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\S \iota ] Introduction. Let $G$ be a semisimple Lie group. The

irreducible admissible representations of $G$ was classified by

Langlands. However, his inethod is inductive one and parameters

of irreducible representations are not so available that one can
proceed to harmnic analys $is$ on them. So we change the point of

view, and want not to classify each representation but to classify

representations into some classes. We think that useful

classification theory can be developped using representations of

Weyl groups on virtual character modules. Weyl group(or Hecke

ring) representations will classify irreducible representations

into some classes, which have good invariants such as Gel’fand

-Kirillov dimension, $Borho-Jantzen-Duflo’ sT$-invariant and so on.
Here, we define representations of Weyl groups and Hecke

rings on virtual character modules of $G$ and state some results

which are directly deduced from the definitions. Classification

theory using them is to be mentioned in the near future.

51 Preliminaries and notations. From now on, $G$ is a

connected semisimple Lie group with finite centre. We also

assume $G$ to be acceptable for technical reasons. Let a be a

Lie algebra of $G$ and $E_{\mathbb{C}}$ the complexification of a. We

den.ote by $U\{*$ ) the enveloping algebra of $\mathfrak{g}_{\mathbb{C}}$ . Take an
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algebra homomorphism X of the centre $\underline{Z}$ of $U(*)$ into the

complex number field $\mathbb{C}$ . We put Mod $(X)=\{[M]|M$ is an

irreducible admissible $1\mathfrak{g}_{\mathbb{C}},$
$K$ ) -module on which the centre $\underline{Z}$ acts

as scalar operators through the morphism X } , where [M] denotes

the equivalence class of $M$ and $K$ is a maximal compact

subgroup of $G$ . Ne know $\#Mod\{\chi$ ) is finite. We denote by

$\Theta 1M)$ $(M\in Modt\chi)$ $)$ the grobal character of $M$ $whi_{G}h$ is an

invariant eigendistribution(IED) on $G$ by definition. Put

V $t\chi$ ) $=$ $\emptyset$ $c\Theta(M)$

$[M]$ $\in$ Mod $tn$ )

We call $V(\chi,)$ a virtual character module with infinitesimal

character $\chi$ . One can prove that $V(t)$ is the space of

constant coefficient IEDs on $G$ which have the eigenvalue $X$

(see [6]).

Let Car(G) be the set of all the coj ugacy classes of

Cartan subgroups of $G$ . We fix $[H]\in$ Car(G) for a while ( [H]

is the coj ugacy class of $H$ ). Through the Harish-Chandra map,

$\underline{Z}$ is isomorphic to $U1\underline{h}_{\mathbb{C}}1^{W}$ as $C$-algebras, where $W=W(g_{\Phi},\underline{h}_{\mathbb{C}})$ is

the Weyl group of $1*’\underline{h}_{4}$ } . On the other hand, since $U(\underline{h}_{\mathbb{C}}\}$

is a polynomial ring, an algebra homomorphism of $U1\underline{h}_{\mathbb{C}}$ ) into $\mathbb{C}$

is determined by $\lambda\in\underline{h}_{\mathbb{C}}^{*}$ . We denote by $\chi_{A}$ the corresponding

homomorphism in $Hom_{a1g}(\underline{Z}, \mathbb{C})$ .

$Hom_{a1g^{(\underline{Z},C)}}--Hom_{a1g\prime}(U(\underline{h}_{C})^{W}\mathbb{C})\underline{\sim}\underline{h}_{C}^{*}/W$

$\iota\mu$ $\Psi$

$X_{\lambda}<$
$>$ $\lambda$
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Remark that $\lambda_{\lambda}=\chi$ for any $w\in W$
$w\lambda$ . In the following, we also

fix $\lambda$ and write $\chi=\chi_{\lambda}$ Define a subgroup $W_{H}1\lambda$ ) of $W$ as
follows.

Definition 1 . 1 . Let $H_{0}$ be the identity component of $H$ .
We put

$w_{H}1\lambda)=\sim(^{w\in W}|ex_{def}px_{i^{->\exp w\bigwedge_{ned}()}character}x_{on}$

{
$x_{0}\in H\underline{h}$.

) defines a $well-$

}
Then $w_{H}(\lambda)$ is defined to be the largest subgroup of $W$ which

leaves $\sim w_{H}1\lambda$ ) invariant under the right multiplication. We call

$w_{H}(\lambda)$ $\lambda$ and $H$ .

