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\S 0. Introduction

Let $G$ be a connected semisimple Lie group with finite

center a.nd $g_{0}$ its Me algebra. We consider admissible

representations of finite length of G. To an $irreducib]_{-e}$

admissible representPtion $E$ , we $Ci^{\supset}n$ associate a $\lambda$ which is

called infinit $esimi\ni 1$ character or central $cha$ racter of $E$ . We

$wr_{\perp\downarrow J}\urcorner e\perp$ this as $E=E_{\lambda}$ .
Let ‘

$s$ explain $\dagger\uparrow t$ ensoring method “ in large. Let $F$ be a

finite dimensional representation of G. Taking the highest

or lowest component of $E_{\lambda}\otimes F$ , we can deduce some properties

of irreducible representations with “singular\dagger t parameters

from those of irreducible representations with “regular”

parameters. For instanc $e$ , Bernstein-Gel ‘ fand-Gel ‘ fand [. 2] utsed

this method to get a property of Verma. modules with singutlar

highest weights from that of Verma modules with regular highest

weights. And also, G. Zuckerman[11] applied it to get the

properties of limits of discrete series representPtions from

those of discrete series representa.tions. Many other people
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used the method to study admissible representations of $G$ , too

(see [ 1], [ 3], [ $7\supset$ ).

In this lecture, we will report some results about decom-

position of E\mbox{\boldmath $\lambda$}\copyright F. In \S 1, we treat general $G$ and get

fairly na.tural results. In \S 2, $G$ is the Lorentz group of

$5$-th order and we report some interesting $exa$.mples. In the

case that $G$ is the Lorentz group of n-th order, we can decom-

pose $E_{\lambda}\emptyset F$ for any irreducible admissible representation $E_{\lambda^{0}}$

But the results are so complicated that we cannot talk $abou^{-1}\dot{U}$

it in $thi^{\backslash }s$ short lecture. Please see [ 8).

We add the table of decompositions of $E_{\lambda}\emptyset F$ in the case

$tha_{b}^{\perp}$
, $G=SL(2,E)$ as Appendix.

\S 1. Decompositions of $E_{\lambda}\emptyset F$ for general $G$

Let $G$ and $g_{0}$ as in \S $0$ . We denote by $g$ the complex-

ification of $g_{0}$
(if $H$ is a Lie group, we always denote its

Lie algebra by corresponding small letter subscripted by $0Q$

And the complexification of $\underline{h}_{0}$ is denoted by $\underline{h}$ , eliminating

$0$ . ) Fix a maximal compact subgroup $K$ of $G$ and $G=$ KAN

be $an$ Iwasawa decomposition of G.

1.1. At first we consider the case that $E_{\lambda}$ is a discrete

series representation. So, we assume that rank $G=$ rank K.

Then, if we choose a Cartan subgroup $H$ of $K$ , $H$ is also

a Cartan subgroup of G. We fix this Cartan subgroup $H$ , and
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Weyl group, roots, etc. are considered with respect to this

pair $(g, \underline{h})$ .
Let $p=$ (half the sum of positive roots) with respect

to $Suiti^{3ble}$ ordering, and put

A $=\{\lambda\in\underline{h}^{\star}$ $|$ $\exp$ A (X) $(X\in\underline{h}_{0})$ defines a $cha$ ract er of $H\}$

or integral weights. If we $tj3ke$ a $re$galar element Ae A $+p$ ,

then there is a unique discret $e$ seri es representation $o_{\lambda}$ such

that

$\nabla(c_{\lambda})\ominus(D_{\lambda})(expx)$ $=$ $det(s)$ $\exp s\lambda_{\backslash }^{(}x)$ (X $\in\underline{h}_{0}$ ),

where $arrow\nabla(C_{X})$ is Weyl denominator corresponding to the cham-

ber $C_{\lambda}$ which contains $\lambda$ , and $\ominus(D_{\lambda})$ is the character of

