Large time behavior of solutions
to a semilinear hyperbolic system with relaxation
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1 Introduction

We consider a nonlinear relaxation system of the form:

U + v, =0,
{vt +uy = f(u) —wv. (1)

The system (1.1) describes many physical phenomena such as nonequilibrium gas dynamics,
magnetohyrodynamics, viscoelasticity, flood flow with friction, etc.
If we eliminate v from (1.1), we can obtain the following dumped wave equation with non-
linear convection term:
Utg — Ugy + Ug + f(U)z = 0. (12)

We consider the initial value problem for (1.2) with the initial conditions u(0, z) = uo(x), u:(0, x)
= uq(x). Our purpose is to show the global existence and asymptotic decay of solutions. More-
over, we show the asymptotic convergence of solutions toward nonlinear diffusion waves as
t — 0o. Orive-Zuazua [1] studied the case f/(0) = 0 and developed L? theory. We generalize
their result and develop LP theory in the general case where |f'(0)| < 1.

At first we state a result about the existence of global solutions in time.

Theorem 1.1 Let 1 < p < oo and assume that ug € L'(R) NWIP(R) and u; € L'(R) N LP(R).
Put

Eo = |luollzr + [[uollwrr + [lua]lpr + [Jua o

Then if Ey is sufficiently small, then the initial problem for (1.2) has a unique global solution u
with
u € C([0,00); L'(R) N W2(R)).

Moreover, the solution satisfies

1

()| < CE(1+1)7 2178 (1< Vg < o0), (1.3)
lua (8)l| 2o < CEo(1 + 1)~ 2073072, (14)
where C' is a constant.

Remark. When p = oo, we have a similar global exitence result in the space L>([0,00); L*(R)N
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Nonlinear diffusion wave:
Next, we define a nonlinear diffusion wave which describes large-time behavior of solution con-
structed in Theorem 1.1. To this end, we apply the Chapman-Enskog expansion to the relaxation
system (1.1). At the second order approximation of the expansion, we have the following viscous
conservation law:

w+ f(w)e = (pwhwe)e,  plw) =1 = (f'(w)). (1.5)
It is known that the solution of such a viscos conservation law is asymptotically described by the
nonlinear diffusion wave expressed in terms of the self-similar solution to the Burgers equation:
z2 / 2
2)y =t = pl0) =1 (f(0)*, (16)
Therefore, it is expected that the solution of our equation (1.2) is also asymptotic to the same
diffusion wave.

Zt+(

For the Burgers equation (1.6), the self-similar solution z is a solution which is invariant under
the scale transformation z*(¢,z) := z(A\%t, Ax) (A > 0), so that it takes the form z = t_%gzb(%).

We denote by z = Z(t,x; u, M) the self-similar solution for (1.6) which satisfies the integral
condition [ zdz = M. This self-similar solution is given explicitly as

M

2% — 1)e Y
Pt poan) = D (17)
\/7?+(62u—1)/ € e Vi
y
The nonlinear diffusion wave w = W (t, z) for (1.2) is then defined by
Wi(te) = 57200 —ati wBM), M= [(u-+w)dr, (1.8)

where u = 1 — (f'(0))?, a = f/(0), 8 = f"(0). We note that this diffusion wave w = W (t, )
has the conserved quantity [w dx = M = [(ug + u1)dz and satisfies

g
wy + (aw + §w2)m = Wy, (1.9)
which is an approximation to (1.5).

We show that the global solution in Theorem 1.1 is asymptotic to the nonlinear diffusion
wave defined above. We use the space L] which consists of functions f satisfying (1+|z|)f € L.

Theorem 1.2 Let 1 < p < oo and assume that ug € L}(R) N WIP(R) and u; € LI(R) N LP(R).
Let u(t,z) be the corresponding global solution of (1.2) constructed in Theorem 1.1, and let
W (t,z) be the nonlinear diffusion wave defined by (1.8). Put w(t,x) = W(t+1,z) and

By = [luollpy + lluollwre + lluallpy + llual|ze-

Then, for any € > 0, there is a positive constant &1 such that if E1 < 61, then we have the
following asymptotic relations:

l(w = w) (e < CE((1+)720D73F (1< Vg < o0), (1.10)
1w — w)o ()| 1p < CEt=3(1+¢) 207075t (1.11)
where C' is a constant.

The key to the proof of these theorems is the derivation of detailed pointwise estimates of
fundamental solutions to the linearized equation for (1.2). Pointwise estimates are derived by
using the technique of Liu-Zeng [2], and the optimal decay estimates in LP space are based on
the pointwise estimates.



2 Fundamental solutions in Fourier space
We consider the linearized equation of (1.2):
Ut — Ugg + Up + iy = 0, (2.1)

with the initial conditions u(0,z) = ug(x), ut(0,z) = uy(z). Taking the Fourier transform, we
have
Qg+ + (6% + i)t = 0, (2.2)

with the corresponding initial conditions 4(0,&) = uo(€), :(0,£) = 41(£). The characteristic
equation of (2. 2) becomes A2 + \ + (52 + ai€) = 0, and the eigenvalues are given by A\ (§) =

—1+ /1 —4(€2 + i) ), Xa(€) —1— /1 —4(€2 + ai€) ). Then the solution of (2.2) can
be expressed as

a(t,€) = é(t, &) (iio (&) + a1 (€)) + H(t, &)t (€), (2.3)

where

1

1 )\Qt_ 1 At .
7)\1_)\2 (( +)\1)e ( +)\2)€ )

é(t7£) =

At Aot ]_’I —
(e e )7 (t7£) )\ _)\2

The functions G(t,z) and H(t,z) are called fundamental solutions of (2.1).