For $w\in\sim w_{H}1\lambda$ ) , define a character on $H_{0}$ by $\xi_{w\lambda}$ lexp $x$ ) $=$

$\exp w\lambda lx)$ $lx\in\underline{h})$ . For a root $a$. , we also define the similar

character on the whole $H$ by $Adlh$ ) $X_{\wedge}=\xi_{\alpha}1h$ ) $x_{\infty}$ (he H) , where $x_{\alpha}$

is a non-zero root vector for $A$ . Let us define some more
functions on $H$ .

Let $\Delta=\Delta 1\mathfrak{g}_{\mathbb{C}},\underline{h}_{C}$ ) be the root system of $t*’ h\ovalbox{\ttREJECT}$ ) and choose
a positive system $\Delta^{+}$ . Put $\Delta_{R}=\{\infty\in\Delta|$ ec ( $\underline{h}IC\mathbb{R}\}$ and $\Delta_{iR}=\{\alpha\in\Delta|$

$\alpha 1\underline{h})\subset\sqrt{-]}R\}$ We call elements. of $\Delta_{R}$ real roots and those of

$\Delta_{i\mathbb{R}}$ imaginary roots. Let $\rho\epsilon_{-}h_{4}^{*}$ be half the sum of positive

roots. Then we define the Weyl denominator by
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$D(h)$ $=\sigma_{\rho^{(h)}}lT$ $(1-\gg 1h)^{-1})$
$\alpha\in\Delta^{+}$

(he H)

We also define a function on $H$ which takes values in $\lfloor x1\}$ :

$\epsilon_{R}1h)$ $=$
$\eta$

$sgn$ (l–\S lh}
$-]$

) (h6 H)
$\infty\in\Delta_{R}^{+}$

Put $W$ $(G ; H)=N_{G}(H)/Z_{G}(H)$ . Then a function $\in$ $( i )$ on $H\cross N$ ( $G$ ; H) is

defined by the following equation: $8_{R}Dlsh$ ) $=8(h;s)B^{D\{h})$ $(h\in H$ ,

$s\in W(G;H))$ .
\S 2. In the following, we

assume that A $\in\underline{h}_{\mathbb{C}}^{*}$ satisfies the following assumption.

Assumotion 2.1 . Let $H_{0}$ , $H_{1}$ , . . . , $H_{k}$ be a complete

system of representatives of W(G;H)-conj ugacy classes oi

connected components of $H$ . Then there exists $a_{i}\in H_{i}$
$to\epsilon i^{\underline{\epsilon}}k$ )

such that

$1*\}$ $\xi_{t\text{\^{A}}}(a_{i^{-1}}sa_{i})=1$ $tt\in W_{H}\sim t\lambda)$ , $s\in W(G;H_{i}))$

where $W(G;H_{i}\}=N_{G}(H_{i}\}/Z_{G}(H_{i})$ .

$\underline{Remarkl.}$ Since $a_{i}$ and $sa_{i}$ belongs to $H_{i}$ , $a_{i^{-]}}sa_{i}$

belongs to $H_{0}$ and $1*$ ) has meaning. For $i=0$ , we always put

$a_{0}=e$ (identity element of G).

$\underline{Remark2.}$ Assumption 2.1 is satisfied for any $\lambda$ in case
that $G=SL(n,\mathbb{R})$ , $Spl2n,R)$ , $so_{0lp},q)$ { $p+q=2n)$ . We cannot find

a group which does not satisfy the assumption yet. See also

Lemma 1. 6 $in$ [7].
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In the sequel, we assume all the elements in $\underline{h}_{\mathbb{C}}^{*}$ which appears

in this report satisfies Assumption 2.1 for common $\{a_{i}\}$ .
Now we define a class of analytic functions $\underline{B}(Hi\lambda)$ on $H$

after $T.Hirai[2,3]$ . Define $\{H_{i}\}$ as in Assumption 2.1 . For

$0\leqq i\leqq k$ and $t\in W_{H}\sim 1\lambda$ ) , we construct an analytic function

$;\{i, t;*\}$ as follows. On $H_{i}$ , it is given by the equation:

6 $\{i, t_{i}a_{i} \exp xI=Ze(a_{i^{i}}s)s\in w(G_{i}H_{i}\}$
$\exp st\lambda(x)$ $(x\in\underline{h})$