$v_{\lambda}\neg$ , $\tau,r_{f_{\backslash ^{n;G_{J}^{\backslash }}}^{(\tau}\overline’}$ $= \backslash \perp\not\in_{G}’(H_{1}^{\backslash }/Z_{G^{\backslash }}/\frac{7Y}{\perp\perp}\backslash )$ . This corre spond ence between regular

elements of $\Lambda+p$ and discrete series representations is

bijective modulo the ection of W(H;G) on $\Lambda^{+p}$ (see [4 $]$ ) .
Let’s consider $D_{\lambda}\otimes F$ , where $F$ is a finite dimensional

representation of G. We denote by $P(F)$ the set of weight s

of $F$ not considering multiplicities. For an $\eta\in P(F)$ , put

$\Phi_{9}=\{(s,\vee)\in W\cross P(F)|$ $\lambda+\eta=s\lambda+\}$ ,

where $W$ denotes Weyl group of $(g, \underline{h})$ . Now we state the

main result of this paragraph.
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Proposition 1.1. Let $\lambda\epsilon\Lambda+p$ be regular. Suppose

$\lambda+\mathfrak{y}$ is regular for a fixed ‘) ( $p(F)$ . Then the charact er is

decomposed $on$ the compact Cartan subgroup $H$ as follows:

$\ominus$ (Proj $(\lambda+\gamma)(D_{\lambda}\otimes F)$ ) $=X^{n}i=1c_{i}\ominus(D_{w_{i}(\wedge+\eta)})$

where $c_{i}’ s$ are integers and Proj $(\lambda+\mathfrak{h})$ denotes the projec-

tion to the quasi-simple component which has $\inf\underline{\urcorner}nitesimal$

character $\lambda+\eta$ . The integers $\{c_{i}\}$ are given as follows.

Let $\{w_{i}$ [ 1 $\leqq i\leqq n\}$ be a complete system of representatives

of $W/W(H;G)$ and put

$\Phi_{9}^{i}=t^{(s,\mathcal{V})\in\Phi_{\eta}}|$ $s\in w_{i^{-1}}A(H;G)\}0$

Then,

$c_{i}=\frac{\nabla(c_{w_{i}(\rangle+\eta)})}{\nabla(c_{\lambda})}\det(w_{i})(s,)\in\Phi_{\eta}^{i}>m(V)det(s)$ ,

where $m(\vee)$ denotes the multiplicity of $\vee$ .

Rem $rk$ . One can see that $c_{i}\in \mathbb{Z}$ may be negative (see

2.3 $(i)’)$ .

This proposition doesn’t imply the character identi-6y $OYJ$ $\iota,h|e$

whole G. But this formula contains some “information” about

$D_{\lambda}\otimes F$ . The author doesn’t know what this \dagger \dagger information’’ is

for general G. But in the case that $G$ is the Lorentz groap,



5

we get

(multiplicity of $D_{p}^{+}$ in $D_{\wedge}\otimes F$ )

- (multiplicity of $D_{\}^{\lambda}}^{-}$ in $D_{\lambda}\emptyset F$ )

from $i3bove$ proposition ( $D^{\pm}\star$ are two series of discrete series

representations, and these are all for the Lorentz group, see

2. 1).

1.2. In the second, we consider principal series representa-

tions. In this paragraph, we don’t assume that rank $G=$ rank

K.

Let NI $=Z_{K}(A)$ and put $P=$ MAN, a minimal parabolic

subgroup of G. Take an irreducible representa.tion $\sigma$ of

IV[A and consider it as an irreducible representation of $P$

$trivial$ on N. Then we cal1 $T^{\sigma}=\perp nd_{P}^{G}\sigma$ a (non-unitary)

principal series representation induced from $\sigma$ .

Proposition 1.2. Let $T^{\sigma}=Ind_{P}^{G}\sigma$ be a principal series

representation and $F$ a finite dimensional representa.tion of

G. Then there exists 9 set $\{_{-}\sigma_{i}|1\leqq i\leqq n\}$ of finite dimen

sional representations of MA such that

$\ominus(T^{\sigma}\otimes F)$ $=.x^{n}\ominus(T)\sigma_{i}$ .
$1=1$

This proposition shows tha.t (principal series $rep-\llcorner’\ominus s^{\neg}en$
.

tation) $\otimes F$ decomposesinto the sum of principal series
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$\sigma_{i}$

representa.tions. But as we will mention later, $T$ may be

reducible even if $T^{\sigma}$ is irreducible. One can easily $calcul\Leftrightarrow te$

{ $\sigma_{i}\}$ which a.re the set of composition factors of $0\otimes(F1_{MA})$ .