We give asymptotic expressions of G(t,g) for |£] — 0 and || — oo. Similar expressions for
H(t,¢) are omitted here.
Case 1. In the low frequency region where £ € C and |¢| — 0, we have an expression G = Go+Ry
with
Go = e—(aifﬂt&z)t, Ry = e—(ai£+u£2)tR0 L+ e R,
where ,
|Roa| < CIEI(1E17E+ 1)e“ 1, Ry o] < CeCl,

Also, we have another expression of the form
G = e NG, | el (G, Gy < CeClEPt . 1Gy| < CceClklt,

Case 2. In the high frequency region where £ € C and |{|] — oo, we have an expression
G =GY + RY with GY =0 (1 = 0) and

Z{e PP + e TR} T (12 1),

R = {e—“ﬂf P(t) + e VHOQUN} ) + e TR, e TR, (12 0),
where Py(t), Qx(t) are polynomials of ¢ with degree k and

IRY |+ R, < Cle| 172 (1 4 ) 1eClT,

3 Fundamental solutions

We give expressions of the fundamental solution G(¢,x) with detailed pointwise estimates.



Proposition 3.1 G can be expressed as G = Gg + GSQ + RW = GSQ + R((Q. Here

1 _(@=at)?
Go = i GO=0 (=0
0 \/47r,ute = & ( )

-1
OLGY = {e P o (x + 1) + e QRO oz — 1)} (1> 1),
k=0

where Py(t), Qk(t) are the polynomials of t appeared in the previous section and § is the Dirac
delta function. The remainder terms satisfy the following pointwise estimates:

(ccfozt)2

LRO) < C(1+t) 2t T e et 4 CecltHlal),

_c(z—at)2

BLRO| < C(L+ )~ F e e 7 4 Cemclttlal),

This result implies that the fundamental solution G can be well approximated by the heat
kernel Gg as t — co. We have a similar expression also for H.

Proposition 3.2 We can express H as H = Héé) + SC(Q. Here
l ~ ~
OLHY = {e ™ Pu(t)ol Fo(x + 1) + e M Qu(t) 0L Fo(x — 1)},
k=0

where Py (t), Qi(t) are some polynomials of t with degree k and § denotes the Dirac delta function.
The remainder term satisfies the following pointwise estimate:

—c (cv—at)2

LS <o+ e + Cemelttlal)

As a corollary of the above pointwise estimates of the fundamental solutions, we have the
following LP — L9 estimates for solutions to the linearized equation (2.1).

Proposition 3.3 Let 1 < g <p < oo. Then we have the following LP — LY estimates:
(

=

10LG(t) * fllzr < C(1+1)~
|0LG(t) * fllzr < C(1+1)~
|OLH (t) * fllr < C(A+1)"

1 1y 1 _
072 fllpa + Ce | fllyrre (1> 1),
1 1

G| flle (1=0),
@5 flle + Ce | flwn (1> 0),

=

[N

Moreover, G is approzimated by G in the following sense:

10L(G = Go)(t) * fllze < Ct 2G5 73 (1) 3| ]| pa + Ce™ | fllwrw (1> 1),
1 1

18L(G — Go)(t) * fllw < Ct7ZG™D (L4 1) 2| flla (1= 0).

4 Outline of proof of Theorem 1.1

By the Duhamel principle, we see that the solution to the nonlinear equation (1.2) satisfies
u(t) = G(t) * (uo +u1) + H(t) xup — /Ot G(t — s) x g(u),(s)ds, (4.1)

where g(u) := f(u) — f(0) — f/(0)u. We introduce a mapping ® by

Olu](t) :== G(t) * (uo +u1) + H(t) * ug — /0 G(t —s) * g(u).(s)ds, (4.2)

4



and solve the integral equation (4.1) by applying the contraction mapping principle. To this
end, we consider the Banach space X := C([0,00); L' N WP) (1 < p < c0) with the norm

1 11 1
lullx i= sup {Jlullos + (14 5)> ullz= + (1 + 5)2070%2 |9, 10 },
<s<t

and also a closed convex subset S := {u € X; |lul]|x < 2CyEp}. Then, applying the LP — L7
estimates in Proposition 3.3 to (4.2), we have:

Claim: There are positive constants dg and Cy such that if Ey < dp, then ® is a contraction
mapping of S into S.

Consequently, we find a unique fixed point v € S of ®, and this fixed point is the desired
global solution to (1.2).

5 Outline of proof of Theorem 1.2

The diffusion wave w solves (1.9) and hence the integral equation

w(t) = Go(t) = wy —g/o Golt — ) * (w?)(3)ds, (5.1)
where wo(z) = W (1,x). Subtract (5.1) from (4.1), we have
u(t) —w(t) ={G(t) — Go(t)} * (ug + u1) + Go(t) * (up + u1 — wo)

+H(t) * ug — g/o {G(t = 5) — Golt — 8)} * (u®)x(s)ds )
_g/o Go(t — ) * (u2 — w?),(s)ds — /0 G(t — s) * {g(u) — gUQ}z(s)ds.

We can show the desired inequalities (1.10) and (1.11) by estimating (5.2) in the same way as
in the proof of Theorem 1.1.
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