THE COMPLETE MODULI SPACES OF DEGENERATE
ABELIAN VARIETIES

IKU NAKAMURA

ABSTRACT. For any positive integers g,d, there is Alexeev’s complete
moduli AP, 4 of seminormal degenerate abelian varieties, each coupled

with a semiabelian action and an ample divisor [A02], while there is

our second geometric compactification SQ;‘??? of the moduli of abelian

varieties [N10] for any finite symplectic abelian group K. We prove that
if |[K| = N? > 1, there is a (N — 1)-dimensional effective family of closed

toric toric

immersions of SQi’K into APy n. We also prove SQi’1'° ~ AP, ;.

1. INTRODUCTION

Let K be a finite abelian group with symplectic form ey, and G(K) the
nonabelian Heisenberg group associated with K. The polarized abelian vari-
eties with classical level-K structure admit level-G(K') structure in the sense
of [N99]. For K sufficiently large, the fine moduli Ay g of g-dimensional
abelian varieties with level-K structure is compactified into SQg4 x over
Z[(n,1/N], the "fine” moduli of GIT-stable degenerate abelian schemes
(called PSQASes) with level-G(K) structure [N99].

Another compactification SQ;"’? of Ag i is constructed in [N10] as the
”coarse” moduli of reduced degenerate abelian varieties (called TSQASes)
with level-G(K') structure. There is a bijective morphism sq : SQ;‘?EC —
SQg,x by [N10], which induces an isomorphism between their normaliza-
tions. In this sense, SQ;"’? is quite similar to SQg k-

Alexeev [A02] constructs a complete moduli AP, 4 of seminormal de-
generate abelian varieties, each coupled with semiabelian group action and
an ample divisor. It is the compactification of the coarse moduli AP,
of pairs (A, D) with A a g-dimensional abelian variety, D an ample divi-
sor with h?(A, D) = d. We note that the dimension of AP, 4 is equal to
g9(g+1)/2+d — 1, while the dimension of SQ;‘?EC is equal to g(g +1)/2.

The purpose of this article is to define morphisms from [N10] to [A02],
and consequently to indirectly define maps from [N99] to [A02]. We prove
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Theorem 1.1. Let K be a finite symplectic abelian group, and N = /| K]|.
Then there exists an (N — 1)-dimensional family of closed immersions of
SQ;")}? into APy N parametrized by a nonempty open subset of PN-1,

Corollary 1.2. SQ;"){iC ~ AP, ;.

The present article is organized as follows. Section 2 reviews the functors
S Qg?;éc and ﬁgyd. Section 3 proves that any TSQAS over a scheme has
a canonical semi-abelian action. Section 4 proves Theorem 4.14, a more
precise form of Theorem 1.1. Section 5 discusses the one dimensional case.

2. THE FUNCTORS SQIR¢ AND AP, 4

Definition 2.1. Let H := H(e) := ®_,(Z/e;Z) (ei]ei+1) be a finite abelian
group of order |H| = N, K := Ky = H® HY, HY the Cartier dual of H
and Oy := Z[(n, 1N], (x a primitive N-th root of unity. We define central
extensions G(K) (resp. G(K)) of K by Gy, (resp. by un) with product -
and an alternating form ex on K x K as follows:

G(K):={(a,z,a);a € uy,z € Hya € H'},
G(K) :={(a,z,a);a € uy,z € Hya € H'},
(a,z,a) - (byw,B) = (abB(z),z + w,a + 3),
ex((z,a), (w, ) = B(2)a(w) L.
In what follows we denote (1,u) by w(u) for u € K. Therefore (a, z,a) =

a-w(a)- w(z). Let V(K) := Oy[HY] = On[v(x);x € HY] be the group
algebra of H" over Oy, on which G(K) acts by U(K);

(1) U(K)(a,z,a)v(x) := ax(2)v(x + o).

It is an irreducible module under both G(K) and G(K) [N10, § 4]. We
denote G(K) (resp. G(K), V(K), U(K)) by Gu (resp. Gu, Vi, Un) to
emphasize dependence on H. For any nonnegative integer m we define a Gg-
module V,,, by V;,, = Vg as a set, and U, (a, z,a)v(x) = a™V 1 x(2)v(x+ ).
Over Oy, V,, is an irreducible Gy-module of weight mN + 1, unique up to
isomorphism, and any Gp-module of weight mN + 1 is a direct sum of V,,
because U,,, = Uy on Gp.

Definition 2.2. Let (Z, L) be a polarized T-scheme. The set of isomor-
phisms ® := {(Ty, ¢g)}geg,, is called a Gy-linearization of L if

1. T, € Autp(Z) and ¢, : £ =T, (L) is a Z-isomorphism,

2. T, = idz and ¢, is multiplication by g if g € un,

3. Tyn = T,T), and ¢gp, = T by - o1 (Y9, h € G).
Then we say that £ is Gg-linearized by ®. If L is Gy-linearized, then £
is Gg-linearized for any subgroup H' of H. We say that L is strictly G-
linearized if there is no group H" such that H ¢ H”, H # H"” and L
is Ggr-linearized. In what follows, we simply say that £ is Gp-linearized
instead of strictly G -linearized if no confusion is possible.
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Definition 2.3. For a Gg-linearization ® of £, we define the maps 7 := 7g,
7% = 735 and p = pg : Gy — End (7.(L)) by

7(9)(x,€) : = (Ty(x), dg(2)C) € L, T%(g)(2) = Ty(w),
p(g)(e) L= T;—l(¢g(9))v (LL‘ €Z,(eLy,0c m(ﬁ),g € gH)

We see that 7, 7% and p are group scheme morphisms. We note 7(g) €
Autr(L/Z) is a scheme automorphism of £. Conversely if we are given a
group T-scheme morphism 7 : Gy — Auty(L/Z), then L is Gy-linearized.
See Lemma 3.6 for Auty(L/Z).

