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Tensoring method for semisimple groups

;;?\7_\&,\?5% 1 %  (Kyo NISHIYAMA)

§ 0. Introduction

Let G be a connected semisimple Lie group with finite
center and £y its Lie algebra. We consider admissible
representations of finite length of G. To an irreducible
admissible representation E, we c2n associate a XA which is
called infinitesimel cheracter or central cheracter of E. We
write this as E = Ej .

Let's explain "tensoring method™ in large. Let F be a
finite dimensional representation of G. Taking the highest
or lowest component of E ®F, we can deduce some properties
of irreducible representations with "singular' parameters
from those of irreducible representations with "regulsr"”
perameters. For instance, Bernstein-Gel'fand-Gel'fand [ 2] used
this method to get a property of Verms modules with singular
highest weights from that df Verma modules with regular highest
weights. And also, G.Zuckerman[11] applied it to get the
properties of limits of discrete series representetions from

those of discrete series representations. Many other people



used the method to study admissible representations of G , too
(see [ 11, L 33, L 73).

In this lecture, we will report some results about decom-
position of Ex®F. In § 1, we treat general G 2nd get
fairly natural results. In § 2, G 1is the Lorentz group of
5-th order and we report some interesting examples. In the
case that G is the Lorentz group of n-th order, we can decom-
pose E,® F for any irreducible admissible representation Ej,.
But the results are so complicated that we cannot t=1lk about
it in this short lecture. Please see [ 8].

We add the table of decompositions of Ex® F 1in the case

that G = SL(2,E) as Appendix.

§l. Decompositions of E)\® F for general G

Let G and gy as in § 0. We denote by g the complex-
ification of &0 (if H 1is a Lie group, we always denote its
Lie algebra by corresponding smell letter subscripted by O.
And the complexification of QO is denoted by h, elimin~ting
0.) Fix a maximal compact subgroup K of G and G = KAN

be an Iwasawa decomposition of G.

1.1. At first we consider the case that Ea 1s a discrete
series representation. So, we assume that rank G = rank K.
Then, if we choose a Cartan subgroup H of K, H 1is also

a Cartan subgroup of G. We fix this Cartan subgroup H, and



Weyl group, roots, etc. are considered with respect to this
pair (g, h).
Let o = (half the sum of positive roots) with respect

to suitsble ordering, and put
A\ = &/\E g* | exp A(X) (Xé_llo) defines a character of H}

or integral weights. If we take a regular element A€ A +p,
then there is a unique discrete series representation Dy such

that

V(c,)8(Dy) (exp X) = (1) = < det(s) exp sA(X) (Xé€h,),
s e W(H;G)

where  V(Cy) ié Weyl denominator corresponding to the cham-

pber Cx which contains A\ , and ©(Dy) is the character of

D\ , W(H;G) = NG(H)/ZG(H). This correspondence between regular

elements of A+p and discrete series representations is

bijective modulo the action of W(H;G) on A+p (see [4 1).
Let's consider D ®F, where F 1is a finite dimensional

representation of G. We denote by P(F) the set of weights

of F not considering multiplicities. For an Y)éP(F), put
@\) = {(s,v)e WXP(F)| A+9 = s\ +v},

where W denotes Weyl group of (5, g_). Now we state the

main result of this paragraph.



Proposition 1.1. ILet \é A+p Dbe regular. Suppose

A+Y is regular for a fixed )¢ P(F). Then the character is

decomposed on the compact Cartan subgroup H as follows:

n .
j F = . 6(D
G(PTOJ()\'*‘))(DA@ )) 21:1: c; (‘”i()‘*?)) y
where c;'s are integers and Proj()\+r)) denotes the projec-
tion to the quasi-simple component which has infinitesimal
character A+¥) . The integers {ci} are given as follows.

Let {wi[ 151 s n]‘ be a complete system of representatives

of W/W(H;G) and put
é’)l = {(s,\))é@v) ] szi_lW(H;G)} .
Then,

c. = det(w. ) Z m(y) det(s),

where m(VY) denotes the multiplicity of V.

Remark. One can see that cie 7. may be negative (see

2.3 (1)').

This proposition doesn't imply the character identity on the
whole G. But this formula contains some "information" about
D, ®@F. The author doesn't know what this "information" is

for general G. But in the case that G is the Lorentz group,



we get

(multiplicity of D:; in DA\®F)

P in D)‘® F)

- (multiplicity of D
* . .
from above proposition (D™, are two series of discrete series

representations, and these are all for the Lorentz group, see

2.1).

