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We consider the Gagliardo-Nirenberg type inequality in Rn. Let Ω be an
arbitrary domain inRn. It is well known that the Sobolev space H

n/p,p
0 (Ω), 1 <

p < ∞, is continuously embedded into Lq(Ω) for all q with p 5 q <
∞. However, we cannot take q = ∞ in such an embedding. When Ω =
Rn, Ogawa [11] and Ogawa-Ozawa [12] treated the Hilbert space Hn/2,2(Rn)
and then Ozawa [15] gave the following general embedding theorem in the
Sobolev space Hn/p,p(Rn) of the fractional derivatives which states that

‖Φp(α|u|p′)‖L1(Rn) 5 C‖u‖p
Lp(Rn) (0.1)

holds for all u ∈ Hn/p,p(Rn) with ‖(−∆)n/(2p)u‖Lp(Rn) 5 1, where

Φp(ξ) := exp(ξ)−
jp−1∑
j=0

ξj

j!
=

∞∑
j=jp

ξj

j!
, jp := min{j ∈ N | j = p− 1}.

The advantage of (0.1) gives the scale invariant form. In order to prove the
above Trudinger type inequality, Ozawa [15] showed the following Gagliardo-
Nirenberg type interpolation inequality which is equivalent to (0.1). For 1 <
p < ∞, there is a constant M depending only on n and p such that

‖u‖Lq(Rn) 5 Mq1/p′‖u‖p/q
Lp(Rn)‖(−∆)n/(2p)u‖1−p/q

Lp(Rn) (0.2)

holds for all u ∈ Hn/p,p(Rn) and for all q with p 5 q < ∞. Our goals are
the generalizations of (0.2) to the Gagliardo-Nirenberg type interpolation
inequality with the Lorentz space and BMO. We shall state main theorems
below.

Theorem 0.1. Let 1 < p1 < ∞.
(i) There exists a constant Cn, p1 depending only on n and p1 such that

‖u‖Lq 5 Cn, p1 q1/r′2‖u‖p1/q
L(p1,p2)‖(−∆)n/(2r1)u‖1−p1/q

L(r1,r2) (0.3)
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holds for all u ∈ L(p1, p2) with (−∆)n/(2r1)u ∈ L(r1, r2), where p2, q, r1 and
r2 are any numbers satisfying 1 5 p2 5 p1 5 q < ∞, p1 5 r1 < ∞ and
1 < r2 < ∞.
(ii) There exists a constant Cn, p1 depending only on n and p1 such that

‖u‖Lq 5 Cn, p1

q2

q − p1

‖u‖p1/q
L(p1,∞)‖(−∆)n/(2r1)u‖1−p1/q

L(r1,∞) (0.4)

holds for all u ∈ L(p1,∞) with (I − ∆)n/(2r1)u ∈ L(r1,∞), where q and r1

are any numbers satisfying p1 < q < ∞ and p1 5 r1 < ∞.

We note that when we put p1 = p2 = r1 = r2 =: p ∈ (1,∞) in (0.3), we
can obtain (0.2) proved by Ozawa [15] immediately. Moreover, from Corol-
lary 0.1, we obtain the Trudinger type inequalities equivalent to (0.3) and
(0.4) as follows :

Corollary 0.1. Let 1 < p1 < ∞.
(i) For every 1 < r2 < ∞, there exists a constant Cn, p1, r2 depending only on
n, p1 and r2 such that the following holds. For arbitrary 0 < α < Cn, p1, r2, there
exists a constant C̃n, p1, r2, α depending only on n, p1, r2 and α such that

∫

Rn

Φp1, r2

(
α

( |u(x)|
‖(−∆)n/(2r1)u‖L(r1,r2)

)r′2
)

dx 5 C̃n, p1, r2, α

( ‖u‖L(p1,p2)

‖(−∆)n/(2r1)u‖L(r1,r2)

)p1

(0.5)
holds for all u ∈ L(p1, p2) \ {0} with (−∆)n/(2r1)u ∈ L(r1, r2), where p2, r1

are any numbers satisfying 1 5 p2 5 p1, p1 5 r1 < ∞ and Φp1, r2 is defined
by

Φp1, r2(ξ) :=
∑

r′2j=p1
j∈N

ξj

j!
for ξ ∈ R.

(ii) There exists a constant Cn, p1 depending only on n and p1 such that the
following holds. For arbitrary 0 < α < Cn, p1, there exists a constant C̃n, p1, α

depending only on n, p1 and α such that
∫

Rn

Φ̃p1

(
α

|u(x)|
‖(−∆)n/(2r1)u‖L(r1,∞)

)
dx 5 C̃n, p1, α

( ‖u‖L(p1,∞)

‖(−∆)n/(2r1)u‖L(r1,∞)

)p1

(0.6)
holds for all u ∈ L(p1,∞) \ {0} with (I −∆)n/(2r1)u ∈ L(r1,∞) and for all
p1 5 r1 < ∞, where Φ̃p1 is defined by

Φ̃p1(ξ) :=
∑
j>p1
j∈N

ξj

j!
for ξ ∈ R.

2



In fact, noting the definition of Φp1,r2( or Φ̃p1), we exchange the integral of
(0.5)( or (0.6)) for the sum, and then by applying (0.3)( or (0.4)) for each
integral, we have the Trudinger type inequality.
By putting q1 = q2 in Theorem 0.2, we have the following Corollary 0.2.

