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1 Abstract and Introduction

The quantum algebra U, (g) := (e;, fi, qh>ieI (I ={1,2,--- ,n}) which was introduced in the study of solvable
lattice models is applied to the reserches of mathematical physics and plays important roles. The nilpotent part
Uy (9) := (fi);er of Uy(g) has a crystal base B(co) and the irreducible integrable highest weight representaion
of U,(g) also has crystal base B(\) which were constructed by Kashiwara [K1].

The crystal base has been realized by several methods but it is not so easy to obtain the explicit form.
Polyhedral realization of crystal bases is one of the methods for realizing crystal bases explicitly, which was
introduced by Nakashima and Zelevinsky [NZ]. We can describe a vector in the crystal base B(oo) as a lattice
point of certain convex polyhedron in an infinite Z-lattice by this method. This method can be applied to
the crystal base B(A) of the irreducible integrable highest weight module for symmetrizable Kac-Moody Lie
algebras.

In this paper, we introduce the notion of the polyhedral realization and recent results.

2 %

FTRAFEHOBEE LT L. &TEH Uyg) = (e, fi,0")icr/Q(q) 1F Kac-Moody Lie %4 g @ universal
enveloping algebra @ g-analogue (U(g) ~ Uy(g)) T g — 1 DR T Kac-Moody Lie f{EMME SN 5. &
FroRBGEm (MHEIFRH. Bav o1 NRB) & g 2 generic D5 Kac-Moody Lie fREOFRHGm & R U (FHI.
HBRK It Kac-Moody Lie RIS 2 EFHEO A RRITEIIE L(N): Verma module @ simple quotient (\:
dominant integral weight) & [@%) T 50, B O—DIFEMILEOFEENDH L. FEREE L L. ¢ — 0 DR
ICBWTHEDIL U, (9) & ARG Y =4 bR V() ISFET SMHEEORGEERTSH V. RIS & - TR
Iz, ZoHKEITH BRI K > T D ¢ I TOHEIK (global base) 12 H ED | i ¢ — 1 IR L
LTHHL .

3 @EEEE (crystal base)

22 TR BICHE R OER LR S BB 5. M % Uy(g) DAHHER LT 5. (EED ue My (A€ P)
By € ker e; N Mygna, H LT u= 30,00 fun (S = iy, [ i= 5=y, gy i= g0 ) 2109
Fore o, ZoL SHIFIERSE &, fi e End(M) (i€ ) ZLATFTCEHET S ¢

€;u = Z fi(nfl)un, ﬁu = Z fz-(nﬂ)un.

n>1 n>0

UTFA={f(qg)eQq):flq)1d ¢=0TIEAl} 7 5.
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Definition 1 (}FREEK).

# (L, B) e[ RE M OFEEEK L BILT 2z 2 & ThH o

i) L3 M o AEFSIETM=Q(q) ®a L.

it) B 13 Q N7 MVZER] L/qL DX,

iii) L= ®xepLy, B=UrepBr. Z2C Ly:=LNM,, By :=BnLy/qL.
iv) &L C L > f;L C L.

v) &B c BU{0} 7> f;B c BLU{0}.

vi) u,v € BITHR LT fiu=v <= &v=u.

(
(
(
(
(
(
SZTuy B V) oEmT=A MXT RLe L

Z Afiz"'fhu/\a B()‘) ::{fiz"'.fil u) mod qL()‘) D 617120}

i;€1,1>0
YBL. UFOEMERD :
Theorem 2 ([K1]). # (L(\), BO\) 13 V(\) M.
¥ 1[FRIC &, fi € End(U; (g)) ASEHTX

L(oo) = Z Afufnuoo (uooiﬁlz;c)v B(oc0) :{fllﬁluoo mod gL(o0) ZJELZZO}

i;€1,1>0
LB e, Al (L(oo), B(00)) 13 Uy () OfEEEEKICARS ([K1)).
Theorem 3 ([K2]). alfENfm ™Y =4 NRE V) IHL TH LG5 G 135 > T
{G(b) : b€ B(A)}
T V() ORE. ZoREE V(\) OKBRREEE (global base) & .
Theorem 4 (5> VIVE&). U,(g) I0EF Vi, Va IS L (L1, B1), (L2, B2) # ThZThoffREEL T4, S861C
L:=Li®4Ly, B:=B ®By:={b®@by:b; € B;}