Definition 2.4. Let k be an algebraically closed field over On. A triple
(Po, ¢, 1) or (Po, Lo, ¢, 7) is a k-TSQAS with rigid level-Gy structure (or
abbr. a rigid-Gg k-TSQAS) if
1. Ly is an ample line bundle, Gy-linearized by ® = {(Ty, ¢4)}geqy
2. 7:=17¢ : Gg — G(FPy, Ly) is an isomorphism, where (P, Ly) is the
closed fiber of a proper flat family (P, L) over a complete discrete
valuation ring with generic fiber an abelian variety [N99, pp. 669-681],
[N10, pp. 74,78,79]
3. ¢ : Py — P(Vy) is a rational map such that ¢* : Vg ®o, k =~
H°(P,, Lo) is a Gy-isomorphism via 7,
4. p(¢,7) = Un ®oy k, where p(¢,7)(g) == (") ' pa(9)¢* (Vg € Gn).

It is clear from (2.4.2) that 79(Gy) = K(Py,Lo) ~ K.

Definition 2.5. Let T be any scheme over Op. The triple (P = T, L, ¢, T)
is a T-TSQAS with rigid level-Gy structure [N10, 5.3 (ii)] (or abbr. a rigid-
G T-TSQAS) if
1. 7 is flat with £ m-ample and Gg-linearized by ® = {(Ty, ¢g) }gecy
. T:=7¢: (Gu)r — Autp(L/P) is a closed T-immersion,
. ¢ : P — P(Vy)r is a rational map such that ¢* : Vg ®o, M ~ m(L)
is a (Gg)r-isomorphism for some trivial (Gg)r-module M € Pic(T),
- p(d,7) = (¢") ' pa¢* = Un ®oy Or,
5. any geometric fiber (P, Ls, ¢s,75) is a rigid-Gy k(s)-TSQAS.

Remark 2.6. For a T-TSQAS (P, L) with £ Gg-linearized, L is strictly
G -linearized iff h°(Ps, L) = \/|K]| for any geometric fiber (Ps, Ls).

W N

W

Definition 2.7. We define the functor & Q;")}éc from Op-schemes to sets by
SQZ?%C(T) = the set of T-TSQASes (P, ¢, ) of relative dimension g
with rigid level G -structure modulo T -isomorphism

See [N10, 5.11, (i)-(iii)] for T-isomorphism between (P, ¢;, ;). The con-
dition (ii) in [ibid.] is replaced here by ¢} = f*¢5. See also [N99, 9.17]

Theorem 2.8. S Qg?;éc has a separated reduced-coarse moduli algebraic space
over O, which we denote by SQ;")}?.
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Proof. See [N10, 11.4] for reduced-coarse moduli. We note that for any fixed
nonnegative integer m, any Gg-module of weight m/N + 1 is a direct sum of
a fixed Gg-module V;,, of the same weight. See Definition 2.1. Hence we can
apply [N10, Sections 5-11] to prove Theorem 2.8 without any restriction on
elementary divisors of K. The properness of the action of PGL x PGL [N10,
p. 123] is proved by reducing to the case where every elementary divisor of
K is at least 3. For this it suffices to prove the following

Claim 2.8.1. (cf. [N10, Lemma 6.7]) Let R be a complete discrete valuation
ring, k(n) the fraction field of R and S := Spec R. Let (Z;, ¢;, ;) be rigid-
G S-TSQASes whose generic fibers are abelian varieties. If (Z;, ¢i,1;) are
k(n)-isomorphic, then they are S-isomorphic.

Claim 2.8.1 follows from the following Claim 2.8.2 :

Claim 2.8.2. With the same notation as above, let (P,L) be an S-TSQAS
with generic fiber (P, L) an abelian variety. Then (P, L) is the normaliza-
tion of a modified Mumford family for the generic fiber (P, L,).

Proof of Claim 2.8.2. Let P, be the formal completion of P along F.
Since Py is reduced, by [SGA1, Corollaire 8.4], there is a category equiv-
alence between étale coverings of Py and étale coverings of P,,. Let n be
a positive integer prime to the characateristic of k(0) and |H|. Then it is
easy to see that there exists an étale HT/H ~ (Z/nZ)%-covering (PJ, Eg) of
(Po, Lo) such that K(PJ,LE) = HT @ (H')Y. Hence there exists a formal
scheme (Pflr, L',Eor) which is an étale (Z/nZ)9-covering of (Pioy, Lor). Then
there exists a projective S-scheme (PT, £T) algebrizing (Pflr, L',Eor) which is an
étale (Z/nZ)9-covering of (P, L) with L' the pull back of £. Tt follows that
(PJ,LI?) is a polarized abelian variety, (Pg,ﬁg) is a reduced k(0)-TSQAS
and PT is normal by [N10, 10.2]. Since n > 3, by [N10, 10.4] (P, £T) is the
normalization of a modified Mumford family for the generic fiber (P;, E;)
Hence the quotient (P.L) of (P, L") by (Z/nZ)? is also the normalization
of a modified Mumford family for the generic fiber (P, £,).

This completes the proof of Theorem 2.8. U

Definition 2.9. [A02] Let k be an algebraically closed field. A g-dimensional
semiabelic k-pair of degree d is a quadruple (G, P, £, ©) such that

1. P is a connected seminormal complete k-variety, and any irreducible
component of P is g-dimensional,

2. G is a semi-abelian k-scheme acting on P,

3. there are only finitely many G-orbits,

4. the stabilizer subgroup of every point of P is connected, reduced and
lies in the torus part of G,

5. L is an ample line bundle on P with h%(P, L) = d,

6. © is an effective Cartier divisor of P with £ = Op(0) which does not
contain any G-orbits.
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Recall that a variety Z is said to be seminormal if any bijective morphism
f: W — Z with W reduced is an isomorphism.

Definition 2.10. Let 7" be a scheme. A g-dimensional semiabelic T-pair of
degree d is a quadruple (G, P = T, L, ) such that

1. G is a semi-abelian group T-scheme of relative dimension g,

2. P is a proper flat T-scheme, on which G acts,

3. L is a m-ample line bundle on P with 7.(L£) locally free of rank d,

4. any geometric fiber (G, Py, Ls,05) (s € T') is a stable semiabelic pair.

Definition 2.11. We define the functor M, 4 from schemes to sets by

Mg q(T) = the set of g-dimensional semiabelic T-pairs of degree d/T-isom.

The functor ﬁg,d is a subfunctor of M, 4 of semiabelic T-pairs with
any generic fibers P, = G, abelian varieties. ﬁgd has a coarse moduli
algebraic space AP, 4 over Z by [A02, 5.10.1].