1.2. 1In the second, we consider principal series representa-
tions. In this paragraph, we don't assume that rank G = rank
K.

et M = ZK(A) and put P = MAN, a minimal parabolic
subgroup of G. Take an irreducible representation o of
MA and consider it as an irreducible representation of P
trivial on N. Then we call ™° = Indg ¢ a (non-unitary)
principal series representation induced from 6.

Proposition 1.2. Let ° = Ind% o be a principal series

representation and F a finite dimensional representation of
G. Then there exists = set {ci[ 1<€i2 n} of finite dimen-

sional representations of MA such that
o} I %3
6(T°QF) = > T 6(T ~).
i=1

This proposition shows that (principsl series represen: -

tation)X F decomposes into the sum of principal series



o-
representations. But as we will mention later, T 1 may be

reducible even if T is irreducible. One can easily calculate

{ci} which are the set of composition factors of c®(FIMA).

1.3. Proofs of Propositions 1.1 #nd 1.2 are similar and easy.
For Proposition 1.1, we calculate the character of D,® F on
compact Cartan subgroups and have the result. While in the
proof of Proposition 1.2, we work on Cartan subgroups with
maxim”l vector part, and use the explicit formula of the
characters of principal series representations.

We mention here that as a representation,

1°9 F = Tnd (o® (Fly,)),

because this is valid at character level and (*)®F is an

B

exact functor.

§ 2. Explicit calculations in the Lorentz group of 5-th order

In this section, we consider some examples of the
decomposition of tensor product E)® F, where E, 1is an
infinite dimensional representation of L5, and F 1is a finite

dimensional one.

2.1. Let G = L5 be the Lorentz group of 5-th order, i.e.,



L = {gesu(s,m)| Tetg = 7, g 217,

where g = (gij)1<i,j§5 and

1 0]
o) -1

(we denote by 1, the identity matrix of order m). This
group has two conjugacy classes of Cartan subgroups. One of
them is the class of compact Cartan subgroups and the other
is the class of non-compact ones. The rank of L5 is two
and Weyl group is isomorphic to G;éD<(ZZ2)2 (semi-direct
product) where &, is the symmetric group of order 2 snd

2
7., is the multiplicative group {*1y .
2

2.2. Let us explein the set of irreducible representations
of Lg.. All the irreducitle admissible representations of
L are classified into the four classes of representations
listed below (see [ 51,[ 6 J).

(1) Finite dimensional representation S(n X where ng

el
and n, Are integers such that O < ny < n;. 2This is the
representation of highest weight p= (nl, n,).

(2) Principal series representation T(a;C), where a 1s a
non-negative integer and ¢ 1is a complex number. If we consi-
der a as the irreducible representation of SO0(1) =M with
highest weight a and ¢ as the one-dimensional represente-
tion of B =~ A, then we have T(a;c) = Ind% a®c (for notations

(asc)

M, A, P, see 1.2). The representation T is irreducible



if ¢ 1is not a half integer or c¢ = a + 1/2.
. . . + —
(3) Discrete series representations D'( .,y and D7 ..y,
where o 1is a positive integer and p is an integer such
that O<p € o. These are the discrete series representations
corresponding to A = (a+l/2, p-1/2) (see 1.1). There are two
series of irreducible square-integrable representations for
L5, and we denote by D+* one of the series corresponding to
- + < <
the positive chamber C = {(nl, n2)| 0 = n, = nz} and by
D—* the other series corresponding to the chamber C = {(nly
<., <
(4) Representation Dl(a-p)’ where a 1is a non-negative

integer such that O < p<a. This is the quotient representa-
tion T(P3o¥1/2) /g

We remark here that (1)-(4) 2re disjoint classes of repre-

(pra"l) '

sentations and all the representations of (2)-(4) are irred-
ucible. For the class (1), the sufficient condition for
irreducibility given there is also necessary. The representa-

tion m(%5¢) p(ai-c)

plase) ~ plai-c)

is contragredient to

(aj;c)

, SO we have

in case that T is irreducible.

Except for this case, the representations of (1)-(4) are
mitually inequivalent.
2.3. Let us show examples.

] 1
(1) D%(1,1)®5(0,1) = (P (1;0)5 2 (1;1)) @D (2;1) >

where (Dl(l;O); 2D+(1;l)) is the representation whose



composition factors are D1(1~O) and two times D+(l-l)' On

compact Cartan subgroups, this becomes
Yy + _ + _ - +
(1)1 800" (1,1)B5(0,1)) = 8P (150)) = P (1)) + O (250

. - 1 - -
(11) D7(1,1)®5(0,1) = (P (150)5 20 (1;1)) DD (251)-

In general, composition factors for D ,®F are the same as
those for D',®F except for the factors D, and D ,.
More precisely, we can get the composition factors of D ,OF

replacing D', and D, in those of DT, ®F.

oy ot 1 1
(111) 2%(,1)@5(0,2) = (P (15005 3 (1;1)) @ (P (z;0)°

20%(5,1)) @D (3;7) @ p(1;3/2)

This shows that (discrete series representation)@F can
contain an irreducible principal series representation which
is induced from & minimal parabolic subgroup.