On W(G;H)-orbit of $H_{i}$ , it is given by $\text{\c}(i, t;wh)=\xi\{h;w);1i,$ $t_{i}h)$

$1h\in H_{i}$ , $w\in$ W(G;H) $)$ . Finally, outside the W(G;H)-orbit of $H_{i}$ ,

we define $\sigma 1i,$ $t_{i}h$ ) $=0$ . We put

$\underline{B}(H;\lambda)=$ $<;\{i, t, *\}|0\leqq\llcorner\leq k,$ $t\in W_{H}\sim 1\lambda)>/\mathbb{C}$ ,
$i$

$\underline{B}$ (H7 $\lambda$ ) $=<;(i , t;^{*})|$ $t\epsilon_{W_{H}(\lambda}^{\sim}\}>/C$ ,

and call elements of $\underline{B}\{H;\lambda$ ) $\in$ -syrrmetric functions of constant

coefficients with eigenvalue $\lambda$ .

Theorem $2.2(T.Hirai[3];[6])$ . There exists an isomorphism

of the vector spaces:

$\emptyset$ $\underline{B}(H_{i}\lambda)-->v(\alpha_{\lambda})$

[H] $\in$ Car (G) $T$

The isomorphism $T$ can be write down explicitly.

By the above theorem, if we put $v_{H}t\lambda$ ) $=T(\underline{B}(Hi\lambda\} )$ , then we
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have a direct sum decomposition: V $tX_{\lambda}$ ) $=\emptyset[H]\in$ Car (G) $v_{H}1\lambda)$ Let

us define a representation of $w_{H}1\lambda$ ) on $V_{H}1\lambda$ ) in case where $\lambda$

is regular.

$\underline{proposi}$tion2.3. Let A $e$
$\underline{h}_{\mathbb{C}}^{*}$ be $\underline{reqular}$ and satisfy

Assumption 2. 1.

(1 ) For $w\in w_{H}1\lambda$ ) , we def $i$ne an operator $t(w)$ on $\underline{B}(H;\lambda\}$

as follows. For basis $\{\sigma(i, t;*)]$ , it operates as:

$T1w)\zeta 1i,$ $tj^{*}\}$ $=\xi 1i,$
$tw^{-]}$

$;*\}$ $(O_{\sim}^{<}i\leq k, t\in N_{H}\sim 1\lambda))$

Then “: defines a representation of $w_{H}(\lambda)$ . Since $\underline{B}(H_{i}\lambda)$ is

isomorphic to $v_{H}1\lambda$ ) , we have a representation of $w_{H}1\lambda$ ) on $v_{H}t\lambda$ ) .
$i$

(2) $T$ leaves $\underline{B}(Hj\lambda)$ invariant and the representation

$(T, \underline{B}^{i}[H\cdot,\lambda)$
$)$ is equivalent to a finite direct sum of

representations $i$nduced from 1-dimen\’{s}ional representations.

(3) For an integral $\lambda$ , we have $W_{H}1\lambda$ ) $=W$ and hence a

representation of $W$ on $V(\chi_{\lambda})=\oplus v_{H}1\lambda\}$ is defined. In this

case, we have

$v_{H}1\lambda)$ $= \bigoplus_{\epsilon}Ind_{W(G_{i}H_{i})}o\leqq\grave{\iota}\Leftrightarrow kw$ $81a_{i^{i^{\star)}}}$

When A is integral, the representation $1T,$ $VlX_{\lambda}$ )) has

another interpretation using tensor products with finite

dimensional representations (Zuckerman [5], Barbasch-Vogan [1]).

Our definition of the representation of $w_{H}$ 1\^A) is a

generalization of it.
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\S 3. In the case A is

regular, we succeed in constructing the representation $T$ of

integral Weyl groups. Then, how about singular A ? In this

section, we construct in three ways representations of Hecke

rings on $vtX_{\lambda}$ ) , where $\lambda$ is a singular infinitesimal character.

We fix a Cartan subgroup $H$ of $G$ and singular $\lambda\inarrow h^{*}$ which is

dominant with respect to $s$ome orderi $ng$ . At first, we introduce

notions of Hecke rings. Let $w_{\lambda}=tw\in w|w\lambda=\lambda$ } be the fixed

subgroup of $\lambda$ .

$\underline{Lemma3.1.}$ $w_{\lambda}$ is a subgroup of $w_{H}t\lambda$ ) .

