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1. Introdu
tionThis arti
le is based on a le
ture series given by S
harlemann and S
hultens atRIMS in the summer of 2001. The purpose of the le
ture series lay in familiarizingthe audien
e with the basi
s of three-dimensional manifold theory and introdu
ingsome topi
s of 
urrent resear
h.A way to study (
onne
ted 
ompa
t orientable) three-dimensional manifolds, 3-manifolds brie
y, is to de
ompose a 3-manifold into two `elementary' manifolds, so-
alled 
ompression bodies. Su
h a de
omposition is 
alled a Heegaard splitting. Itis known that there are many 
orrelations between Heegaard splittings and topologyof 3-manifolds.Roughly, a generalized Heegaard splitting is a de
omposition of a 3-manifold intomore than two 
ompression bodies.If these topi
s should happen to be of interest, please see our le
ture notes [5℄.2. PreliminariesThe notation �(B;A) denotes a regular neighborhood of B in A. By the termsurfa
e, we will mean a 
onne
ted 
ompa
t 2-manifold. Let F be a surfa
e. A loop� in F is said to be inessential in F if � bounds a disk in F , otherwise � is said tobe essential in F .We always letM be a 
onne
ted 
ompa
t orientable 3-manifold. A surfa
e F �Mis said to be properly embedded inM if F is embedded inM su
h that F \�M = �F .A disk D properly embedded inM is said to be inessential inM if D 
uts o� a 3-ballfrom M , otherwise D is said to be essential in M . A 2-sphere P properly embeddedinM is said to be inessential inM if P bounds a 3-ball inM or 
uts o� P�[0; 1℄ fromM , otherwise P is said to be essential in M . Let F be a surfa
e properly embeddedin M . We say that F is 
ompressible in M if there is a disk D � M su
h thatD \ F = �D and �D is an essential loop in F . We say that F is in
ompressible inM if F is not 
ompressible in M . Suppose that F is homeomorphi
 neither to a disknor to a 2-sphere. The surfa
e F is said to be essential in M if F is in
ompressiblein M and does not 
ut o� F � [0; 1℄ from M .De�nition 2.1. Let M be a 
onne
ted 
ompa
t orientable 3-manifold.(1) M is said to be redu
ible if M 
ontains an essential 2-sphere. M is said tobe irredu
ible if M is not redu
ible.(2) M is said to be toroidal if M 
ontains an essential torus.1
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Figure 1. Constru
tion of a 
ompression body3. Heegaard splittingsDe�nition 3.1. A 3-manifold C is 
alled a 
ompression body if there exists a 
losedsurfa
e F su
h that C is obtained from F � [0; 1℄ by atta
hing 2-handles alongmutually disjoint loops in F � f1g and �lling in some resulting 2-sphere boundary
omponents with 3-handles. We denote F � f0g by �+C and �C n �+C by ��C. A
ompression body C is 
alled a handlebody if ��C = ;.A 
ompression body C is also obtained from ��C�[0; 1℄ and some (possibly empty)3-balls by atta
hing some 1-handles to ��C � f1g and the boundary of the 3-balls.This is 
alled a dual des
ription of 
ompression bodies (
f. Figure 1).De�nition 3.2. Let (�1M; �2M) be a partition of �-
omponents of M . A triplet(C1; C2;S) is 
alled a Heegaard splitting of (M ; �1M; �2M) if C1 and C2 are 
ompres-sion bodies with C1 [ C2 = M , ��C1 = �1M , ��C2 = �2M and C1 \ C2 = �+C1 =�+C2 = S. The surfa
e S is 
alled a Heegaard surfa
e and the genus of a Heegaardsplitting is de�ned by the genus of the Heegaard surfa
e.Theorem 3.3 (
f.Moise [4℄). For any partition (�1M; �2M) of the boundary 
om-ponents of M , there is a Heegaard splitting of (M ; �1M; �2M).Let (C1; C2;S) be a Heegaard splitting of (M ; �1M; �2M). By a dual des
riptionof C1, we see that C1 is obtained from �1M � [0; 1℄ and 0-handles H0 by atta
hing1-handlesH1. By De�nition 3.1, C2 is obtained from S�[0; 1℄ by atta
hing 2-handles
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Figure 2. In
lusion relation in 
ase of genus(S) � 2.H2 and �lling some 2-sphere boundary 
omponents with 3-handles H3. Hen
e weobtain the following de
omposition of M :M = �1M � [0; 1℄ [ H0 [ H1 [ S � [0; 1℄ [ H2 [ H3.By 