3. THE SEMI-ABELIAN GROUP ACTION ON A T-TSQAS

The purpose of this section to construct a semiabelian group action on
any T-TSQAS. We freely use the notation in [N99, Sections 1-3].

3.1. Notation. Let R be a complete discrete valuation ring with ¢ uni-
formizer, k(0) := R/qR and k(n) the fraction field. Let (P,£) the one-
parameter family of TSQASes over R such that the generic fiber P, is an
abelian variety, and the closed fiber Py of P is a TSQAS. Let Ay the abelian
variety part of Py, Ty the torus part of Py, X = Homy (T, Gy,), ¢ = dim T,
g" = dim Ay, g = ¢ + ¢” and Del = Delp the Delaunay decomposition of
Py on the lattice X of rank ¢’ and B the integral positive bilinear form on
X x X associated with Py, which we abbreviate as (z,y) := B(x,y). By
choosing ¢"®)w?® for w* by taking a finite base change of Spec R in [N99,
p. 671] we may assume that B is even, and r(z) = 0 for any = € X. This
implies that Py is reduced. Let T¢ := T* ® k(0) be the dual torus of Tp, and
Y = Homg(T¢, G,,) [ibid., p. 666].

Lemma 3.2. Let 7 € Del(0) and C(0,7) the closed cone over Rg generated
by 7. Let XY(7) be the sublattice of X generated by C(0,7) N X. Then

X/XC(7) is torsion-free. In particular, XC (o) = X if o € Del9)(0).

Proof. Tt suffices to prove X9(7)r N X = XY(r). We suffice to prove
X% 1r)rR N X C XY(7) because the converse inclusion is clear. Let f €
XC(r)rNX. Then there exists z € C'(0,7)NX such that z+f € C(0,7)NX.
Hence f = (z+ f) —z with x4+ f, x € C(0,7)N X. Hence f € X (), hence
XC(r)rNX = XC(7). O

Lemma 3.3. Let 7 € Del9' Y (¢), o; € Del¥)(¢) (i = 1,2) with T = 01N o
and Z(0;) = O(0;) the irreducible component of Py associated with ;. Then
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1. O(7) is a Cartier divisor of Z(0;) defined by a single equation (g, . =0
for some generator x; € C(c,—c+ ;) of X)X (1),
2. Py is, along O(7), defined by the single equation (z, Czy.c = 0.

Proof. By [N99, 4.9], Op, is isomorphic to

+
OPO,O(T) =04, [Cx,m Cy,c] z€C0,—c+oUo)NX,yeX(r) -

Since X/X(7) is torsion free in view of Lemma 3.2, X/X(7) is infinite
cyclic. Since the subset C(0,0;) + X (7) is a closed half space of Xg, we
can choose an element z; € C(0,0;) N X such that X/XY (1) = Zx; ~ Z.
By choosing in addition a Z-basis y; (2 < j < g) of XC(7), we may assume
(i) x; generates X/ X% (1) = X (01)/X% (1) = X%(09)/ X% (1),
(ii) =1 (resp. @2) and y; (2 < j < g) is a Z-basis of X.

Let M =3, 5(a(0i) — a(r),2;). Then M € Z from our assumption.
We prove M > 0. It follows from (i) that 1 + 22 € X% (7)gr N X, hence
71+ 29 € XY(7) by Lemma 3.2. Since z; € C(0,—c + 0;), there exists
rix > 0and 2\ € (—c+0;) N X such that x; =), r;22;x. For each A,

(a(oi), 2in) = (2in, 2ix) /2 > (a(04), 2ix)
by [N99, 1.3]. Hence (a(0;),x;) > (a(7),x;) where equality holds iff any
zix € T. Since z; is a generator of X/X¢(7), there is at least one z;y such
that z;y ¢ 7. Hence M > 0 and (4, cCpoc = qMClerm,c =0in OPO,O(T).

For any w; € C(0, —c+0;)NX with w; ¢ C(0,—c+7), there are a positive
integer n; and y; € X (7) such that w; = n;x; +y;, hence Cuie = Gt Cysre €
Op,,0(r)- Thus ¢y, c = 0 (resp. (o cCag,c = 0) is a defning equation of O(7)
in Z(o;) (resp. a defining equation of Fy). O

Definition 3.4. Let Sing (Fp) be the singular locus of Py. Let Q})O be the
sheaf of germs of regular one-forms over Py, and O p, := Homo Py (Q};O, Op,) =
Der(Op,). Then we define Qp, to be the sheaf of germs of rational one forms
¢ over P such that

1. ¢ isregular outside Sing (Fy), and it has log poles along the codimension-
one singularities (We say ¢ has log poles on Py for simplicity),
2. the sum of the residues of ¢ along any of Weil divisors of Sing (Fp) is
equal to zero. (These conditions makes sense by Lemma 3.3. )
By [Rim72, p. 112] the tangent space of automorphism group Aut(Fp) is
given by H%(P),Op,). We define @}L)O and Q}L)O by

@J]rgo = Homopo(ﬁpo,Opo), QLO = Homopo(@LO,Opo).

Lemma 3.5. Let Py be a k(0)-TSQAS of dimension g, Agy the abelian part
of Py, Ty the torus part of Py and X = Hom(Ty, Gy, (o)) the lattice of rank
g. Then
1. @}BO ~ O;‘%", Q}L)O ~ O;‘%", in particular if Py is totally degenerate, then
@J]rjo ~ X ®z Opy, QJ]rDo ~ XV @y Opy,
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2. HO(PO,@}O) ~ H(Ap,O04,) ® X ®7z k(0), which is the tangent space
of the action of O(c) for any o € Del9)(Py).

Proof. Let k = k(0). First we consider the case where Py is totally de-
generate, g = ¢’. There is an exact sequence 0 — Q}go — (Nlpo —- A -0
for some sheaf A with Supp (A) one-codimensional. The sheaf Op, is tor-
sion free because Py is reduced and Cohen-Macaulay by [AN99]. Hence
Hom(A, Op,) = 0. Hence @J]rgo is a subsheaf of ©p,. Let 0 € HO(PO,@JILO).
Then § € H°(Py,©p,), which is a global infinitesimal automorphism of Fy.