Then a Hecke ring $\underline{H}(W_{H}t\lambda),W_{\lambda})$ is defined as in [4]. In

our case, since $w_{H}1\lambda$ ) is a finite group, simpler interpretation

is available. Namely $\underline{H}(W_{H}t\lambda),W_{\lambda})$ is isomorphic as a C-algebra

to a subalgebra $e_{\lambda}C[W_{H}t\lambda)]e_{\lambda}$ of the group ring $C[W]$ , where

$e_{\lambda}$ is an idempotent in $\mathbb{C}[W]$ defined by

$e$ A $=$
$1\#w_{\lambda})^{-1}$ $\sum$ $s$

$s\epsilon w_{\lambda}$

In the following, we always identify $\underline{H}(W_{H}t\lambda),w_{\lambda}\}$ with

$e_{\lambda}\mathbb{C}[W_{H}1\lambda)]e_{\lambda}$ , a subalgebra of $\mathbb{C}[W]$ . Now we explain three ways

of constructing representations of $\underline{H}(W_{H}1\lambda),w_{\lambda})$ on $v_{H}t\lambda$ ) .
$\underline{Constructionl.}$ Since $V_{H}(\lambda)$ is isomorphic to $\underline{B}\{H_{i\lambda I}$ , we

define a representation of $\underline{H}(W_{H}1\lambda),w_{\lambda})$ on $\underline{B}(Hi\lambda)$ . Recall

that $61i,$ $t_{i^{*}}$ ) $‘ s$ { $0\leqq i\leqq k$ , $t\in\sim W_{H}t\lambda)$ $)$ are generators for $\underline{B}(H;\lambda)$
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Ne $def$ ine an operator $O\{e_{\lambda}we_{\lambda})$ $(w\in w_{H}1\lambda))$ on $\underline{B}(H_{i\lambda I}$ as

$\sigma(e_{\lambda}we_{\lambda})$ ; $(i, t:\star)$ $=$ 1 $\#w_{\lambda})^{-1}$ $\sum$ $\sigma(i, tsW^{-]}j^{*})$

$s\in w_{\lambda}$

In this case $\sigma(i, t_{i^{*}})$ is not necessarily a basis of $\underline{B}(H;\lambda)$ ,
but $\sigma 1e_{\lambda}we_{\lambda}$ ) extends to a well-defined linear operator on the

space $\underline{B}(H;\lambda)$ .

$t\sigma$, $v_{H}1\lambda))$ defined as above is a
representation of the Hecke ring $\underline{H}(W_{H}t\lambda),w_{\lambda})$ .

$\underline{Construction2.}$ Choose an integral $\mu\in\underline{h}_{C}^{*}$ such that
$\lambda_{0}=A+\mu$ is dominant regular. Then we have

Lemma 3.3. (1 ) The subset $\sim W_{H}t\lambda_{0}$ ) of $W$ is equal to $\sim W_{H}t\lambda I$

(2) The integral Weyl group $w_{H}t\lambda_{0}$ ) is equal to $w_{H}1\lambda$ )

We have constructed a representation of $w_{H}t\lambda_{0}$ ) $=w_{H}t\lambda$ ) on
$v_{H}t\lambda_{0})$ in \S 2. Put $U_{H}[\lambda_{0}$ ) $=\zeta v\in v_{H}t\lambda_{0}$ ) $|\tau te_{\lambda^{)v=0}}$ } , where we
regard $T$ as a representation of the group ring $\mathbb{C}[W_{H}1\lambda)]$ . As

a subalgebra of $\mathbb{C}[W_{H}t\lambda\}]$ , $\underline{H}(W_{H}1\lambda\,w}_{\lambda})$ acts on $v_{H}t\lambda_{0}$ ) $/U_{H}t\lambda_{0}$ ) .
We denote this representation of $\underline{H}(W_{H}(\lambda),w_{\lambda})$ by

$w_{H}1\lambda)$

$1T$, Red
$w_{\lambda}$

$v_{H}t\lambda_{0}$ )) .
Construction 3. Let $\varphi^{\lambda}\lambda\circ$: $V[\lambda$ ) $->Vt\lambda_{0}$ ) and $t_{\lambda}^{\lambda 0}’:V\{\lambda_{0})$