YL ueBi,ve By ICRL @i(u) :=maz {n>0: fru#0}, e(v) :==maz {n>0:eMv#£0} £T5¢&
(i) (L, B) & W ®Q(q) Vo OB,
@wﬁwa®u®v«@¢miqu%bné

- {ﬁu@v vi(u) >ei(v) D& F,
filu®v) = N
u® fiv pi(u) <egi(v) DEF,
o) = {éiu@)v vi(u) > ei(v) D& F,
u®eév pi(u) <eg(v) D& E.

Definition 5 (J URAZ VTS5 7). #EREEE B 07 )V AZNVTT 7 2id, LTFOBAITEZ s bt sHm
T57CH5:
by L>b2 < by = fzbl (bl,bQ S B)

Remark 6. F5G53EE B A S@fE” 21X, B OV U RAAI VTSI W7 ThHhir 2.

Example 7. GIRIRTC Uy(sle) MEE V) (dimV, =1+1) OV VZAZ VT T 73 1+ 1 {HOtEHCTLATTE A
5N ¢




Definition 8 (2 Y R4 V). £E B2V AZ VLT ie T ICHLT
wt: B — P,
gi:B—ZU{-00}, ¢;:B— Z{-cc},

& :BU{0} — BU{0}, fi:BU{0} — BU{0},
&(0) = fi(0) =0
LW EENH > T UTOWEERZT I TH5 :

@i(b) = €i(b) + (hs, wt(b)),

wt(fib) = wt(b) —a; if fibe B,

by = by <= fiby = by (b1,by € B),
gi(b) = —00 = &b = fib=0.
Remark 9. fEFIEIE 7 U 2 Z VOWE &7 .
Example 10. i € J1CXH LT, By :={(z); :  €Z} ZUTDLEIELZTLL B ZZUAZNTHD :
wt((x)i) = woi, & (x)i = 6ij(x+1)i,  fi)i = 6i5(x — 1),
gi((2)i) = =z, wil(x)) =z, &((x)i) = —00 ¢;((x)i) =—00 for j#i.
CZDEEB, DOV VAINT T IFLNTFDL DI85

7
rEL. T @ _ @ (te€Z). ZZICB, & Z 1AL LTIH% L,

Example 11. Ry := {r\} (A € P) Z—t R D2EET wi(ry) = A, i(ry) = —(hi, N), pi(ry) = 0,
ei(ry) = filra) =0 LEDDLE R\ IZVURINLTHS.

Example 12. index OMERF] 1 = (- is,i1) DIROEM (A) Zilil=T LT 5
(A) i #ip1 and ${k|ip =i} =00 for any i€ I.
D E
7% ={ (- a9, m)ia; €L ap=0(k>0)} (C--®B;, ®B;,)
LISHTBEL 7227 U 22 )V ofiE 2R (FElING ). & 61
ZPN:={(,xe,m1,m\):2;€Z, 2, =0(k>0)} =Z°@R\ (C---®Bi, ® B;, ® Ry)

LISHIBEL 7227 ) 27 VoG Z >, AL L UL Z™ & ZRN IZEL W, 2027 U 27 )V ofkdEiiai
5ZEIERTD.

4 REEEDOEIRLH

[KN] iIZBWTHR, L An, By, Crn, Dy, BOwfEn Y = A M REOFEEEEK B(A) @ semi standard
tableaux IC LS KHE G572, 22T A, BICOWTEFHIZIERS. X := 37" | A (N € Z>o, A;: fundamental
weights, i € I) & §5& B(\) & shape 2 (my,ma, -+ ,my) (Mg >me >+ >my) Centry A¥1,2,-+- n+1 D
semistandard tableaux DEE T, IROFM 2T ODEELVY mi—mae = A\, Ma—Mm3 = Ao, -+ , Mp_1—My, =

)\n—lamn = Ap.



