$dete$ rm $ination$ $prob1$ em $of$ v-i nvar $i$ an $t$ $hyperf$ unc $tions$ $is$ $r$ educed $to$ the

co $nst$ ruc $tion$ $of$ $hyper\tilde{\iota}$ un $ction$ $solutions$ $of$ $the$ $s$ ys $t$ em $\Re$ Th $e$

$(dv)$
.

$s$ ys $t$ em $\mathfrak{M}_{(d\cdot)}$
$h$ as $so$ me $go$ od $properties$ .

Co $nsid$ er $the$ $fo111owi$ ng sys $t$ em $of$ 1 $in$ear $diff$ eren $ti$ al equa $tion$ $in$

the complex domain:

(1. 3)’ ( $<dP(A)\cdot z$ , $\frac{a}{8z}>$ - dv $(A)$ ) $u(z)$ $=0$ $for$ al 1 $A\epsilon e_{\mathbb{C}}$ .

where (z) is the complex coordinate in $x_{\mathbb{C}}$ and $e_{C}$, is the Lie algebra

$e_{\mathbb{C}^{=}}q\oplus\sqrt{}\overline{-1}9$ . Then $\Re_{(dv)}$ $is$ a $r$ eal $fo$ rm $of$ the $s$ ys $t$ em (1. 3). We us $e$

$th$ a $s$ ame no $t$ a $tion$ $‘\Re$ $for$ $the$ $s$ ys $tem$ (1. 3)’. Th $en$ $t$ he $s$ ys $t$ em
$(d\cdot)$

$\mathfrak{M}_{(d\cdot)}$
$is$ a ho 1 $o$ nom $ic$ sys $t$ em $on$ $X_{\mathbb{C}}$ : a sys $t$ em $of$ 1 $i$ near $differenti$ al

equation whose characteristic variety is a Lagrangi an subvariety in

$T^{*}X_{\mathbb{C}}=X_{\mathbb{C}}xX_{\mathbb{C}}^{*}$ . Fo $r$ the exac $t$ de $finition$ $of$ a ho 1 $0$ nom $ic$ sys $tem$ , $s$ ee

Kas $hi$ wara [Ka]. A $r$ emarkab 1 $e$ $property$ $of$ a ho 1 $onomic$ $s$ ys $t$ em $is$ tha $t$
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th $e$ hyperfunction solution space of a ho 1 $onomic$ sys $t$ em $is$ $flnite$

$di$ me $ns$ $io$ nal (Theo $r$ em 5. 1. 1 $in$ [Ka]). Mo $re$ $precisely$ . we $h$ ave $the$

$fo111owi$ ng $p$ ro po $sition$ :

Pro $positi$ on 1. 1) $m$ $\dot{t}s$ a conpletely regular $ho$ Lonomic$(d\cdot)$

system on X.

2) The Characterist ic variety ch $(\Re )$ is given by:. $(dv)$

(1. 4) ch $(\Re_{(d\cdot)})$ $=U_{i}$ $T_{X_{i(C}}^{*}.X_{\mathbb{C}}$

uhere $U_{i}X_{i\mathbb{C}}$ is the $G_{\iota_{\llcorner}}$,-orbital deconposition of X and $T_{X_{i\mathbb{C}}l}^{*}X_{C}$ stands

for the conorma $l$ bund Le of $X_{itC}$ .

Le $t$ $u(x)$ be a hype $r$ $f$ unc $ti$ $on$ $so$ $1ut$ $i$ $on$ $of$ $t$ he $s$ ys $t$ em $\mathfrak{M}$ We
$(d\cdot)$

.
$d$ eno $te$ by $sp$ $th$ $e$ $spect$ $r$ al map $f$ ro $m$ the $s$ heaf $\mathfrak{B}_{X}$

$of$ the hyper $f$ unc $tio$ ns
on X to the sheaf $\pi_{*}$. $(e_{X} )$ where $e_{X}$ is the sheaf of microfunctions on
$T^{*}X$ and $\pi$ is the projection map from $T^{*}X$ to X. Then $sp$ gives an
isomorphism $2_{X}$ $\simeq\pi_{*}(e_{X})$ and an exact sequence: $0arrow d_{X}arrow \mathfrak{B}_{X}$