ollapsing S � [0; 1℄ to S, we have:M = �1M � [0; 1℄ [H0 [H1 [S H2 [ H3.This is 
alled a handle de
omposition of M indu
ed from (C1; C2;S).De�nition 3.4. Let (C1; C2;S) be a Heegaard splitting of (M ; �1M; �2M).(1) The splitting (C1; C2;S) is said to be stabilized if there are essential disksDi (i = 1; 2) of Ci su
h that �D1 and �D2 interse
t transversely in a singlepoint.(2) The splitting (C1; C2;S) is said to be redu
ible if there are essential disksDi (i = 1; 2) of Ci with �D1 = �D2. The splitting (C1; C2;S) is said to beirredu
ible if (C1; C2;S) is not redu
ible.(3) The splitting (C1; C2;S) is said to be weakly redu
ible if there are essentialdisks Di (i = 1; 2) of Ci with �D1\�D2 = ;. The splitting (C1; C2;S) is saidto be strongly irredu
ible if (C1; C2;S) is not weakly redu
ible.(4) The splitting (C1; C2;S) admits disjoint 
urve property if there are essentialdisks Di (i = 1; 2) of Ci and an essential loop z with (�D1 [ �D2) \ z = ;.Suppose that (C1; C2;S) is stabilized, and let Di (i = 1; 2) be disks as in (1) ofDe�nition 3.4. Note that sin
e �D1 interse
ts �D2 transversely in a single point,we see that ea
h of �Di (i = 1; 2) is non-separating in S and hen
e ea
h of Di(i = 1; 2) is non-separating in Ci. Set C 01 = 
l(C1 n �(D1;C1)) and C 02 = C2 [�(D1;C1). Then ea
h of C 0i (i = 1; 2) is a 
ompression body with �+C 01 = �+C 02.Set S 0 = �+C 01(= �+C 02). Then we obtain the Heegaard splitting (C 01; C 02;S 0) of Mwith genus(S 0) = genus(S)� 1. Conversely, (C1; C2;S) is obtained from (C 01; C 02;S 0)by adding a trivial handle. We say that (C1; C2;S) is obtained from (C 01; C 02;S 0) bystabilization. Figure 2 des
ribes in
lusion relation among the properties in De�nition3.4.The following is part of relation between Heegaard splittings and topology of 3-manifolds. For simpli
ity, we here assume �M = ;.Theorem 3.5. Suppose that �M = ;.
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Figure 3. The middle is a s
hemati
 of a 
ompression body on the left side.(1) (Haken [2℄) Let (C1; C2;S) be a Heegaard splitting of (M ; �1M; �2M). If Mis redu
ible, then (C1; C2;S) is redu
ible.(2) (Casson-Gordon [1℄) Let (C1; C2;S) be a Heegaard splitting of (M ; �1M; �2M).If (C1; C2;S) is weakly redu
ible and is not redu
ible, thenM 
ontains a 
losedin
ompressible surfa
e.(3) (Hempel [3℄) Let (C1; C2;S) be a Heegaard splitting of (M ; �1M; �2M) withgenus(S) � 2. IfM is toroidal or is a Seifert �bered manifold, then (C1; C2;S)admits disjoint 
urve property.4. Generalized Heegaard splittingsCollapsing a 
ompression body C, we 
an say that it looks like a fork. The grip ofa fork 
orresponds to �+C, and ea
h tine just 
orresponds to a 
omponent of ��C.This idea is so 
onvenient for de�ning generalized Heegaard splittings.De�nition 4.1. A 0-fork is a 
onne
ted 1-
omplex obtained by joining a point p toa point g whose 1-simplexes are oriented toward g and away from p. For n � 1, ann-fork is a 
onne
ted 1-
omplex obtained by joining a point p to ea
h of distin
t npoints ti (i = 1; :::; n) and to a point g whose 1-simplexes are oriented toward g andaway from ti. We 
all p a root, ti a tine and g a grip.As mentioned previously, an n-fork 
orresponds to a 
ompression body C su
hthat ea
h of ti (i = 1; 2; :::; n) 
orresponds to a 
omponent of ��C and g 
orrespondsto �+C (
f. Figure 3).De�nition 4.2. Let A (B resp.) be a 
olle
tion of �nite forks, TA (TB resp.) a
olle
tion of tines of A (B resp.) and GA (GB resp.) a 
olle
tion of grips of A (Bresp.). We suppose that there are bije
tions T : TA ! TB and G : GA ! GB. A fork
omplex F is an oriented 
onne
ted 1-
omplex A[ (�B)=fT ;Gg, where �B denotesthe 1-
omplex obtained by taking the opposite orientation of ea
h 1-simplex and theequivalen
e relation =fT ;Gg is given by t � T (t) for any t 2 TA and g � G(g) forany g 2 GA. We de�ne:�1F = f(the tines of A) n TAg [ f(the grips of B) nGBg and�2F = f(the tines of B) n TBg [ f(the grips of A) nGAg.