Example 13 (Az-case). A=2A; + Ay 95 B\ IFLLTFTHERAONS ¢

[1]1]1] [1]1]2] [1]1]3] [1]2]2] [1]2]3]
2 ? 2 ? 2 ’ 2 ’ 2 ’
B(\) = (1[3[3]  [afafa]  [xfaf2]  [1]z2]3] [1]2]2]
[1]2]3] [1]3]3] [2]2]2] [2]2]3] [2]3]3]

e Tableau &9 L O7 ¥ VIVFE Y BARIYICFLul T & % @ T Littlewood-Richardson rule b5t TE 5 ([N1]).

5 HREEOSEAERR

KO ZEIRFR & 13 5 XOMIE AR TAE R —IRAERRTED S N fEko, BHE & L Ot
JEE % BARRICERT 5 FHET 1997 4RI S & Zelevinsky [NZ] 12k > CGEA STz, —fi% D Kac-Moody # o £
FHICHEICTE L FETH S.
Known results
- B(oo): gt A, B 771 v Afll_)l B, rank 2 —fi% (F 8. Zelevinsky [NZ] 1997)

B\ : d# A, B 774> A AL rank 2 % (185 [N2] 1999)

New results
* B(OO), ( ) . WJ&FﬁU%/g%iﬁﬁ%ﬁE@ (Bn; Cnv Dn; E67 E7a E85 F4 [H]‘] 2005)
CEFHOZHEIOR © il A, B rank 2 —f% (7 = A MIEAFEH Y [HN] 2005, [H2] to appear)

- ZF
eB(00) DZIHRTFIR
s

ZTClE B(oo) OZHEAEFROWRERELENT S, £ 27V AZ NV B ={(2); |2 €Z}=Z (i €1)
L CUAT O DIABRDEEN SN TN S ¢

U, : B(o) — B(00) ® B Uso — Uso ® (0);.

Z 2 CHROEM (A) Rl index DRI L= (- ip, i) (ix €1) LV U, & 0 IS > THREVR LIRS
% L LAF OMOiA LG5 (R OMDIAA [K3]) :

U, : B(o) — B(x)®B;, — B(0)®B;, ®B;;, — -+ — B(x)® - ®@B;, ® - ®B;, B;, X7
(Uo — (+++,0,0), Z%°:={(--+,m2, m1) | 2; €EZ, z, =0 (k>0) }).

o LA & 13 Image ¥, % BARMNCER T 2 FHEDO—DTH H.

Example 14 (As-case). v:=(---,3,2,1,3,2,1) &5 &

:CIZO’
Im(\yb): fGZOO| 1'2233420,
x3 > a5 > w7 >0, TOMD 2; =0

Z Z TR OHED Z O ImV, (2 B(o)) Zitidh T 572912 B(oo) O HKRF R AT 5 (INZ]). &4
(A) #5727 index ORI o := (- ig, -+ ,i0,41) ZEEL. k> 11T L

K= min { G ik =5 (k<) },
K o= max {jlir=14; (k>7)} (7220 B EELRVEEE L =0)

EBL QT MVER QX ZLATFTED S :

Qoo::(@(g)ZZoo:{f:("'7x27x1)|$j€(@7 l‘k:()(k>>0)}



F72 Q® EO—WIER Bi() (€ Q™) AT TED D :

Be(@) = x+ Z (Pigs 00, )Tj + Tpia -
k<j<k(+)

2D (%) T o(T) = 35y prr (pr € Q) ICHT 2 XMEME S, ZUTCED S :

©— orB if o >0,
Sk () = ,
© — opPr— if or <0.