–,

$\pi(e*X^{1}T^{*}X-X^{)}$ $arrow$ $0$ (Sa t o ’
$s$ $f$ undamen $t$ al exac $t$ $s$ equence) , wher $ed_{X_{j}}$ $is$

the sheaf of real anal $yt$ ic $f$ unc ti ons on X. Th $e$ $suPpo$ rt of sp $\circ$ u $(X)$

$in$ $T^{*}X$ . wh $i$ ch we deno $te$ by $\sup p(sp\circ u(x))$ , $is$ call ed the suppo $rt$ $of$

$u(x)$ as a $mi$ cro $f$ unc $t$ $ion$ wh $i$ ch $is$ a cl $os$ ed $r$ eal anal $yt$ $ic$ subs $et$ $in$ $T^{*}X$ .
Then we have:

Propos $iti$ on 2. $([Mr4])$

1) $supp(sp\circ u(X))\subset$ ch $(\mathfrak{M}_{(d\cdot)})\cap T^{*}X=$ : ch $(m_{(dv)\mathbb{R}})$ .
2)For $tuo$ solutions $u_{1}(x)$ and $u_{2}(x)$ to $\mathfrak{M}_{(d\cdot)}$ , $\dot{t}fspQu_{1}(x)$ and

$sp\circ u_{2}(x)$ coincide uith each other on ch $(\Re_{(dv)})reg\mathbb{R}$ . then $u_{1}(X)=u_{2}(X)$
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as hyperfunct ions on X. $d{}^{t}ere$ ch $(\dot{\iota}\eta t’ d\mu)\backslash Jreg_{-\backslash }$ is the $r\cdot eal$ locus of the

set $of$ regular $po$ in $\dot{\mathfrak{r}}s$ $of$ the comp $\iota e_{\backslash }l,-$ analy $t\tilde{c}c$ set ch $(\mathfrak{M}$ $)$ .
$(d\cdot)$

Fr $om$ $this$ $pro_{-oosit}_{A}^{;}on$ we $h$ ave $to$ $study$ wh a $t$ $solution$ $is$ al 1 $0$ wed $to$ be

ex $ists$ $0nly$ $0n$ th $e$ $subset$ ch $(\mathfrak{M}_{(d\cdot)}’)re_{\mathfrak{Q}^{\wedge}}^{\sigma}R$
$but$ $not$ $on$ $t$ he $whole$

ch $(\mathfrak{M}_{\zeta dv)}),R$ . $Si$ $nce$ ch $(\mathfrak{M})re_{o^{1}\sim}^{\sigma}\backslash$
$is$ a $no$ n-s $ingul$ ar subvar $iety$ , we may

$i$ nves $tigate$ $the$ $be\dot{n}$ av $ior$ $of$ $the$ $solut^{i}Ao$ ns mo $re$ $e$ as $ily$ $th$ an $the$ $wnole$

$d$ oma $in$ ch (SU
$(d\cdot)$

)
$R$

.

2. Some $t$ heor $ems$ .

Le $t$ (G. X) be a $pair$ $s$ a $tisfyi$ ng $the$ co nd $ition$ (1. 1) and 1 $et$

$(G_{1\llcorner}, , X_{\wedge,\ddot{4}})$ be the comp 1 $exiflcation$ $of$ $(G, X)$ . We pu $t$
$S_{t(^{\backslash }\sim}$ the comp1 emen $t$

$of$ the $0$ $pen$ $G_{\mathbb{C}^{-}}o$ rb $it$ $in$ $.{}^{t}(_{\ulcorner},$. and 1 $et$ $S$ be $its$ $re$ al 1 $ocus$ : $S=S_{\mathbb{C}}\cap X$ . We

suppose that:

(2. 1) Th er $e$ $exists$ an $irr$ educ $ible$ $ho$ mo geneous po lynom $i$ al $P(x)$ $on$

$X_{C}$ such that:

i) $S_{\mathbb{C}}=\{x\epsilon X_{\mathbb{C}} ; P(x)=0\}$ .
$ii)$ The Hes $si$ an $of$ $P(x)$ : de $t(8P/8x8x )$ $do$ es no $t$ $i$ den $ti$ cal 1 $y$

$i$ $j$

vanish on X.