Theorem 0.2. (i) For every 1 5 p1 < ∞, there exists a constant Cn, p1

depending only on n and p1 such that

‖u‖Lq 5 Cn, p1 q ‖u‖p1/q
L(p1,p2)‖u‖1−p1/q

BMO (0.7)

holds for all u ∈ L(p1, p2)∩BMO, where p2 and q are any numbers satisfying
1 5 p2 5 p1 5 q < ∞.
(ii) For every 1 < p1 < ∞, there exists a constant Cn, p1 depending only on n
and p1 such that

‖u‖Lq 5 Cn, p1

q2

q − p1

‖u‖p1/q
L(p1,∞)‖u‖1−p1/q

BMO (0.8)

holds for all u ∈ L(p1,∞) ∩BMO and for all p1 < q < ∞.

Moreover, from Corollary 0.2, we obtain the Trudinger type inequalities equiv-
alent to (0.7) and (0.8) as follows :

Corollary 0.2. (i) For every 1 5 p1 < ∞, there exists a constant Cn, p1

depending only on n and p1 such that the following holds. For arbitrary 0 <
α < Cn, p1, there exists a constant C̃n, p1, α depending only on n, p1 and α such
that ∫

Rn

Φp1

(
α

|u(x)|
‖u‖BMO

)
dx 5 C̃n, p1, α

(‖u‖L(p1,p2)

‖u‖BMO

)p1

holds for all u ∈ L(p1, p2) ∩ BMO \ {0} and for all 1 5 p2 5 p1, where Φp1

is defined by

Φp1(ξ) :=
∑
j=p1
j∈N

ξj

j!
for ξ ∈ R.

(ii) For every 1 < p1 < ∞, there exists a constant Cn, p1 depending only on
n and p1 such that the following holds. For arbitrary 0 < α < Cn, p1, there
exists a constant C̃n, p1, α depending only on n, p1 and α such that

∫

Rn

Φ̃p1

(
α

|u(x)|
‖u‖BMO

)
dx 5 C̃n, p1, α

(‖u‖L(p1,∞)

‖u‖BMO

)p1

holds for all u ∈ L(p1,∞) ∩BMO \ {0}, where Φ̃p1 is defined by

Φ̃p1(ξ) :=
∑
j>p1
j∈N

ξj

j!
for ξ ∈ R.
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Finally, we shall state the application to the Brezis-Gallouet-Wainger type
inequality. In fact, from Corollary 0.1 (i), we can obtain the inequality as fol-
lows :

Theorem 0.3. For every 1 < p1 < ∞, 1 5 q 5 ∞ and n/q < m < ∞, there
exists a constant Cn,p1,q,m depending only on n, p1, q and m such that

‖u‖L∞ 5 Cn,p1,q,m

[
1+

(‖u‖L(p1,p2) + ‖(−∆)n/(2r1)u‖L(r1,r2)

)

× (
log(e + ‖(−∆)m/2u‖Lq)

)1/r′2
]

(0.9)

holds for all u ∈ L(p1, p2) with (−∆)n/(2r1)u ∈ L(r1, r2) and (−∆)m/2u ∈
Lq, where p2, r1 and r2 are any numbers satisfying 1 5 p2 5 p1 5 r1 < ∞
and 1 5 r2 < ∞.

we note that the inequality with p1 = p2 = r1 = r2 =: p ∈ (1,∞) in (0.9)
coincides with the classical Brezis-Gallouet-Wainger inequality.
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[7] G.Hardy, J.Littlewood and G.Pólya, Inequalities, The University
Press,Cambridge,1959.

4



[8] H.Komatsu, Fourier Analysis, Iwanami Shoten,1978 (in Japanese).

[9] E.H.Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related
inequalities, Ann. of Math. 118 (1983), 349-374.

[10] J.Moser, A sharp form of an inequality by N.Trudinger, Indiana Univ.
Math.J. 20 (1971), 1077-1092.

[11] T.Ogawa,A proof of Trudinger’s inequality and its application to non-
linear Schrödinger equation, Nonlinear Anal. 14 (1990), 765-769.

[12] T.Ogawa and T.Ozawa, Trudinger type inequalities and uniqueness of
weak solutions for the nonlinear Schrödinger mixed problem,, J. Math.
Anal.Appl. 155 (1991), 531-540.

[13] R.O’Neil, Convolution operators and L(p, q)spaces, Duke Math. J. 30
(1963),129-142.

[14] T.Ozawa, Characterization of Trudinger’s inequality, J.Inequal.Appl. 1
(1997), 369-374.

[15] T.Ozawa, On critical cases of Sobolev’s inequalities, J.Funct.Anal. 127
(1995), 259-269.

[16] E.M.Stein, Singular Integrals and Differentiability Properties of Func-
tions, Princeton U. Press, Princeton, N.J., 1970.

[17] E.M.Stein and G.Weiss, Introduction to Fourier Analysis on Eu-
clidean Spaces, Princeton U. Press, Princeton, N.J. 1971.

[18] G.Talenti, Best constant in Sobolev inequality, Ann.Mat.Pura Appl. 110
(1976), 353-372.

[19] N.S.Trudinger, On imbeddings into Orlicz spaces and some applica-
tions, J.Math.Mech. 17 (1967), 473-483.

5


