
On the univalen
e supersele
tion rule and
hara
terization of spontaneous symmetry breakingHajime MoriyaAbstra
tThermodynami
al formulations appropriate for general quasi-lo
alsystems with any statisti
s, su
h as 
hara
terizations of equilibriumstates and spontaneous symmetry breaking are presented. We intro-du
e a 
riterion of spontaneously symmetry breaking in terms of thegiven quasi-lo
al stru
ture: Ea
h pair of distin
t phases appeared inspontaneous symmetry breaking should be disjoint not only for the to-tal system but also for every 
omplementary outside system of a lo
alregion, whi
h is a stronger requirement than the usual one. We derivethe absen
e of SSB in the above sense for fermion grading transforma-tions that multiply fermion �elds by �1. This result 
an be 
onsideredas a rigorous justi�
ation of the univalen
e super-sele
tion rule.We have the following result on equilibriums states ex
lusively forlatti
e systems: the violation of univalen
e supersele
tion rule for evendynami
s at non-zero temperature indu
es the non-equivalen
e of theKMS 
ondition and our lo
al thermodynami
al stability 
ondition (akind of minimum free energy 
ondition as open systems).1 Introdu
tionIt is believed that nature is subje
t to several super-sele
tion rules. Amongthem, the univalen
e supersele
tion rule 
laims that the superposition of twostates whose total angular momenta are integers and half-integers does notexist [4℄ [2℄. But if the number of degrees of freedom is in�nite as usually
onsidered in statisti
al me
hani
s and quantum �eld theory, then one maywonder whether fermion grading symmetry assumed for kinemati
s alwaysleads its preservation in the state level, i.e. the absen
e of spontaneouslysymmetry breaking. In fa
t there is a known example of symmetry break-down for fermion grading, though being very te
hni
al [3℄. The purposeof this study is to justify the univalen
e super-sele
tion as a rigid rule byproving under a model independent setting that the breakdown of fermion1



grading symmetry never happens in su
h a way that it 
an be observedma
ros
opi
ally.It is a well known fa
t that if a state is invariant under some asymptot-i
ally abelian group of automorphisms like spa
e-translations, then fermiongrading symmetry is perfe
tly unbroken, that is, any su
h invariant state haszero expe
tations for every odd element (see Exam. 5.2.21 of [1℄). We dis
ussthe status of fermion grading symmetry for general fermion or fermion-bosonsystems without su
h translation invariant assumption. Dopli
her-Haag-Roberts [2℄ theory rigorously derives the Boson-Fermion alternative. Butit is a theory about Minkowski spa
e, and gives no information for latti
emodels.2 NotationWe re
all the de�nition of quasi-lo
al C�-systems. (We refer e.g. to x 2.6 of[1℄.) Let F be a dire
ted set with a partial order relation� and an orthogonalrelation ? satisfying the following 
onditions:a) If � � � and � ? 
, then � ? 
.b) For ea
h �; � 2 F, there exists a unique upper bound � _ � 2 F whi
hsatis�es 
 � � _ � for any 
 2 F su
h that 
 � � and 
 � �.
) For ea
h � 2 F, there exists a unique �
 in F satisfying �
 ? � and�
 � � for any � 2 F su
h that � ? �.We 
onsider a C�-algebra A furnished with the following stru
ture. LetfA�; � 2 Fg be a family of C�-subalgebras of A with the index set F. Let� be an involutive �-automorphism of A that determines the grading on Aas Ae := fA 2 A �� �(A) = Ag; Ao := fA 2 A �� �(A) = �Ag: (1)These Ae and Ao are 
alled the even and the odd parts of A. For � 2 FAe� := Ae \A�; Ao� := Ao \A�: (2)The above grading stru
ture is referred to as fermion grading (see L4 below).For a given state ! on A, its restri
tion to A� is denoted !�. If a state takeszero on all odd elements, it is 
alled an even state.Let Flo
 be a subset of F 
orresponding to the set of indi
es of all lo
alsubsystems and set Alo
 := S�2Flo
 A�. We assume L1, L2, L3, L4 asfollows: 2



L1. Alo
 \AÆ is norm-dense in AÆ for any Æ 2 F.L2. If � � �, then A� � A�.L3. �(A�) = A� for all � 2 F.L4. For � ? � the following graded 
ommutation relations hold[Ae�; Ae�℄ = 0; [Ae�; Ao�℄ = [Ao�; Ae�℄ = 0;fAo�; Ao�g = 0;where [A; B℄ = AB � BA is the 
ommutator and fA; Bg = AB + BA isthe anti-
ommutator.3 A 
riterion of spontaneous symmetry break-down appropriate for general quasi-lo
al systemsand fermion grading symmetryA pair of states are 
alled disjoint with ea
h other if their GNS representa-tions are disjoint. We shall employ the following more demanding 
onditionfor disjointness of two states.De�nition 1. Let !1 and !2 be states of a quasi-lo
al system (A; fA�g�2Flo
).If for every 
 2 Flo
, their restri
tions to the 
omplementary outside systemof 
, i.e., !1