1.3. Proofs of Propositions 1.1 and 1.2 are similar and easy.

For Proposition 1.1, we calculate the character of $D_{\lambda}\otimes F$ on

compact Cartan subgroups and have the result. While in the

proof of Proposition 1.2, we work on Cartan subgroups with

ma.$ximi^{31}$ vector part , and use the explicit formula of the

characters of principal series representations.

$Ae$ mention here that as a representation,

$T^{O}\emptyset F=Ind_{P}^{G}(0\emptyset(F|_{M_{\wedge}t}))$ ,

beca-use this is valid at chara.cter level and $(\star)\otimes F$ is an.
$ex_{\overline{e\neg}}.c^{\perp_{I}}.\Phi\perp anc_{b}^{\perp}$ or.

\S 2. Explicit calculations in the Lorentz group of $5$-th order

In this section, we consider some examples of the

decomposition of tensor product $E_{\lambda}\emptyset F$ , where $E_{\lambda}$ is $an$

infinite dimensional representation of $L$ and $F$ is a fini-te5 ’

dimensional one.

2. 1. Let $G=L_{5}$ be the Lorent $z$ group of $5$-th order, $i_{0}e$ , ,
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$L5=\{g\in SL(5 ,R)$ $|$ $tgJg=J$ , $g55$
$\geqq 1\}$ ,

where $g=$ $(g_{ij})_{1}\leqq_{i,\dot{a}}\leqq_{5}$ and

$J=$ ( $4$

$-10$ ),
(we denote by $1_{m}$ the identity matrix of order m). This

group has two conjugacy classes of Cartan subgroups. One of

them is the class of compact Caxtan su’ogroups and the other

is the class of non-compact ones. The rank of $L5$ is two

and Weyl group is isomorphic to $G_{2}’\ltimes(\mathbb{Z}_{2})^{2}$ (semi-direct

product) where $G_{2}’$ is the symmetric group of order 2 $Pnd$

$\mathbb{Z}_{2}$ is the multiplicative group $\{\pm 1\}$ .

2.2. Let us explain the set of irreducible representations

of $L5^{\cdot}$ All the $\perp\perp A--\wedge"\frac{\wedge}{.}.d\neg‘\lambda_{\vee}^{\wedge}i^{\tau_{\cap}}.1ead_{\overline{1\perp}1^{\overline{1}}}"$ ssible representations of$\cdot$

$L_{5}$ are classified into the four classes of representations

listed below (see [ 5], [ 6 $-]$ ).

(1) Finite dimensional representation
$S_{(n_{l},n_{2})}$

, where $n_{l}$

and $n_{2}$ are integers such that $0<=n_{l}\leqq n_{2}$ . This is the

repre se $nti\supset t$ ion of high $e$ st weight
$\}\lambda=$ $(n_{l} , n_{2})$ .

(2) Principal series representation $T(a;c^{)}$ , where ct is a

non-negative integer and $c$ is a complex number. If we consi-

der $a$ as the irreducible repre sentation of SO (1) $\simeq M$ with

highest weight a and $c$ as the one-dimensional representp-

tion of $E\simeq A$ , then we have $T(a;c)$ $=Ind_{P}^{G}$ a $\otimes c$ (for notation

$M$ , $A$ , $P$ , see 1.2). The representation $T(_{a{}_{)}c})$ is irreducible
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if $c$ is not a half integer or $c=\alpha+1/2$ .
(3) Discrete series representations $D^{+}(\alpha:p)$ and $D^{-}(a;p^{)}$ ’

where a is a positive integer and $p$ is an integer such

tha.t $0<p\leqq a$ . These are the discrete series representations

corresponding to A $=$ $(a+1/2, p-1/2)$ (see 1.1) . There are two

series of irreducible square-integrable representations for

$L_{5}$ , and we denote by $D^{+}\star$ one of the series corresponding to

the positive chamber $C^{+}=\{(n_{1}, n_{2})|$ $0\leqq n_{1}\leqq n_{2}\}$ and by