Let Z(o) be the closure of O(o) in Py with reduced structure. Since each
Z(0) (0 € Del9)(Py)) contains the torus O(o) ~ Gigk = Spec k[¢Z!,], the
restriction of 6 to O(o) is of the form 7

0
Qe ,oCe N
; A A 8(6/\,0'

for some ae, » € I'(O(0),Op,), where ey is a basis of X.
We shall prove that the restriction to O(7) (ae, 0)j0(r) Of @ey,o is inde-

pendent of o € Del. To prove this, it suffices to prove (Gey,o0)j0(r) =
(@ey,00)|0(r)- For any element w € ﬁpo, and any pair 01,09 € Del@ with
T = 01 Noy € Del9™Y | we have Resz(r) (W z(01)) + Resz(r) (W) 2(0y)) = 0.
Since 0 € @J]rgo, we have

012(01)(@|2(01) = 012(02) (W) 2(0))-
By Lemma 3.3 (2), we may assume z;, ey (2 < XA < g) is a basis of X =
XC%(0;), while ey (2 < A < g) is a basis of X“(7), where we may further
assume e; = x1 = —x9. Hence d{., »/Cey.0 € SNIPO for 2 < XA < g. Hence
we have (dey,01)0(r) = (Gey,00)j0(r) fOr 2 < A < g. By (3.4.2), we choose
w = dCs,.01/Car,00 = —ACr9.00/Ca0,00 € Qp,. Then we introduce a coordinate

on Z(02) as Cey 00 = C;;m to infer

W = dCel,U'l /Ce1,01 = dCel,U'Q/CGL(TQ?
whence (e, 0,)j0(r) = (@ey,00)|0(r)> hence (ae, o)j0(r) is independent of o.
Let Z be the union of all O(p) (Vp € Del®), Wk < g — 2). Then the
above proves @LO\Z ~ X ® Op,\z- This implies that @TO ~ X ®Op,. In
fact, let j : Py \ Z C Py be the inlcusion, ¢ € @LO\Z = Hom(QPO\Z,OPO\Z)
and w € ﬁpo. Then ¢(wp)z) € Opy\z =~ j«(Opy\z) = Op, because Py is
reduced, Cohen-Macaulay (depth g) and codimp,(Z) > 2. Hence ¢(w|p,\z)

extends regularly to Py, so that qb(SN)pO) € Op,, that is, ¢ € @LO. Since the
extension of ¢ to Py is unique by j.«(Opy\ z) = Op,, we see

o, ~ j*(@jjo\z) ~ j(X ® Opy\z) = X ® Op,.
This proves (1) in the totally degenerate case.
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Next we consider the general case g = ¢’ + ¢”, ¢’ > 0. See [N99, p. 678].
Let ey be a basis of X, o € Del¥), and O(o) is a Ty(o)-bundle over Ay,
where Ty(0) = Spec k[ gilo] ~ G Let 0 € HO(Py, @J},O). Then there exists
a closed subscheme Z of Py of codimension two such that the restriction of
0 to O(o) is of the form

0
0 + Qe ,oCe O A~
2 teleno

where 0/ € HY(©4,) @, H*(Py\ Z,0p,), Ca,exagi is a global log one form
exso

on Py, hence a., , € H O%(Py\ Z,0p,). Since Py is reduced Cohen-Macaulay,

H(Py\ Z,0p,) = H°(Py,Op,) = k, hence we have (1) and (2). O

Lemma 3.6. Let L be a line bundle on a T-scheme Z (viewed as a Z-
scheme). Then Autp(L/Z) is a group T-scheme over Auty(Z).

Proof. Let P be a P'-bundle P(Oz @ £) which compactifies £ along infinity
by Z*° =PO0® L) ~ Z, 7 : L — Z the projection. Let 0 be the zero
section of £, co = Z*° the infinity section of P. We recall Autr(L/Z) is the
functor from T-schemes to sets
U Autp(L/Z)(U)
— g 0); g € Autp(Z)(U) and ¢(0) =0

T\\9 ) ¢: Ly ~ ¢g"(Ly) fiberwise linear Zy-isom.

g € Autp(Z)(U) and ¢(0) =0
=1<(9,0); ¢ € Autp(L)(U) U-isom. s.t. m¢ = gm

¢ : fiberwise linear over Zy

where the product (g, ¢1) - (h, ¢2) is defined by (gh, h*¢1 o ¢3). See Defini-
tion 2.3. Since any automorphism of P! which fixes 0 and oo is linear,

Auty(£/2)(U) = {<g,w>; g < Autr(Z)U), $(0) = 0,4(o0) = ox } |

It follows that Autp(L/Z) is representable by the closed subgroup T-
scheme (denoted Auty(L/Z)) of Autr(Z) x Auty(P):

Autr(£/Z) = {(9,9);¢(0) = 0,9(00) = o0, M) = gr}.
This proves Corollary. O

Theorem 3.7. Let S be a scheme, (P = S,L) an S-TSQAS. Let ﬁp/s
be the sheaf of germs over P of relative rational one forms with log poles
(Definition 3.4), the sum of whose residues along any of one-codimensional
singular loci of the fibers is equal to zero, @L/S the Op-dual of Qp;s and
QJJFD/S the Op-dual of @}rg/s. We define Autg(P) to be the mazimal closed
subgroup S-scheme of Autg(P) which keep Q}L/S stable, and Autg(P)O (resp.
AutTSO(P) ) the identity component (resp. the fiberwise identity component,
that is, the minimal open subgroup S-schme) of Aut:rg(P). Then
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1. Autg(P) is flat over S, and the fiber (Autg(P))s has the tangent space
HO(P;, @}LDS) for any geometric point s of S,

2. Autgo(P) is a semi-abelian group scheme over S, flat over S, while
Autg(P)O s a semi-abelian group scheme over S, flat over S, possibly
with reducible geometric fibers.

