Enhanced binding for N-particle system interacting with a scalar bose field
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We consider a system of an N-particle system interacting with a scalar bose field for N > 2.
For simplicity, we don’t consider the statistics(bose and fermion statistics) for the N particles.
The N particles moving on R3 under an influence of an external scalar potential V : R? — R.
The Hilbert space for the N particles is L?(R3") and Hamiltonian for the N particles is defined
by
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where m > 0 denotes the mass of the particle, (z1,...,zyx) € R3 is position of the N-particles

and A; is Laplace operator on x;. In the Hamiltonian H,, there is no internal force between
the N particles. Namely, in the Hamiltonian H,,, the N particles move independently each
other. The N particles should interact each other through a bose field. In this report, we
assume that the external scalar potential V is relatively compact with respect to —A and
sufficiently shallow such that H,, has no eigenvalue:
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Next, we suppose that each particle interacts with a scalar bose field. These particles inter-
act each other through the bose field, although any particle can’t interacts the other particle
directly. Under this situation, the N particles interact attractively and the N-particle system
including the bose field should have a ground state:

N-particle 4+ bose field

The phenomena like this is called the enhanced binding.
In the following, we give the precise definition of our system. The particle Hamiltonian H,,
is self-adjoint and bounded from below because V is relatively compact with respect to —A\.

!This report is based on the joint work with Fumio Hiroshima(Kyushu University).
2This research was supported by Japan Society for the Promotion of Science(JSPS).



Hilbert space for the scalar bose field is given by

Fp = é lé L*(R?)

n=0 Lsym

: (2)

where ®g,, denotes the n-fold symmetric tensor product with ®2ym := C. Any boson state is
described by a unit vector in F,. For any f € L?(R?), the creation operator a(f)* is defined

by
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where S,, denotes the symmetrization operator. A special unit vector € := (1,0,0,...) € Fy,
is called the vacuum vector. a(f)* is a closed operator acting on Fj, and its adjoint a(f) :=
(a(f)*)* is called the annihilation operator. One can easily show that all annihilation operator
vanish the vacuum: a(f)2 = 0. Obviously, a(f)* is linear in f € L?(R3) and a(f) is antilinear
in f. We informally write as follows:

o) = [ Ik alf)= [ 0 atk)d ()

It is known that the integral kernels of a(f)* and a(f) satisfy the canonical commutation
relations:

la(k), a(k")] = 6(k = &), [a(k), a(K))] = [a(k)", a(K")")] = 0. (7)

The Hamiltonian for the free boson is defined by

Hy = /R Ikla(k)*a(k)dk. (8)

Hy is a nonnegative self-adjoint operator on F, and the vacuum vector € is a unique eigenvector
of H f-
The Hilbert space for the total system is defined by

H:=L*(R*N) @ Fy, (9)
and the Hamiltonian for the NV particles and the bose field is defined by
H(k):=H,®I+r*H; @1 + rHy, (10)

with

N
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where o € R is a coupling constant, x > 0 is a scaling parameter and \e L?(R3) is a function.
Typical example of \ is the function |k|~/ 2xa.A (k) where x4 4 is the characteristic function



of {k € R%la < |k| < A} and 0 < a < A are positive constants. In the Hamiltonian H (), the
self-adjoint operator H, ® I + K2H 5 ® I is regarded as a unperturbed Hamiltonian, and xHy
describes the interaction between the N particles and the bose field. It is known that the self-
adjoint operator Hy is infinitesimally small with respect to the unperturbed Hamiltonian, and
hence H(k) is self-adjoint operator. Note that, since H, has no eigenvalue, the unperterbed
Hamiltonian has no eigenvalue. In the total system, there is no direct interaction between the
N particles, but the N particles interact each other by the bose field. The effective potential
between the N particles is given by:
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So we define the effective Hamiltonian for the N particles as follows:
Heg == H, + Veg. (13)

For a self-adjoint operator T which is bounded from below, we say that T has a ground
state if and only if inf o(T") is an eigenvalue of T'. In addition, when info(7") is an discrete
spectrum of T', we say that T has a discrete ground state.

We set two assumptions:

[V] There exists a constant a. > 0 such that Heg has a discrete ground state.