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t fork 
omplex.De�nition 4.3. A fork 
omplex F is exa
t if we 
an put F in R3 so that(1) �1F lies in the plane of height 0,(2) for any simple path � in F from a point in �1F to a point in �2F , hj� ismonotoni
ally in
reasing, where h is the height fun
tion of R3 and(3) �2F lies in the plane of height 1 (
f. Figure 4).In the following, we regard fork 
omplexes as geometri
 obje
ts, i.e., 1-dimensionalpolyhedra.De�nition 4.4. A fork of F is the image of a fork in A [ B in F . A grip (rootand tine resp.) of F is the image of a grip (root and tine resp.) in A[ B in F .De�nition 4.5. Let M be a 
ompa
t orientable 3-manifold, and let (�1M; �2M)be a partition of boundary 
omponents of M . A generalized Heegaard splittingof (M ; �1M; �2M) is a pair of an exa
t fork 
omplex F and a proper map � :(M ; �1M; �2M)! (F ; �1F ; �2F ) whi
h satis�es the following.(1) The map � is transverse to F � fthe roots of Fg.(2) For ea
h fork F � F , we have the following.(a) If F is a 0-fork, then ��1(F) is a handlebody VF su
h that (1) ��1(g) =�VF and (2) ��1(p) is a 1-
omplex whi
h is a spine of VF , where g is thegrip of F .(b) If F is an n-fork with n � 1, then ��1(F) is a 
onne
ted 
ompressionbody VF su
h that (1) ��1(g) = �+VF , (2) for ea
h tine ti, ��1(ti) is a
onne
ted 
omponent of ��VF and ��1(ti) 6= ��1(tj) for i 6= j and (3)��1(p) is a 2-
omplex whi
h is a deformation retra
t of VF , where g isthe grip of F , p is the root of F and ftig1�i�n is the set of the tines ofF .Let g be a grip of F whi
h is 
ontained in the interior of F . Let F1 and F2 be theforks of F whi
h are adja
ent to g. Then (��1(F1); ��1(F2); ��1(g)) is a Heegaardsplitting of ��1(F1 [ F2). Moreover, if it is weakly redu
ible, then we 
an obtainanother generalized Heegaard splitting via weak redu
tion. In the next se
tion, wedemonstrate a 
on
rete example of the way weak redu
tion is used.5. Examples of generalized Heegaard splittingsIn this se
tion, we obtain a generalized Heegaard splitting and asso
iated fork
omplex of the 3-torus T 3 = S1 � S1 � S1. It is known that T 3 is obtained from a
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Figure 5. A Heegaard splitting of T 3.
ube [0; 1℄� [0; 1℄� [0; 1℄ by atta
hing 
orresponding edges and fa
es as in Figure 5(a). SetA = 
l((T 2 � [0; 1=2℄) n �(p� [0; 1=2℄;T 2 � [0; 1=2℄)) [ �(q � [1=2; 1℄;T 2 � [1=2; 1℄)andB = 
l(T 3 n A)= 
l((T 2 � [1=2; 1℄) n �(q � [1=2; 1℄;T 2 � [1=2; 1℄)) [ �(p� [0; 1=2℄;T 2 � [0; 1=2℄):Then we see that A and B are genus two handlebodies and hen
e (A;B;S) isa Heegaard splitting of T 3, where S = �A = �B (
f. Figure 5 (b)). Set h1 =�(q � [1=2; 1℄;T 2 � [1=2; 1℄) and h2 = �(p� [0; 1=2℄;T 2 � [0; 1=2℄). Note that h1 (h2resp.) 
an be regarded as a 1-handle (2-handle resp.) in a handle de
ompositionof T 3 obtained from the Heegaard splitting (A;B;S). Sin
e h1 \ h2 = ;, we 
anperform a weak redu
tion to obtain a generalized Heegaard splitting. We give a
on
rete des
ription of the generalized Heegaard splitting in the following. First, setA1 = 
l(T 3 � [0; 1=2℄ n h1) and B2 = 
l(T 3 � [1=2; 1℄ n h2). That is, A1 is obtainedfrom A by removing the 1-handle h1 and B2 is obtained from B by removing the2-handle h2. Then we have:T 3 = A [B= A1 [ h1 [ h2 [B2�= A1 [ (�A1 � [0; 1℄) [ h1 [ h2 [ B2= A1 [ �(�A1 � [0; 1℄) [ h2� [ h1 [B2:
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omplex.Set B1 = (�A1� [0; 1℄)[h2. Then B1 is a 
ompression body su
h that �+B1 = �A1and ��B 
onsists of two tori. Hen
e we have:T 3 �= A1 [ B1 [ h1 [B2�= A1 [ B1 [ �(��B1 � [0; 1℄) [ h1� [B2:Set A2 = (��B1�[0; 1℄)[h1. Then A2 is a 
ompression body su
h that �+A2 = �B2and ��A2 = ��B1. Hen
e we have:T 3 = (A1 [ B1) [ (A2 [ B2).This together with the fork 
omplex as in Figure 6 gives a generalized Heegaardsplitting. Referen
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