$iii)$ $P(x)$ $is$ a $polynomi$ al $with$ $re$ al co $effici$ en $ts$ when we

restrict $P(x)$ on X.

Th $e$ co nd $ition$ (2. 1) $is$ a $suffici$ en $t$ $co$ nd $ition$ $for$ $that$ $(G_{\mathbb{C}}, X_{\mathbb{C}})$ $is$ a

$r$ egul ar $prehomogeneo$us $vector$ $space$ . $P(x)$ $is$ a $rel$ a $tively$ $i$ nvar $i$ an $t$

polynomial on $X_{\{C}$ . There exists a character $\chi(g)$ of $G_{\mathbb{C}}$ such that
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$p(g\cdot x)=\chi(g)p(x)$ . $Sin$ ce $P(x)$ $is$ $with$ $r$ eal $coeffici$ en $ts$ , $\chi(g)$ $is$ a

$r$ $e$ al-val ued charac $t$ er on G. Le $t$

$O_{1}u\cdots\cup O_{g}$ be $t$ he co nnec $t$ ed

compo nen $t$ deco $mposition$ $of$ the $set$ $X-S$ . Then each $0$ $(i=1, \cdot\cdot. , 2)$ $is$
$i$

a G-o rb $it$ . We pu $t$ :

$||p(x)-|^{S}$
$x\epsilon O_{i}$

$|P(xI|s:=$ $\{$

$i$

$0$ $x\not\in O$

$i$

$where$ $s$ $is$ a $co$ mp 1 ex numb $er$ . I $f$ the $r$ eal par $tP_{\iotae}(s)$ $is$ $s$ uf $fici$ en $tly$

$1$ arge , then $|p(x)|^{S}i$ $is$ a $conti$ nuous $f$ unc $tion$ ho 1 $0$ mo $rphically$

depend $i$ ng $on$ $s$ and $it$ can be co $nti$ nued $to$ $t$ he $whole$ comp1 ex $p1$ ane as

a $t$ emPer ed $distribution$ $wi$ th a meromo $rphic$ parame $t$ er $s\epsilon\{C$ .
APParen $tly$ , $for$ a $fl$ xed AEC , $|p(x)1^{x_{i}}$ $is$ a $\chi(g)^{\lambda}-i$ nvar $i$ an $t$ $t$ empered

$distri$ bu $tion$ and hence $it$ $is$ a so 1 $ution$ $of$ the ho 1 $0$ nom $ic$ sys $t$ em

$\mathfrak{M}_{(\lambda d\chi)}$ . Mo reo ver 1 $et$ a1 (s) ( $i=1,$ $\cdot\cdot$ , A) be mer omo $rohic\sim$ $f$ unc $ti0$ ns

de $fi$ ned near $s=\lambda$ and suppo $se$ $t$ ha $t$ $v_{S}(x)=\sum_{i=1}A$ a $i(s)\cdot|p(x)|si$ $is$ a
$t$ empered $distribution$ $with$ a $ho$ $1$ omo $rphic$ par $amet$ er $s$ near $s=\lambda$ .
Th en th $e$ $t$ empered $distribution$ $v(x)=v_{S}(x)|_{s=\lambda}$ $is$ a $\chi^{\lambda}-i$ nvar $i$ an $t$

temPered distribution. We say that $v(x)$ is a Linear conb ination of

$|p(X)1_{i}^{s}$ a $t$ $s=x$ . Le $tx_{k}$ $(k=0.1.2, \cdots)$ be a $point$ $in\mathbb{C}$ wher $e$ $|p(x)I_{i}^{s}$

has a pole. We have the Laurent expansion at $s=\lambda:k$

(2.2) $|p(x)|^{S}i$ $=2$ $Tikj(X)\cdot(s-x_{k})j$

$-i_{k^{\leq j<+\infty}}$

where $j_{k}$
$is$ the $0$ rder $of$ the po 1 $e$ a $t$

$s=x_{k}$ . We pu $tG^{1}$ $:=tg\in G:\chi(g)=1\}$ .
Th en $it$ $is$ $e$ as $y$ $to$ $s$ ee $that$ $T$