_ 2(050) g p(150) g 7(250) g op(151),

1;3/2) _ m(153/2) . opt . pt .
(V) T ®S(O,l) =T @ <S<l,l)’ 2D (2;1), D (2,2)s

- ' Conl . -
F D7 (050)) @ (S(0,0)5 2D (1;0)5 D (1;1)% D (151))

This is refinement of the decomposition in Proposition 1.Z2.
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In fact, we have
(v)* e(T(1:3/2)®s(0’1)) _op(1:3/2)y | o(2(253/2))

Lo(n(053/2)y , o(n(135/2)) , g(p(1:1/2)y

5.4. As we mentioned in S O, in the case that G 1is the
Lorentz group of n-th order, we can decompose the tensor
product E,® F explicitly (at the character level). For

detmailed discussion, see [ 81.

Appendix. Tables of decompositions of E,®F for SL(2,R)

We summarize the decompositions of EASDF into two tables
in case that G = SL(2,®),.

Let SL(2,E) = KAN be an Iwmasawa decomposition where

t

- {00 T e eemdon (D )l en),
{5l et

If we put M = ZK(A) then M = {diag(c,c)l c =:tl}-, the

center of G.- Put P = MAN, a minimal parabolic subgroup of
G. We list below the irreducible representations of SL(2,R)

(see [9], [10]).

(1) Principal series representation T(E’a) = Ind%

w
€50
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where We o is the one-dimensionsl representation of P such
’

that (¢ = 0, 1 and a€C)

b
T A R T
&' \o ¢/J\o e F/\o 1 °

. . . + -
(2) Discrete series representations, D e, om+e and D e, 2m+e

(m 2 1, € = 0, 1). These representations are subrepresentations

(e,2m+e) and DV is a holomorphic discrete series

of T €,2m+¢€

and D~ is an anti-holomorphic one.

£,2m+€
(3) Limits of discrete series representations, LD+l 0 and
y

LD-1 0* These representations give the direct decomposition
b4
of T(l’o):
(1,0) _ 10t @ 1D
T = LD 1,0 @& LD 1,0
+ . v - . L s Y
and 1D 1,0 is holomorphic and ID 1,0 is snti-holomorpnic.

(4) Finite dimensional representation F (m € 1). This
representation is the m-dimensional irreducible representation
of SL(2,R). |

We put o(n) = (1 + (-1)™)/2 for brevity.

Table A.1. (principal series representation)® F

Condition for eg,a,m Decomposition of - T(E’a>@)Fm
e =0 _

a§Z or 5&% C)T(@(m+s),a—m+23+l)

aZ2m and a§ 27 +1 =0
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)

Decomposition of T (e,a

Condition for ¢,a,m Q] Fm
e =1
m-1 .
€L  or Z@T(w(m+€),a—m+2a+l)
520
aZ2m 2nd a€2Z+1
=0 (m-a-1)
m-a-1)/2 .
0¢aSml and ac2z | (%09 g @ 21(0,21) g
eI
mé€E2Z+1 ( '
' m+a-1)/2 .
. © 2 o 0(0,23)
< ' j=(m-a+l)/2"
0£aSmland a€2%Z+1
m€2%Z-
) £ = 0 ( )/
m-a)/2-1 .
0Safml and a€2% ® 2T(l’l+23) )
=0
me2%7 '
£ = 1 @ (m+a 2—1 @ T(1,1+2J)
< < j=(m-a)/2
0 £a=mland a€ 2% +1
mE2Z +1
Table A.2. (discrete series representation)@F
We put =% (signeture) in this table.

Condition for n, m Decomposition of (L)D cp(n),n® F
n=nm <5 ®D o (n+m+1),n-m+2j+1
(m-n)/2-1 5
> 1 @ (2D7) 1,545 Fiip5) @
m>n Z0 J=
n+m € 27,

(n+m)/2-1 5 |
D ; } @D )
j= mn—n /2 O,l+2J




-—
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.- oy o)

Condition for n,m | Decomposition of (L)D cp(n),n® Fm
m>n 2 0 LD”y o ® Zj:li ® (2D 1,25 sz) ®
n+m & 27 '

(n+m-1)/2 5
o 2 D71, 23
j=(m-n+1)/2 7 <d
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