$D^{-}\#$ the other series corresponding to the chamber $C^{-}-=f_{\sim}(Y\perp_{1}$ ,

$n_{2})|$ $0<=\sim-n_{1}\leqq n_{2}\}$ .
(4) Representation $D^{1}(\alpha:p)$ , where a is a non-negative

integer such that $0\leqq p<a$ . This is the quotient representa-

tion $T/S_{(p,a-1)}(p;a+1/2)$ .
$We‘’ rem\rho_{-}x’ k$ here that (1) $-(4)$ are disjoint classes of repre-

sentations and all the representations of (2) $-(4)$ axe irred-

ucible. For the class $(\sim\perp)$ , the $su^{D}\perp f$ -
$\perp$ cient condition for

irreducibility given there is also necessary. The $representa-$

tion $T(a;c)$ is contrgredient to $T(a; -c)$ , so we have

$T(\alpha;c)\simeq T(a:-c)$ in case that $T(a;c)$ is irreducible.

Except for this case, the representations of (1)-(4) are

mutually inequiva.lent.

2. 3 . Let us show examples.

(i) $D^{+}(1;1)QS_{(0,1)}$ $=(D^{1}(1_{j}0)^{;} 2D^{+})(1;1)\oplus D^{+}(2;1)$ ,

where $(D^{1};(1;0) 2D^{+}(1;1))$ is the representation whose
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composition factors are $D^{1}(1;0)$ and two times $D^{+}(1;1)$ . On

compa.ct $C^{\rho}$ rtan subgroups, this becomes

(i) ’ $\ominus(D^{+}(1;1)^{\otimes}s_{(0,1)^{)}} =\ominus(D^{+}.)(1_{)}1) -\ominus(D^{-})(1;1) +\ominus(D^{+},)(2^{\circ}1)\circ$

(ii) $D^{-}(1:1)^{\otimes}s_{(0,1)}$ $=$ $(D^{1};(1;0) 2D^{-})(1;1)\oplus D^{-},o(2^{Q}1)$

In general, composition factors for $D^{-}\star\otimes F$ are the same as

those for $D^{+}\star\otimes F$ except for the factors $D^{+}\star$ and $D^{-}\star$ .
More precisely, we can get the composition factors of $D^{-}\Theta\star F$

replacing $D^{+}\star$ and $D^{-}\star$ in those of $D^{+}\star\otimes F$ .

(iii) $D^{+}(1;1)\otimes S(0,2)$ $=$ $(D^{1}(1;0)^{;}$ $3D^{+}(1;1)^{)}\oplus(D^{1}(2;O)0$,

$2D^{+}(2;1)^{)}\oplus D^{+}(3j1)\oplus T(1_{j}3/2)$

This shows that (discret $e$ series repre sentation) $\emptyset F$ can

contain an irreducible principa.l series representation which

is induc ed from a minimal pa.rabolic subgroup.

(iv) $T(1;0)_{\otimes}s_{(0,1)}$
$=T(0_{j}0)\oplus T(1_{j}0)\oplus T(2j0)\oplus 2Tv(1_{J}*1)$

(v) $T(\urcorner" j3/2)_{\otimes}s_{(0,1)}$ $=T(1;3/2)\ominus\ulcorner(S_{(1,1)^{j}} 2D^{1}j(2;1) D^{+}(2^{\circ}, 2)0$,

: $D^{-}$ )$(2j2)\oplus(S_{(0,0)^{j}} 2D^{1};(\overline{\perp}_{j}0) D^{+}(1_{j}1)^{j} D^{-})(1j1)0$

This is refinement of the decomposition in Proposition 1.2
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In fact, we have

(v) ,
$\ominus(T\emptyset(1:3/2)s_{(0,1)^{)}}$ $=\ominus(T)(1:3/2)$ $+\ominus(T(2_{j}3/2)_{)}+$

$+\Theta(T)(0;3/2)$ $+\ominus(T)(1;5/2)$ $+\ominus(T)(1;1/2)$ .