Proof. Let s := Spec k(s) be any geometric point of S. From its defi-
nition Autg(P) is a closed subscheme of Autg(P), while AutTS(P)O hence

AutLO(P) is a closed subscheme of Autg(P) of finite type. Since Autg(P)
commutes with base change (because Autg(P) represents the relative Aut

functor), Autg(P), = Auty((Py). Hence (Autf(P)), = Aut]  (P;) be-

k(s
cause (U, o)y = QL . Tt follows that (Autl(P)) ® k(s) = Autly (P,).
The tangent space of (AutL(P))S equals HO(P;, @LS) by Lemma 3.5. ﬂ*@}/s

is a finite free Op-module of rank g by Lemma 3.5. Hence (W*@L/S)S ~
HO(G)LS/k(S)), hence (W*QL/S)S ~ HO(Q}LS/MS)). Hence (Autg(P))S is smooth
of dimension g, hence Autg(P) is Sreq-flat, hence S-flat because flatness is
an open condition. This proves (1).

Since AutL(P) is S-flat by (1), so are Autgo(P) and AutL(P)O. In view
of Lemma 3.5, (AutLO(P))s = Autz(()s)(Ps) coincides with the action of a

semi-abelian scheme O(o) on Py [N99, 4.12, p .680]. Hence AutLO(P) is a
semi-abelian scheme over S, which proves (2). O

4. THE CLOSED IMMERSIONS OF SQ;‘)}\}C INTO APy N

In this section we prove that there is a natural family of closed immersions
of SQ;OEC into AP, n parametrized by an open subset of P(V).

Definition 4.1. Let H = H(e) := ®]_,(Z/e;Z) (eilei+1) and let K =
H @ HY be an abelian group with the symplectic form ex in Section 2.
Aut(K, eg) is the group of automorphisms of K keeping the symplectic form
ex invariant. We call g € Aut(K, ek ) a symplectic automorphism of K. Let
Aut(K,ex) == Aut(K, ex)/ £ idg.

Definition 4.2. We define Aut.(Gy) to be the group consisting of all au-
tomorphisms of Gy which fix the center of Gy elementwise.

Lemma 4.3. Let m : Aut.(Gn) — Aut(K,ex) be the natural homomor-
phism. Then the following are true :
1. there is an exact sequence over Opys
0 — ker(m) — Aut.(Gy) = Aut(K, ex) — 1,
2. ker(r) ~ KY = Hom(K, G,,). This isomorphism is given explicitly as
follows: fory € KV, there exists t € K such that y(s) = ex(t,s) (Vs €

K). Let £(v)(g) := w(t)gw(t)™. Then &(v) € ker(n) and &(v)(g) =
[w(t),glg, £(V)(w(u)) = ex(t,u)g. Moreover (7)E(7') = &(v +/)-



10 IKU NAKAMURA

Proof. Since eg is the commutator form of Gy with values in the center,
it is invariant by Aut.(Gg). Hence any & € Aut.(Gy) induces a symplectic
automorphism 7(§) of K, which defines the natural homomorphism 7 :
Aut.(Gy) — Aut(K,ex). It is easy to see ker(r) ~ KV ~ K.

We shall prove that 7 is surjective. For n € Aut(K,ex), we construct
€ € Aut.(Gy) with m(§) = nover Oys. Let s,t € K, w(s) :=(1,s) € 16K C
Grr, and 6(s, ) 1= w(s + th(s) lw(t) " and £(s,1) = o(n(s),n(t) /(5. ).
Then ¢ € C%(K, uy), f € C*(K,un) and ek (s,t) = ¢(s,t)/é(t,s) by [M12,
p. 206, (d)]. Then ¢ and f belong to H?(K, ux). Since n € Aut(K,ef), we
have e (s,t) = ex(n(s),n(t)), hence f(s,t) = f(t,s).

Then we shall prove f = 0 in H2(K, uys). Now we choose a symplectic
basis e;, f; of K such that ex (e;, fi) = (5,5 ex(ei, f;) =1 (i # j), ex(ei, e5) =
ex(fi, fj) =1 (Vi, ), where e; and f; are of order d;, \/|K| = N =[], &

Then by the argument of [N99, 7.4, p.690], we can prove by the induction
on the number of generators of K that there exists y € C'(K, uys) such
that f = 0(x), that is, f(s,t) = x(s +t)x(s)"'x(t)~!. In fact, in the proof
of [ibid.] each time when the number of (symplectic) generators increases,
we need to multiply the denominator of the cochain y by the order (say
d;) of the new generator hence need to multiply the denominator of x by
N?% = (T]%_, 6;)% in total to define x, hence x € C*(K, uys).

By using x we define £(aw(s)) = ax(s)w(n(s)) (a € Gp,s € K). It
follows from n € Aut(K) that £ € Aut.(Gg @ Oys). The rest is easy. O

4.4. The action of Aut.(Gy) on S tonc Let € € Aut.(Gy). Since Uy 0§
is a representation of G of weight one over Op, it is equivalent to Uy over
Op by [N10, p. 88]. It follows that there is A(§) € GL(Vy), unique up to a
constant multiple, such that

(2) (Un 0§ A(E) = A(§)Un,  equivalently,
3) Un (&(a, 2, 0))w(B) = af(z)w(a + B),
where w(f3 A©vu(B) = >, apy(§va(y) € Vh. It is clear that

)

A(g) = A(§)A (5') in PGL(Vg).

Let p(§) be the automorphism of P(Vy) such that p(§)* = A(€). Let o :=
)b

(P, Lo, ¢, 7) be any rigid-Gy T-TSQAS, ¢(£) := p(£) 0 ¢, and 7(&) :=T 0.
Then o(§) := (P, Lo, #(£), 7(£)) is a rigid-Gy T-TSQAS.