$j$

(x) $is$ a $G^{1_{-}}i$ nvar $i$ an $t$ $t$ empered
$i$ $k$
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distribution whose suppo rt is contained in the set $S$ if $i<0$ . Fo $r$ a
$t$ emper ed $distribution$ $T(x)$ $on$ X, we cal 1 $T(x)$ a singular tempered

$di$stribut ion $if$ $t$ he suppo $rt$ $of$ $T(x)$ $is$ $c.ont$ a $i$ ned $in$ th $e$ $set$ S. Th a $t$

$is$ $to$ $say$ , $e$ ach $T$

$i$

(f) $is$ a $G^{1}-i$ nvar $i$ an $t$ $si$ ngul ar $temp$ ered
$i$ $k$

$distribution$ .

Theorem 3. $([ \backslash ‘ kr2])$ $t1e$ suppose $e$ hat $S$ decomposes $\tilde{\iota}nto$ a $f$ tnite

number of $G^{1}$ -orbtts. The follouing condttions (A) and (B) are
equivalent under the condi $t$ ion ( 2. 1) :

(A) Any $G^{1}-invariant$
$s$ tngu $lar$ $temper^{\circ}.dd\dot{t}str$ tbut ion is $ob$ tained

as a $finite$ $l$ inear comb inat ion of $T$

$j$

(x) $\dot{t}n$ (2. 2) $ui$ th
$i$ $k$

$1\leq i\leq A$ , $k=1$ , 2 , , and $i_{k}\leq j<0$ .
(B) Let $\lambda\in(\dot{\iota}$ . Any $relat\cdot.veLy$ invariant tempered dtstrtbution

$T(x)$ corresponding to the $charac_{\vee}’er$ $\chi(g)^{\lambda}$ is obtained as a linear

comb $i$nati on $of$ $|p(X)|_{i}^{s}$ ( $i=1\ldots$ . , A) at $s=\lambda$ .

$Gi$ ven a pa $ir$ $(G, X)$ $s$ a $tisfyi$ ng $the$ $co$ nd $ition$ (2. 1) and $t$ he

as sump $tion$ $of$ Theorem 3 , we can ac $t$ ual 1 $y$ $pro$ ve $that$ the $co$ nd $ition$ (B)

$is$ val $id$ by cas $e-by-case$ cal cul a $tions$ . Th $e$ $pri$ nc $i$ pal $too1$ $is$

$microloc$al analys $is$ $\exp 1$ a $in$ ed $p$ ar $ti$ cul ar 1 $y$ $in$ \S 1 and \S 2. Fo $r$

example we have:

Theorem 4. $([Mr3])$ For $al$most $all$ real form $s$ ( $l$ isted belou) $of$

prehomogeneous vector space of commutative $\rho arabolic$ type (for the

$def$ in $\dot{t}t$ ion of $preho\pi\iota 0geneous$ vector spaces of commutat $ive$ parabo $lic$

type, see [Mu-Ru-Sc] and [Ru2] $)$ . the cond ition $(B)$ in Theorem 3 is

va $lid$ .
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The $l\tilde{t}st$ of the real forms $oJ^{-}$ prehomogeneous vector spaces of

commutative Parabol ic tyPe.

1) The type $c_{m}(m=1 , 2 , \ldots)$ .
i) (G. X) $=$ $(GL_{m}(R)Svm_{m^{(\backslash ))}}+,.\cdot.$ .