Example 15 (A43-case). ¢:= (---,3,2,1,3,2,1), o =1 T H&

Si(z1) = x1 = P1(&) = 21— (v1 — 22 +T4) = T2 — T4,
S251(x1) = o — x4 — P2(¥) = wo— x4 — (T2 — T3 — T4 +25) = T3 — Ts,
S38281(x1) = w3 — w5 — 33(F) = w3 — a5 — (v3 — 25 +76) = —T6-

(v
(v
o

E ={8j - Splzjo) [1=0, jo, -, i =1},
Y, ={ZeZ°(Cc Q)| ¢ >0forany p € Z, }
LED L. £ index OEERF , 1TH L
D i=min{ klik=j} (GeT)
LD LT O & 9 € (P) i
(P) @, >0 forany p€=,.
ZDEE. LIFOEEMNKLT S ¢
Theorem 16 ([NZ]). ¢ 354 (A), (P) ZilizT T4, CoL s
Im (9,) (2 B(x)) = %,.
2O, & IHHT S Bloo) DLHERETR & IES.
Remark 17. Theorem 16 £ V. B(oo) ®DEBMEZ RO HI121T B, B, OEKELZRONT LN L350 5.

Remark 18. ZHAFRRICBWTESMIC 0 Tz, O DF Y Bloo) Zitih T 272010082, HR
OYDIABTHN 7 ) AZ )V B, OF > VEOERIL. HBET 5 Weyl BEORRTORIITEHELWZ LAy
MoT0d, 774 VEIR—RD Kac-Moody BLDGE. fERR(E D7 > ) VIR LB b .

UFg BB ETE. o= n,--+,2,1,--- n,-,21) (n: HIVE ATHDOH A X) LED., ZD L 1K
L € Z> @ index % Tji = T(j—1)n+i @iﬁmf(k@i ) b:{ﬂ'”’ﬁ\}‘{é :

Zi" = ( . 7Ij;i7 cee ,1‘2;2, 562;1, :Cl;ny e ,1‘1;2, 561;1) e ZL[A], f:f:[/ ’L ¢ [l,n] 0)<‘: %Li SCj;Z' = 0
Z 2T B, MOGEORREMNT 5.
Theorem 19 (B,,-case). B(co) DZHAEFRIFLAT TH S =
Ty = 0 fO’f’ .772 ¢ [1,71],
Ti > Toi—1 > - > 2120 for 1<i<n—1,
:Cj;nzl'jJrl;nfl ZZZ‘n,]ZO fOT 1§]Sna

Tjn—j1 2 Tjn—j+2 = = Tjm 2 0 for 2 < j <n.



B(\) oZ kTR
Z 2Tl B(\) OZEERFROE R EBBIELRNT 5. B(\) OBNITTE uy £ T 5.~ bbb ) AY
V Ry = {r} IS8 L TLAF OBOARZGL

Qy @ B(A) — B(0) ®@ Ry ux — Uso QT
Z DEDIAS Q) CHHROHEDIALR U, 5 L AT D unique iR DIALREE S

¥} . B(\) < B(x0)®@Ry — Z®® Ry (=:Z%[\)

L

Uy U ®Tx — (- ,0,0) 7.
22T Y A NVOOAB DB ImP) (2 B(\)) ZFdh T 572012 B(\) OZHEEFRE T 5 ([N2]).

S0 (A) BT index QBRI L= (- ig, - is, i) ZEEL kO, kO, Q® BRiobo T 5. Q© F
DT B () (T € Q©) AT TEDS

l(c"")(f) = ap+ Z i, @i, )25 + Tpch

k<j<k(+)
(7)(33') = T+ Zk<*><j<k<hika0¢ij>xj +a, if ) >0,
k = . )

= (hi, A) + Zl§j<k<hik)aij>xj +xp if ) =

ZZTCIRICHEET S :
) = 8, B =B if K >0 (5.1)

Zo BH (@) #HOT o@) =c+ Yoks1 PrTr (60 € Q) I DK EUERSR S), ZLATTED S -

o — @kﬂ if o >0,
Sy () = . (5.2)
- wkﬁk if pr <0.