Lemma 4.5. Let k be an algebraically closed field over Oy, £ € Aut.(Gr)
and o := (Py, Lo, ¢,T) € SQtOHC( ). Then the following are true :

1. fory € KY, 7(h) : 0 — a(&(7)) is an isomorphism for some h € w(K),

2. 0 ~0o({(—idg)), (see the proof below for £(—idk))

3. Suppose o € SQ;OEC(k‘) is generic. Then o ~ o(§) if and only if
§=E(v) or £ =¢£(v) - §(—idk) for some v € K.

Proof. First we shall prove (1). Let w(s) = (1,s) for s € K. For v € K",
then there exists a unique ¢t € K such that v(s) = ex(t,s) = [w(t),w(s)].
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Let h = w(t). We define £(y) € Autc(Gr) by £(v)(9) := hgh™" = [w(t), glg
where [w(t), g] € Gy,. Hence

Un(E()(9)Unr (h) = Un(R)Un(9g),

hence we can identify A(£(7)) = Ug(h). In view of Definition 2.3, Ug(h)
on Vy induces the translation 7j,-1 of Py. It follows that ¢(£(y))* =
?*(p(§(7)))" = ¢*Un(h) = T;_1¢no*, hence ¢ = ¢(£(7)) - Th, because both
¢ and ¢(&(7)) are the maps from Py to P(Vy) so that we can ignore the
unit ¢p. It is clear that 7(£(v)(g))7(h) = 7(h)7(g). It follows that the map
T(h) : (Po, Lo) — (Po, Lo) induces a Gy-isomorphism

0= (P07 Lo, b, T) = 0(5(7)) = (Po, Lo, ¢(§(7))7 7(5(7))

Next we shall prove (2). Any k-TSQAS (Fy, Ly) has an automorphism
invp, which is induced from the algebra endomorphism of R [N99, p. 670]
inv, : a(x)wd — a(z)w™ ", or in other words, induced from (—idz) of
an abelian variety Z := P,, the generic fibre of P in Definition 2.4 (by
choosing an even B, r = 0 in Subsec. 3.1 by some base change). Note that
—idx € Aut(K,ex) lifts to an automorphism invg,, as invg,(a,z,a) =
(a,—z,—a). We denote invg,, by {(—idx). The automorphism invp, gives
an isomorphism (P, ¢, 7) ~ (Py, ¢({(—idk)), 7(£(—idk))). This proves (2).

Finally we shall prove (3). If 0 ~ ¢(), then there exists an isomorphism
(f,0) : (Po, Lo) =~ (Po, Lo) such that (f,9)-7(g9) = 7(£(g9)) - (f,0) for any g.
It follows that f(Ty(z)) = T f(x) and 6(Ty(x))dg(x) = ¢¢(q)(f(2))0(x).
Since o is a general abelian variety over k, f € Aut(Fp) is a translation T},
or the composite of a translation 7}, and invp, for h = w(t) and t € K.
If f = Ty, then (f,0) = (Th, ¢n) = 7(h). This case is reduced to (1). If
f =Ty (invp,), then g := f - (invp,) is reduced to (1). This completes the
proof. O

Corollary 4.6. The action of Aut.(Gg) on SQ;"’? reduces to Aut(K,ef).

Proof. The map s(é’) : SQ;"’;} — SQ;"’;} sending o to o(¢71) is an auto-
morphism of SQZ‘}}C. This defines an action of Aut.(Gg) on SQZ‘}}C, that
is, s(¢¢') = s(€)s(¢'). By Lemma 4.5 (1), s(£(v)) (v € KVY) acts on SQ;")}?
trivially. by Lemma 4.3, the action of Aut.(Gy) reduces to Aut(K,ex). O

Definition 4.7. Let £ € Aut.(Gn), and G(§) be the subset of P(Vj) con-
sisting of all eigenvectors of A(&) # id. Let Gy be the union of all G(§)
for € € Aut.(Gn). Ggi is at most (N — 2)-dimensional. See Subsec. 5.4.

Lemma 4.8. Let k be an algebraically closed field over O, and (Py, Lo, ¢, T)
be a rigid-Gg k-TSQAS, and (Py, Lo, v, 0) be another rigid-Gg k-TSQAS.
Then there exists & € Aut.(Gr) such that

(P07 EOa wv U) = (P07 £07 ¢(§)a T(f))

Proof. We choose and fir a rigid-Gg TSQAS (Py, ¢, 7) and take another
rigid-Gg TSQAS (P, 9, 0) above (Fy,Ly). Let ® := {(T}, ¢g) }geg, (resp.
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= {(Sy,%q) }gegy ) be a Gg-linearization of Ly such that 7 = 74, 0 = 7y.
Let T“b(g) = T, and 0%(g) = S,. By Definition 2.4 and by [N10, 2.19]
7(Gy) = 0%(Gy) = K(Py, Lo). Hence via the isomorphisms 7%°(Gy) ~ K
and = 0%(Gy) ~ K the identity of K(P,, L) induces an isomorphism
n € Aut(K) such that n(Ty) = S, for Vg € Gy, which keeps ek invariant
because ek (Sq,Sy) = [9,h] = ex(Ty, 1)) € k. Hence n € Aut(K,ex). By
Lemma 4.3 7 is lifted to £(n) € Aut.(Gy) with Sy = n(Ty) = Te()(g)-
It follows ~(g) := g - qﬁg(;)(g) € Autp,(Lo) = Homo, (Lo, Lo)* = k*.
Then ~ is a character of Gy because

Y(gh) = Yah - Deimypreimm = it - ¥n) Ty Pene) - ecmm) ™"

= (Spty - h)(Sh¢§ (e Pey) = Sm(g)v(h) =(g)v(h).
Let £(g) :==v(9)€(n)(9) € Gu. Then ¢ € Aut.(Gy). Hence

Pe(g) = P (91(9) = Ty(g)Pem)o)Prio) = Pem)V(9) = Vg,
7(£(9)) = (Te(y) 7¢§(g ) = Te(m)(g): g) = (Sgﬂ/)g) =Ty(g9) = o(g).
Hence o = 7&. Let A := (¢*) "1 (¢*) € GL(Vy ® k). Then
UH( )_ p(wa )( ) (w ) 15*—1¢9w (w ) 1T* 1¢§(g lb

(9, 7)(E(9)A = A7 Un(¢(9)) A
by Definition 2.4 (3) We can identify A = A(&) so that ¢ = p(&)¢p, o = 7&,
hence (P07 wv U) = (P07 ¢(€)7 T(‘E))

Lemma 4.9. Let k be a local ring with N = |H| invertible, R a local k-
algebra, I an ideal of R with I*> = 0 such that k = R/I. Let g =
(Po, Lo, ¢o,70) be a rigid-Gg k-TSQAS, and o := (P,L,¢,7) a rigid-Gg
R-TSQAS such that o ®r (R/I) ~ o9, If (P, L) is the pull back of (Py, L)
to R, then o is the pull back of og to R.