Her $e$ , $Sym_{m}$ $(_{\sim}’\backslash )$
$st$ and $s$ $for$ $t$ he $space$ $oi$ mxm $s$ ymme $tric$

rnatrices over R.

$\underline{9})$ Th $e$ type $A_{k}(k=2m+1 , m=1 , 2 \ldots.)$ .
i) $(G, X)$ $=$ $(GL_{1^{\backslash \sim}}r‘ R)xSL_{m^{\gamma_{::)}^{\wedge}}}*\backslash \vee\cdot$ Her $m(\mathbb{C}))$ .

Her $e$ $Her_{m}(\mathbb{C})$ $is$ $the$ $space$ $of$ $mxm$ $comp1$ ex Herm $it_{\wedge}^{i}$ an

ma $tri$ ces.

$ii)$ (G. X) $=(GL_{m}(‘\iota R)xSL_{m}(R)+$ , $s1_{m}h(R^{\backslash }, )$ .
Here $\backslash _{1}[_{m}(\mathbb{R})$

$is$ the space $of$ mxm real mat $ri$ ces.

3) Th $e$ $t$ ype $D$ $(m=1.2 , . . . )$ .
2 $m,$ $2$

i) $(G, X)$ $=$ ( $GL_{1}(\mathbb{R})xS\llcorner_{m}+(\tilde{‘ J}\{)$ , Her $m(H)$ ).

Here $uE$ stands for the quaternion field over $R*$ and

Her $m(_{u}^{!1}t)$ $is$ the sPac $e$ $of$ $mxm$ qua $t$ ern $ion$ Herm $iti$ an

ma $tri$ ces.

$ii)$ $(G,X)=$ ( $GL$ (R)
$\star$ . Alt $(\mathbb{R})$ ).

$2m$ $2m$

Here Al $t_{2m}(R)$ $s$ tands $for$ the $s$ pace $of$ $\underline{9}$ mx2 $m$ al $t$ erna $ti$ ve

matrices over $R_{\iota}$ .
4) The type $E_{7}$ .

i) (C. X) $=$ $(GL_{1}(R)xE_{6}+d , Her_{3}(c_{\mathbb{R}})d)$ .
Here, $c_{\mathbb{R}}d$ is the space of division Cayley number field

over $R$ and $Her_{3}(C_{\mathbb{R}}d)$ means the $s$ pace $of$ $3x3$ Herm $iti$ an

matrices over $c_{\mathbb{R}}d$ . The grouP $E_{6}d$ is the subgroup of
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$GL^{*d}$(He $r_{3}(C_{R})$ ) $consisting$ $of$ $the$ $elements$ wh $i$ ch $r$ ema $in$

$P(x)=det(x)$ $i$ nvar $i$ an $t$ .
$ii)$ $(G\backslash ’ X)$ $=$ $(GL_{1}(R)xE_{6}+s , Her(.c_{\wedge}))3Rs$ .

He $re$ , $c_{R}s$ $is$ $t$ he $sp$ ac $e$ $of$ $split$ Cay 1 ey numbe $r$ al $gebr$ a

$0$ ver $R$ and He $r_{3}(c_{a^{s}\wedge})$ means $the$ $sp$ ac $e$ $of$ $3\cross 3$ Herm $iti$ an

matrices over $c_{R}s$ The group $E_{6}s$ is the subgroup of

$GL^{+}$ (He $r_{3}(c_{R}s)$ ) $co$ ns $isting\cdot 0\hat{\iota}$ $t$ he $e1$ emen $ts$ wh $i$ ch rema $\tilde{1}n$

$P(x)=det(x)$ $i$ nvar $i$ an $t$ .
5) The type $B_{k}$ $(m=2k+1)$ and $D_{k+1},1$ $(m=2(k+1))$ $wi$ th $K=1,\underline{9}$

’

i) $(G, X)$ $=$ $(GL_{1}(R)xS0+(p , q;R)$ , $4R^{m})$ , ( $p$ , $\underline{Q}>0$ and $p+q=m$ ).
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