Z 2T index OHERF o 12X L

D s =min {k|ir=43@Gel},

)\(J)( 7) = (hi,, A) — Z (g, 0viy )1 + 2,6
1<1< (@)

EED

=/

EN:=E UZ
:{Sl SI (x_]o “20 jOaa]lZl}U{Ssz; (m)( )lme[ jla' ajkzl}a
S A s =A{T € Z [N [o(¥) = 0 for any ¢ € E,[A]}

E/::{Sl S/ m)()|mela]15"'7jk21}a

LHEDDL. 2T (5.1), (5.2) 10k V. K (P) i T KL TUE E, 13X B(oo) ODZHEEERTEDIZLD L
BLWZ LICHEET S, 2oL SUTOEEMKLT S ¢

Theorem 20 ([N2]). (---,0,0) € L[\ THL2ETLH. 2oL
Im (W) (2 B(V) = SN
2o N[N & L ISHBET S B(\) OZRER LS.
Remark 21. Theorem 20 £V B()\) OEMIEE KD H121% 2N\, B,[\] OEMAEEEZ RKONIT LN L2 n 5.



UTF g BB 95, o, ZIFEHObD LREFEOb DTS, 22T

:{S_;L Sél(zk,1)|k > 17 jlv"' 7jl > 1}U{S_;k SQIA(m)(f) |m € 17 jlﬂ"' 7jk > 1}3
£ =7 € Z] | 0(@) > 0 for any ¢ € 5,1\

YiE® S L NN 1 B OSEKFRE RS,

22T By BOBBORREMNT 2. BEO = (2, 10,0,0,--0) (12 1, py € Z) WKL p ¥
admissible pattern T 5 LIZLAT 2{fi/l=72 & TH 5 :

IN
=
IN

n,

IN

1
i admissible <= {

0 < g pr—1—1 for2<k<I.

F O T2 DIROFEE LT 5 ¢
Xj;i — 2‘7)]’;1’ lfl 7& n,
Zjin if i = n.
Theorem 22 (B,-case). A :=>." | NiA; (A\; €Z>¢) £T5. 2D E B(\) ODZMHERRITILUTTHS :

zjﬂ' = 0 fOT ]aZ ¢ [Ln]a
Ti > Toji—1 > - > T1 20 for 1<i<n—1,

Tj:n Z Tj+1m—1 Z e Z Tn;j 2 0 fOT 1 S] S n,

Tjm—jtl = Tjn—jq2 = - > Tj;n =0 for <j<n
o

Aitxjij—Tj01-5>20 for 1<i<n—1,1<75 <4,

l
An + Xg—y (Xk—1+uk in—pE Xk—l-i-uk ;n+1—uk) >0

U, o= (ua,pe, 5 14,0,0,--0) L. FNEFNDOI=1,2,-- n XL p: admissible.

6 A
Litllewood-Richardson rule

RS ERIOT vV VIEL. BRI RBLEOEM L AR 2 6N THD. Lo OEEE %
Littlewood-Richardson number &9 (¢, : V(A) @V (v) OEFIES V(p) OEWEE). 2 2T dominant integral
weight A\ 1%L

“VNg: VON) T =A K DT =A NEER,

cvi=3 0 oy (A HERY = A N ny € Zso, i€ 1),
VN = {veV(\g:eTv=0foranyicl}
ET5H, ZOLIRMBAOSNTND ¢

Fact 23.
A, = dim V(N)u—v, .

F7=. global base DHE L L TIRBEFI 6N TS ¢



Proposition 24 (10R). fEED i€l & neZxo ICHL
{ve V) ety =0} =Q(q) @ G({b € B(\) : &b = 0}).

FoTERD2ODEENS, & Fv =" n ITHL

L.7=A W pu—v, 2. (0) <n;foranyiec I
DEM & IZT be B\ o cH5EA6N5.
KB 1, 2 1FEDIZHEEFRRITHPAL Z e TE L. LERRTED S5 NI HBOBHS OB LA 2 2
LIC& Dy, oFtdlEIE A, BINIOWTE Gelfand, Zelevinsky [GZ] 7%, £7z B,. C,. D, %3 Berenstein,
Zelevinsky [BZ] 23T\ 50%, ZEAFRREHWS & A2 &4 BHA o Littlewood-Richardson number
MERTEL Z LI d. SROFEL L UIT 74 VROZHRFREZRD L Z &R, LV 0 OBERFHEO
MR OZHETIRE RO L Z e ENET o ND.
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