 and !2

 are disjoint with ea
h other, then !1 and !2 aresaid to be disjoint with respe
t to the quasi-lo
al stru
ture.We de�ne a 
riterion of spontaneously symmetry breaking based on Def-inition 1 as follows. Let G be a group and �g(g 2 G) be its a
tion of�-automorphisms on a quasi-lo
al system (A; fA�g�2Flo
). Suppose that�g 
ommutes with a given (Hamiltonian) dynami
s for every g 2 G. Let �denote some set of physi
al states (e.g. the set of all ground states or allequilibrium states at some temperature for the given dynami
s), and �Gdenote the set of all G-invariant states in �. Let ! be an extremal point in�G. Suppose that ! has a fa
tor state de
omposition in � in the form of! = R d�(g)!g with !g := ��g!0(= !0 Æ �g), where !0 is a fa
tor state in �(but not in �G) and so is ea
h !g, and � denotes some probability measureon G. With this setting, we de�ne the following.De�nition 2. If for ea
h g 6= g0 of G a pair of fa
tor states !g and !g0 aredisjoint with respe
t to the given quasi-lo
al stru
ture, then it is said thatthe G-symmetry is ma
ros
opi
ally broken.3



The following proposition asserts that fermion grading symmetry 
annotbe broken ma
ros
opi
ally. A remarkable thing is that it makes no refer-en
e to the dynami
s. We are using essentially no more than the 
anoni
alanti
ommutation relations (CAR) for its proof (see our original arti
le).Proposition 1. Let ! be a state of a quasi-lo
al system (A; fA�g�2Flo
)and � denote the fermion grading involution of A. Suppose that ! is afa
tor state. Then ! and !� 
annot be disjoint in the sense of De�nition1. We shall dis
uss more detailed results for latti
e systems in the 
onfer-en
e emphasizing on di�eren
e between spin latti
e systems and fermionsystems. We provide summary in the next se
tion.4 Fermion grading symmetry for equilibrium statesof latti
e systemsTake Z�, �-dimensional 
ubi
 integer latti
e. Let Flo
 be a set of all �nitesubsets of the latti
e. We assume that there is a �nite number of degrees offreedom (spins) on ea
h site of the latti
e. We further assume the uniformity,i.e. the subalgebra Afig on ea
h site i on the latti
e is isomorphi
 to a d�d,full matrix algebra, d 2 N being independent of i. On ea
h site i 2 Z�, Afigis generated by fermion operators ai, a�i , and spin operators represented bythe Pauli matri
es �xi , �yi , �zi whi
h are even elements 
ommuting with allfermion operators.)Let �t (t 2 R) be a one-parameter group of �-automorphisms of A. Astate ' is 
alled an (�t; �)-KMS state if it satis�es'�A�i�(B)� = '(BA)for every A 2 A and B 2 Aent, where Aent denotes the set of all B 2 A forwhi
h �t(B) has an analyti
 extension to A-valued entire fun
tion �z(B) asa fun
tion of z 2 C .Our dynami
s �t is assumed to be even, namely �t� = ��t. We alsoassume the following (I, II) in order to relate �t with some Æ 2 D(Alo
).(I) The domain of the generator Æ� of �t in
ludes Alo
.(II) Alo
 is a 
ore of Æ�.The next statement asserts that for even dynami
s �t any even KMS
annot be de
omposed into non-even KMS states whi
h are lo
ally thermo-dynami
al stable, 
alled LTS (a kind of variational prin
iple, minimum freeenergy 
ondition for open systems). 4



Proposition 2. Let �t be an even dynami
s satisfying (I, II) and let 'be an arbitrary even (�t; �)-KMS state. For I 2 Flo
, let ~�t denote theperturbed dynami
s of the given �t by the lo
al Hamiltonian H(I). Let � bethe potential indu
ed by �t and ~� be that for ~�t, whi
h is 
on
retely givenas ~�(J) := 0; if J \ I 6= ;; and ~�(J) := �(J); otherwise: (3)If the odd part of the 
enter of ', equivalently that of '�H(I), is non empty,then the indu
ed noneven (~�t; �)-KMS states  and  � violate ( ~�; �)-LTS
ondition.5 Con
lusionsWe have shown that the univalen
e supersele
tion rule is always satis�ed inour formulation of SSB that respe
ts a given quasi-lo
al stru
ture. We haveshown that if there are noneven KMS states, then they inevitably invalidatethe lo
al thermal stability 
ondition. It 
an be said that fermion gradingsymmetry breaking, if it would o

ur, is pathologi
al from a thermodynam-i
al viewpoint.Referen
es[1℄ O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Sta-tisti
al Me
hani
s I and II. : Springer-Verlag, 1979 and 1981.[2℄ Haag, R.: Lo
al Quantum Physi
s. : Springer-Verlag, 1996.[3℄ J. Manu
eau and A. Verbeure, Commun. Math. Phys. 18(1970).[4℄ G. C. Wi
k, A. S. Wightman and E.P. Wigner Phys. Rev. 88, 101(1952).
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