2.4. As we mentioned in \S $0$ , in the case that $G$ is the

Lorentz group of n-th order, we can decompose the tensor

product $E_{\lambda}\emptyset F$ explicitly (at the character level). For

detailed discussion, see [ 8].

Appendix. Tables of decompositions of $E_{\wedge}\otimes F$ for $SL(2_{lE})$

We summarize the decompositions of $E_{\lambda}\otimes F$ into two tables

in case $+.b9t\sim\wedge\backslash \sim$ $G=S_{arrow\backslash }^{T.(}2$ , w).

Let $SL(2,R)$ $=$ KAN be a.n Iwasawa decomposition where

$K=$ $\{|$ $0\leqq\ominus<2\mathfrak{n}\}$ , $A =\{|t\in 1R\}$ ,

$N=\{|$ $\sigma\in E\}$ .

If we put $M=Z_{K}(A)$ then $M=\{diag( c , c) | c=\pm 1\}$ , the

center of G. Put $P=$ MAN, a minimal parabolic subgroup of $\cdot$

G. We list below the irreducible representa-tions of $SL(2,E_{\text{ノ}}^{1}$

(see [9], [10]).

(1) Principal series representP.tion
$T(\epsilon, \alpha)$

$=Ind_{P}^{G}\omega_{\epsilon,a}$
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where $\omega$ is the one-dimensional representation of $P$ such
$\epsilon,$

$\alpha$

that ( $s=0$ , $1$ and $a\epsilon\not\subset$ )

$\omega_{\epsilon,a}()=c^{S}e$ at
,

(2) Discrete series representations, $D^{+}\epsilon,$

$2m+\in$
$Pnd$ $D^{-}\epsilon,$

$2m+\in$

$(m\succ=1, \in=0, 1)$ . These repre sentP.tions are subrepre sentations

of
$T(\epsilon, 2m+\epsilon)$ and $D^{+}s,$

$2m+\in$
is a holomorphic discrete series

$i^{\supset nd}$ $D^{-}$ is an anti-holomorphic one.
$\in,$ $2m+s$

(3) Limits of discrete series $representi3tions$ , $LD^{+}1$ , $0$
2nd

$LD^{-}$ These representations give the direct decomposition
1 , $0^{\cdot}$

of $T:(1,0)$

$T(1,0)=LD^{+}$
1 , $0\oplus LD^{-}1,0$

and $LD^{+}$ is holomcrphic and $LD^{-}$ $\perp-S’-\overline{\perp\perp}.-\perp\perp-h\cap.1cmorph_{\perp}^{-;}c$ .
1, $0$ 1, $0$

(4) Finite dimensional repre sentation $F_{m}(m\underline{2}1)$ . This

representation is the $m$-dimensional irreduc ible representa,tion

of SL (2, R).

We put $\varphi(n)$ $=(1+ (-1)^{n})/2$ for brevity.

Table A. l. (principa.1 series representation) $\otimes F$
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Table A. 2. (discrete

We put 6 $=\pm$ (sign $i\supset ture$ )

series representation) $\otimes F$

in this tab1e.



13

Condition for n, m Decomposition of $(L)D^{6}\otimes\varphi(n),nF_{m}$

$m>n\geqq 0$
$S_{\backslash } (m\underline{-n-1)}/2 s.$

$LD^{\cup}\urcorner$ $\cap\oplus$ $\sum=$ $\oplus(2D^{\cup}\urcorner$
$Q_{\urcorner}^{\cdot}$

; $F_{Q_{\urcorner}}$.

$n+m\in 2$ EZ
$\perp, \cup \overline{j=1} \perp, \llcorner d \simeq_{d}$

$\oplus(n+\frac{m-1)}{\geq_{arrow}}/2$

$j=(m-n+1)/2\oplus D^{6}1,2j$

$)\oplus$
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