$->v(\lambda)$ be Zuckerman’s translation functors $([9])$ . The

functor $\varphi$ is inj ective and $\varphi$ is surj ective. These functors
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preserve $V_{H}t\lambda)$ and $v_{H}t\lambda_{0}$ ) For $e_{\lambda^{we_{\lambda}\in\underline{H}(w_{H}}}t\lambda$ ), $w_{\lambda}$ ) , we

define $\sigma(e_{\lambda}we_{\lambda})$ by

$T\{e_{\rangle}we_{\lambda})v=t\#w_{\lambda}\}^{-1}\varphi_{\lambda}^{k_{o}}T1e_{\lambda}we_{\lambda})0\psi_{\lambda_{O}}^{\lambda}(v)$
$(v\in v_{H}1\lambda))$

Then $t\sigma,$
$v_{H}1\lambda$ ) ) is a representation of $\underline{H}(W_{H}(\lambda), w_{\lambda})$ .

Now we have the following theorem about the above three

constructions.

$w_{H}(\lambda)$

Theorem 3. 4. (1) The space Red
$w_{\lambda}$

$v_{H}t\lambda_{0}$ ) is isomorphic

to $v_{H}(\lambda)$ and $1\sigma,$
$v_{H}t\lambda$ ) ) $\simeq t\sigma$ , Red $v_{H}t\lambda_{0}$ } ) as a representation

of $\underline{H}(w_{H}1\lambda),w_{\lambda})$ .
(2) The representations { $\sigma,v_{H}t\lambda))’ s$ of $\underline{H}\{W_{H}t\lambda$ ), $w_{\lambda}$ ) in

Construction 1 and 3 are mutually equivalent.

S4. In this section we state two

applications of 552 and 3 . We use notations in the former

sectons.

4. 1. If we put

$U_{H}^{1}t\lambda_{0}I=_{1^{V}}\ulcorner\in v_{H}t\lambda_{0})|$ $Cle_{\lambda})v=v\}$ , then clearly it holds that $V_{H}t\lambda_{0}$ }

$=U_{H}^{1}(\lambda_{0})\Phi U_{H}(\lambda_{0})$ (direct sum of vector spaces). Therefore we have

$v_{H}t\lambda)\cong v_{H}t\lambda_{0})/U_{H}t\lambda_{0})\cong U_{H}^{1}t\lambda_{0})$ . Put $n_{H}t\lambda$ ) $=dimU_{H}^{1}(\lambda_{0}\}$ .

Corollary 4. 1 (to Theorem 3. 4). Us ing above notations, we
have

$dimV(\lambda\gamma I=\sum_{[H]\in Car(G)}$ $n_{H}(\wedge)$

Remark that $dimv1\chi_{\lambda}$ ) is the number of irreducible

admissible representations of $G$ which have infinitesimal

character $\alpha_{\lambda}$ . So, Corollary 4.1 says we are able to know the
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number of irreducible representations of $G$ with singular

infinitesimal character $\lambda$ from the representations of integral

Weyl groups at the regular infinitesimal character $\lambda_{0}$ .
4.2. $T$ -invariants. From Theorem 3.4 {1 ) , Red $v_{H}\{\lambda_{0}$ ) is

isomorphic to $v_{H}t\lambda$ ) . Moreover, we know an isomorphism is given

by $(i_{\lambda}^{\lambda\circ}\text{ノ}:v_{H}(\lambda_{0})->v_{H}t\lambda)$ , $i.e$ . , $ker\varphi=U_{H}t\lambda_{0}$ ) . Now let us

consider the case where $\#w_{\lambda}=2$ . In this case, since $\lambda$ is

dominant, $W_{\lambda}=[e,$ $s$ } for some simple reflection $s$ . Then we have

the following corollary to Theorem 3.4.

Corollarv 4.2. Let $\lambda_{0}$ be dominant regular element in $\underline{h}_{4}^{*}$

such that $<\lambda_{0},\alpha>/<a,\alpha>\in Z$ for some $s$ imple root $\propto$ . We put

$\lambda=\lambda_{0}-<\lambda_{1,},\alpha>_{X}<\wedge\infty>$ , a dominant singular element in $\underline{h}_{C}^{*}$ . Let \copyright be a

irreducible character with infinitesimal character $\lambda_{0}$ . Then

the two conditions below are mutually equivalent.

(I) $\psi_{\lambda^{(\textcircled{H}}}^{\lambda\circ}\}=0$

(2) $C\{s_{\alpha}I\textcircled{H}=-\textcircled{H}$ , where $s_{\alpha}$ is the $s$ imple reflection with

respect to Ct .
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