Proof. By the assumption, (P, L) ~ Spec R Xy, (FPy, L), and R is a k-algebra
with R = k@ I, and H°(P, L) ~ H%(Py, L) ® R is an R-isomorphism with
Gr-action. Hence there exists B € I - End (Vg ® R) such that
¢* :¢8+¢837 ¢8 : VH®’IC:HO(P07[’0)

Moreover 7 maps Gg into Autr(L/P) ~ Spec R xj, Auty(Ly/Py). Hence
7%(Gy) € Aut’(P) = Spec R x;, Aut'(Py). Let 7% = 79 4+ T, 70 =
7% @k and T! = {1}} € C’l(gH,IHO(@}BO)) where 7%(g) = TY + Ty,
70 € Autf(R), T} € THY(O},). Let ¢y = TO,T}. Since 7% is a group
homomorphism, we have €y, = Ad(T)_,)eg + €5 Thus € := {eglgeq, €
H' Gy, IH(©},)). Let W := H°(Py, 0, ). Then W ~ k®9 by Lemma 3.5
and Nakayama’s lemma. Since T} (h € Gg) acts on Py as translation by
K(Py, Ly) ~ K, T}(l] keeps any 6 € W invariant. Hence ey, = €, + €3, and
€ € Hom(K,IW) = Hom(K, I%9) = 0 because N is invertible in R, hence
e=0, 7% =10,
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Let ¢4 = qbg —f—qb; and g4 := ((;52)_1 -qb}l. Then e, € IH’(Op,). In fact, we
can write ¢4 in down-to-earth terms as follows. Since (P,L) ~ (Fy, Lo)r,
we can choose, by [N10, p. 94], a Gg-invariant affine open covering U; of
P and a one-cycle A;j(x) of Ly such that L is trivial over U;. Then we

obtain ¢ (g, z) = “X;((if)) ¢%(g,) (v = 0,1), where (¢7), =: ¢7(g,x). Hence
¢} (g9,2) "} (9,2) = )(g,2) ' $j(g,x). This implies e, € TH’(Op,).
Since ¢4 is a Gy-linearization of £,
bgn = (T) 05 - &hs bgn = (Ti)" by - 81+ (T)" 6y - 1,
whence e, = (I)*ey + €5 = €4 + €5, because (T) ey = g, € IH(Op,). It
follows ¢ := {g,} € Hom(Gy, IH’(Op,)) = Hom(K,IH°(Op,)) = 0 because

N is invertible in R and TH%(Op,) = I by H°(Op,) = k. Hence ¢ = 0,
g = ¢2 (Vg € Gir), and T = 79. Hence we see

Un = p(¢,7) = p(é,10) = p(d0,70) + [p(¢0,70), Bl = Un + [Un, B,

whence [Ug, B] = 0. Since Uy is an irreducible representation of Gy, B is
a scalar. Hence o ~ (09)g. O

Definition 4.10. Let (P, £p) be a k-TSQAS with Ly Gp-linearized. Then
a maximal isotropic subgroup H of K is said to be hereditary for (Py, ¢, 7o)

if 73°(H) C Gy = AutLO(PO). Therefore if Py is an abelian variety, then any
maximal isotropic subgroup is hereditary. If (P, L) is totally degenerate,
then a maximal isotropic subgroup H (denoted Hypq) of K is hereditary iff
H C Go = Aut{®(Py) = Homy (X, Gp).

Definition 4.11. We freely use the notation of [N99, pp.670-671]. Let

(Po, Ly) be a totally degenerate k-TSQAS with Ly Gp-linearized, Hypq a

hereditary maximal isotropic subgroup of K for (P, £o) with H); = X/Y.
Let ¢hd : PO — P(Vth) be

Sha (v (@) = 0(a) =Y alz + y)uw'™,
yey
where z = a € HY; = X/Y. We define
Tha(a, z,u) (a(z)w™d) = ac(z)a(x + w)w Y,
Tha(a, z,a) = T}ﬁ(a, z,u) mod Y,
prd(a, z,a)0(8) = aB(2)0(a + ),
where u € X, a =u € HYy, and (a, z,a) € Gg. It is clear that

p(Shds ha) = (Dha) " Pradha = Unta-
Lemma 4.12. Let (Py, Ly) be a totally degenerate k-TSQAS with Ly strictly
Gr-linearized and Gy = AutLO(PO). Let D = (f) and f =3, cx/y ab(z),
a; € k. Then D contain no Go-orbits iff a, # 0 for any x € X/Y .
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Proof. Let (Qo,Lo) be the unique PSQAS associated with (P, L£y) via sq
[N10, p.71]. By [NS06, Theorem 2] and [N99, 4.2] H°(Py, L) = H"(Qo, Lo)
and there is a bijective correspondence between Go-orbits O(o) of Py and
Oq(o) of Qp. Any zero-dimensional Go-orbit of Qg is Og(c) € Wy(c) (c €
X)), which is defined by &, . = 0 for all z # 0,2 € Star (0) by [N99, § 3, § 5].
By [N99, 4.2], H°(Py, Lo) = H°(Qo, Lo) is spanned by

o) = 3 aole +9)eery (2 € X/Y),

yey

Suppose that any of g elementary divisor of X/Y = H}/, is at least 3.
Then by [N99, 6.3], The restriction of 8(z)/&. to Wy(c) is equal to

0(z) /6. = { o(z +y) (Exsy/E) it Ty €Y with z +y € Star (c),

otherwise

where £./§. = 1. Hence (0(7)/&c)jwy(c) 18 at most a single term, and 6(x)
is zero at Og(c) if © € ¢+ Y. It follows that 6(c) is the unique element of
H°(Qo, Lo) that does not vanish at O(c). Hence 6(c) is the unique element
of H(Py, Lo) that does not vanish at O(c).

Let D = (f) and f = >° cx/y a20(x), az € k. Thus we see that the
divisor D does not contain O(c) iff a; # 0 for x = ¢ mod Y. Hence D
contains no O(c) (¢ € X/Y) iff a; # 0 for any z € X/Y. Meanwhile,
D contains no GGy-orbits iff D contains no zero-dimensional Gg-orbits iff D
contains no O(c) (¢ € X/Y'). This proves the lemma in this case.

