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Irreducible decompositions of Fock representations

of the Virasoro algebra

Minoru WAKIMOTO
and

Hirofumi YAMADA

Abstract: Explicit irreducible decompositions of Fock
representations of the Virasoro algebra are calculated. Each
highest weight vector appearing in the decomposition is the

character polynomial of general linear group.
0. Introduction.

In this note we give the explicit irreducible decompositiohs
of some highest weight modules of the Virasoro aigebra. Highest
weight modules of the Virasoro algebra are studied by several
authors ([1,2,4,5,8,9,...]1). But there are only few results
about the irreducible decompositions of the reducible modules.

We will decompose the Fock representations (see below) and show
that each highest weight vector appearing in the decomposition

is nothing but the character polynomial of general linear group.
We finally mention about the relationship with some non-linear

differential equations of soliton type.
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1. The Virasoro algebra and its Fock representations.

First we define the Virasoro algebra (or the string algebra)
g as a complex Lje algebra with basis {2} ez and c with the

following bracket relations:
1.3
[lk,zll = (k'1)2k+1 + 'l—z(k -k)6k+l,oc ’ [Q'k,C] = O

for all integers 1,k. Let N(&,n) be a highest weight g-module,
namely, there exists a non-zero vector Vo€ N(§,n) such that

LoVg = gvo, CVy = nVg, and lkvo = 0 for k21, where £ and n are real
constants. For each pair (£,n) there is a unique g-module M(£,n)
sdch that any g-module with highest weight (£,n) is a quotient:

of M(£,n), and there is a unique irreducible highest weight
g-module L(£,n). The module N(g,n) is the linear span of the

elements Ly oty Vg where kl,...,k are non-positive integers.
1 \Y v

Let N(&,n)m be the linear span of such elements with kl+.,.+kv = -m

for a non-negative intger m. We define the formal character

of N(&,n) by

[ ]

ch N(g,n) = £ 2o dim N(g,n)_ a"

where q is an indeterminate.
We realize a g-module N(£,1) as the "Fock representation'.
Let V = I[xl,xz,xs,...] be the space of polynomials in infinitely
many variables {x.} .. . . Put a. = 3/8x., a_. = jx. for jzl, and
Yy 1 {J} J=l j /O J’ -j JJ Jz2)
ag = w where p is a real constant. For ke Z we define
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(W) -1 ) ) } .- . ,
L K > T .aja .: where .aiaj. is the

k-j

aiaj if igj3
jel

a.a. 1if i>j
joi
normal product. Then , by an easy calculation, one can verify that

@iy = e« Lo The Virasoro algebra g

k+1 k+1,0°
acts on V by 2K——%L(i) and c—>1 (the identity operator). We
denote this representation by (ﬂ“,V). It has a highest weight

vector (a vacuum vector) le V. If nu is irreducible, then

V=1Lw?%/2,1), because " (2g)1 = L)1 - 2.

Proposition 1 ([1,4]). The representation (nu,V) is
- e - 1 1 ,
irreducible if and only if u§/7-2. If UE/T'Z’ then (ﬂu,V) is

completely reducible.

We study the irreducible decomposition of (WU,V) in the case

e

Proposition 2 ([4]). For a non-negative integer n,

b where ¢(a) = M7y (1-a9).

ch L(n%/4,1) = (1-"" 1o (a)”

2. Irreducible decomposition of (ﬂn//jy V).

Following to Sato [7], we define the character polynomial

xY(x) for a Young diagram Y as follows:

AV) v
Vi V2 Xy l"z i
Xy(x) =2 _ T (1 “2 "...)
Y vit2u,t. =N Y o Ty
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: . V1.V2 : :
where N is the size of Y, and nY(l 2 “...) denotes the irreducible
character of the symmetric permutation group of N letters
corresponding to the Young diagram Y and to the conjugacy class
consisting vy cycles of size 1, v, cycles of size 2, etc.. For

a character polynomial xY(x), let us denote x%(x) = XY(/7X).

Theorem 3. Fix a non-negative intger n and put p = -n/vZ.
Then, for any positive integer Kk, L(i)x%(x) = 0, and
2

LCE)XQ(X) = LB:%El— x%(x) for the Young diagram
THN—

i)
Y = T
|/

In the other words, the character polynomial x%(x) corresbonding

to the above Young diagram Y is a highest weight vector of weight
iV

(n+2r)2/4.

By calculating the formal character of @ _

oo

o Llmezry?/4, 1)
we get the following corollary.

(=]

Corollary 4. (“-n/fZ_’ V)T @ =0 L((n+2r)2/4, 1).

3. Hirota's bilinear equations of n-th modified

KP-hierarchy.

For a polynomial f(x) = f(xl’XZ’XS"")’ we denote

£(D) = £(D/VZ,D,/2/Z,D/3/T,...).
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Theorem 5. If f(k) is an element of the lower components

@)rle((n+2r)2/4,l), then giD) is a Hirota's bilinear operator
of n-th modified KP-hierarchy. (cf. [3,6].)

Examples. a) QEJD) =-%{D12+D2) is the 2-weighted homogeneous
leading bilinear operator of 1st modified KP-hierarchy.
: (-1/J2) D) = - L(p.3- -
b) (L 1 Xg ) (D) 4(Dl 3D¢D, 4D3)

homogeneous bilinear operator of 1st modified KP-hierarchy.

is the 3-weighted

1D2+2D3) is the 3-weighted-homogenedus

leading bilinear operator of 2nd modified KP-hierarchy.

) Xin(D) = (D 3+3D

3
—~

c) X%E(D) = 3%{Dl4-4D1D3+3D22) is the leading bilinear operator
of the KP-hierarchy.

The number of k-weighted homogeneous bilinear equations
of n-th modified KP-hierarchy is calculated and is equal to

p(k-n-1) where p(m) is the number of partitions of m.

References.

1. Feigin,B.L. and Fuks,D.B., Functional Anal. Appl. 16, 114 (1982)
2. Frenkel,I.B., Lecture Notes in Mathematics 933, Springer,

New York, 71 (1982).
3. Jimbo,M. and Miwa,T., 'Solitons and infinité dimensional

Lie algebras', preprint, RIMS-439 (1983).



38

Kac,V.G., Lecture thes in Physics 94, Springer, New York,

441 (1978).

Kac,V.G., Lecture Notes in Mathematics 933, Springer, New York,
117 (1982).

Kashiwara,M. and Miwa,T., Proc. Japan Acad. S7A, 342 (1981).
Sato,M., RIMS-Kokyuroku 439, 30 (1981).

Segal,G., Commun. Math. Phys. 80, 301 (1981).

Wakimoto,M., 'Basic representations of extended affine lLie

algebras', to appear.

Department of Mathematics,
Faculty of Science,
Hiroshima University,

Hiroshima 730, Japan