[L] (i) A is a real function and |k|~'/2X € L?*(R3). (i) There exist an openset S C R3
such that S = supp A and A is continuously differentiable in S. (iii) For all R > 0, the
openset {k € S||k| < R} satisfies a cone-property. (iv) For all p € [1,2) and all R > 0,
IVA| € LP(SR).

Under this conditions, the enhanced binding occurs:

Theorem 1. Let |k|~'A € L%(R3). Assume [V], [L]. Fix a sufficiently large . Then there
exist a constant o, for a. < |a| < a.(k), H(k) has a ground state, where a.(k) is a constant
but possibly infinity.

The scaling parameter « in Theorem 1 can be regarded as a dummy and absorbed into m,
V and \. We divide H (k) by x%:

N
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H:=>)" <—%Aj+V(xj)> QI+ 1@ H;+ H = rk2H(k), (14)
j=1

where = mk2, V = V/k and H is defined by H; with A replaced by 5\/ k. Hence the

condition that « is sufficiently large implies that the mass of the particle is large, the external

potential is shallow and the coupling function is small.

Remark 1. If there is no interaction between particles, the N particles is influenced only by
the external scalar potential V. In this case, a shallow potential V' can not trap these particles.
But if these particles attractively interact through an effective potential derived from a scalar
bose field, particles close up and behave just like as one particle with mass Nm. This one



particle may feel the force —NVV. If N is large enough, this one particle feels the potential
NV strongly, and finally it will be trapped. Theorem 1 justifies this intuition.

Outline of proof of Theorem 1
We define a unitary transformation 1" as follows

N
T :=exp ( - i% Z 7Tj>, (15)
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As a first step of proof, we transform H (k) by T

T'HK)T =Hg @I +r*I® H; + H'(k), (17)
where
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This transformation is a key of the proof. Note that the last term in H'(k) is a constant and
the other term in H'(k) is small if « is sufficiently large. Next, we set Cy := {1,..., N} and
for 8 C Cy, we define

HO(f) := ﬁz(—ivj@@f—%5]-)2+n21®ﬂf+%ﬂ(ﬁ)®1, (20)
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HY(8) =H(B)+ Y _V;®I. (22)
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H°(3) and HY (3) are self-adjoint operators acting on L2(R31°) @ F,. HO() and HY (B) are
cluster Hamiltonian for a cluster 3. We set
EV (k) :=info(HY(Cy)), EY(x,p):=info(HY(B)), (23)
E%k, B) :=inf o(H°(3)), EY(x,0):=0. (24)
The lowest two cluster threshold XV (k) is defined by
=Y (k) == min{EY (x, B) + E°(k, )18 G On}. (25)

To extablish the existence of ground state of H(x), we use the next proposition:
Proposition([0]). Let XV (k) — EV (k) > 0. Then H (k) has a ground state.

In order to use this proposition, we need the condition [L]. Finally, we can prove Theorem 1
by estimating the lowest two cluster threshold XV (k) and the lowest energy EV (k).



In the following, we explain the examples of V' and Vg in the condition [V]. Let

N ] N
RV (a) == Z (—Aj + V(:L'j)> + o? Z W(xj — ), (26)

=\ 2m i
which acts on L2(R3Y). We assume (W1)-(W3) below:

[W1] V is relatively compact with respect to the 3-dimensional Laplacian A and —A/2m +V
has no eigenvalue.

[W2] W satisfies that —oo < W(0) < eTS[ inf W(z) < es‘sl. inf W (z) for all € > 0.
x|<e T|>€

[W3] —A/(2Nm) + NV has a discrete ground state:

1

1
info(———A+N (=
m 0< * V) < "dls°< INm

A+NV). 2
N + v> (27)

The following theorem ensures that the potentials which satisfy the condition [V] exist:

Theorem 2. Assume [W1], [W2] and [W3]. Then there exists a. > 0 such that for all o with
la| > ae, bV () has a discrete ground state.

Remark 2. The condition [W1] means that the external potential V' is sufficiently shallow
and can not trap the particle. The condition [W2] means that the internal potential W (z) has
the lowest value at the origin z = 0 and W (0) is finite. Namely, W (x; — 2;) is an attractive
potential. [W3] implies that the one body Schrédinger operator with mass Nm and potential
Nm has a discrete ground state.
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