In the general case, let D = (f), and f =3~ cx/y aab() € HY(Py, Lo).
There exists an étale Y/3Y -covering 7 : P — Py. Let L{, := n*(Lp). Then
T f = Ywex/sy bar¥(d) € HO(P}, L), where J(a/) = >, .. a(z)w” €
HY(P}, L)), by = aq for @ = o modY. Then D contains no Op,(c)
(c € X/Y) iff 7*D contains no Op(c) (¢ € X/3Y) iff by # 0 for any
o € X/3Y iff a, # 0 for any aw € X/Y. This proves the lemma. O

Lemma 4.13. Let H be a mazximal isotropic subgroup of (K, ek ), and v :=
> penv v (B) € V. Then the following are equivalent :

1. (AutLO(Po),PO,EO,diV ¢*(v)) is a semiabelic pair for any rigid-Gy
’IC_TSQAS (P07[’07¢7 7—)’
2. ZaEHV aatq,3(&) # 0 for VB € HY, V¢ € Aut.(Gg),

3. Yaenv Gata,(E(n)) # 0 for VB € HY, and some §(n) with w(£(n)) =n
for ¥V € Aut(K, ek ).

Proof. First we assume that Py is totally degenerate and then we may as-
sume H = Hypgq. By Lemma 4.8, (P,¢,7) ~ (P, ¢na(€),ma(§)) for some
¢ € Aut(Gg). Since HYy = XY,

¢( ¢hdA Z aa'Uth = Z ( Z aaaa,ﬁ(g))e(ﬂ)
aEX)Y BEX]Y aeX/)Y

whence (1) and (2) are equivalent by Lemma 4.12.
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If Py is partially degenerate with Ay (resp. Tp) its abelian part (resp.
torus part), then we choose a hereditary maximal isotropic subgroup Hyq of
K for (Py, Lo) such that X/Y is a direct summand of H),. See Subsec. 3.1.
Assume for simplicity ¥ C eX for some e > 3. Let Gy = AutLO(PO) and
F = ¢*(v) € H°(Py,Ly). Then F is of the form F = Pacny, Gab(a),
0(c) = ¢* (v (@) = X oes mod v 0uCs for some 0 # 6, € H°(Ay, M,),
by [N99, 4.10], where a, € k, @ = (a,%), T € X/Y. Since eX C Y for
some e > 3, by [N99, 6.3], for ¢ € X, (0(a)/C)ow) = 0 # 0 if ¢ € 7,
and (0(a)/¢c)o(e) = 0 otherwise. Since O(c) is an abelian variety Ao, and
since 6. is not identically zero, a, # 0 iff div(F) does not contains O(c).
Hence a, # 0 for any « iff div(F') contains no Gy-orbits. By Lemma 4.8,
any (P,¢,7) is isomorphic to (P, ¢pg(§), ma(§)) for some § € Aut.(Gr).
Hence by the same argument as in the totally degenerate case, (1) and (2)
are equivalent. By Lemma 4.5, (Fy, ¢( - &), 7(€ - &) =~ (P, #(£), 7(€))
if g = &(7) or & = &(—idk). Hence (Autl’(Py), Py, div é( - &)*(v)) is
semiabelic if (AutLO(Po),Po,diV #(§)*(v)) is semiabelic. Hence (2) and (3)
are equivalent. O

Theorem 4.14. Let K = HOHY be a finite symplectic group, H a maximal
isotropic subgroup of K, Fy i a hypersurface of P((Vi)Y)

(4) Fox II (Y aatas(Em)) =0,

BeHY neAut(K,ex) o€HY

and Dy g = P((Vi)Y) \ (Fyx UGy k). (See Definition 4.7 for Gy r.) We
define the map sqap by

toric

sqap : SQi’RS X Dy e — APg N
(P,L,¢,7) x [v] = (Aut!®(P), P, £, div ¢*(v)).

Then the following are true :

1. sqap ®Ops is an étale Galois covering with Gal(sqap) ~ Aut.(Gr),
2. sqap, = SAAP)| gtoric . [y] is a closed immersion for any fized [v] €
9,
Dy i (k), where k is any field over On.

Proof. First we prove that sqap is well-defined. Since any k-TSQAS is semi-
normal by [N10, 3.3, 3.8] for any algebraically closed field k over Oy, we
have sqap(o x v) € AP, n(T) by Lemma 4.13. Let T be any Op-scheme
and v € Dy (T). If 0 :== (P, L,¢,7) =~ (P',L',¢,7") in SQ;?}%C(T), then
there exists an isomorphism (f,d) : ¢ — o’ such that ¢/ - f = ¢ and
(f.0)7(9) = 7(9)(f.8) (g € Grr). Hence ¢*v = f*(&))v for any v € Vi,
hence (f*)~!div(¢*v) = div((¢')*v). Hence the map (Ad(f), f,d, (f*)~!) is
an isomorphism from sqap(c, [v]) to sqap(o’, [v]) where Ad(f)(g) = fgf*
for g € AutTO(P). Thus sqap is a well-defined Opy-morphism.
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For & € Aute(Gn), 0 := (P,L,¢,7) € SQyR(T) and [v] € Dy, let
(&) :=(P,L,¢(),7(€)). We define an action of £ by

&+ (0, [v]) == (a(§71), [A(E)v)).
This is also well-defined. We see
(i) (&) - (o, [v]) = &~ (£ (o, [v])) for V€, & € Aute(Gn),
(i) sqap(¢ - (0, [v])) = sqap(a, [v]) for Y€ € Aut,(Gn).
Next we prove

() sqap” ' (sqap(o, [v])) = Autc(Gr) - (o, [v])
for any v € Dy i (k) and any field k over Oys. The inclusion LHS > RHS
is clear. Conversely by Lemma 4.8, LHS C RHS. By Lemma 4.9, ¢ and 7
are rigid for a fixed (P, L) over a local ring k, while Aut/(P, £) is uniquely
determined by (P, £). Hence the tangent space of S ;")}é‘j x Dy i at (o, [v])
is isomorphic to the tangent space of AP,y at sqap(o,[v]). Hence sqap
is étale. Le k be any field over Oys and (o, [v]) € SQq k (k) X Dy i (k).
A(€)[v] are all distinct because [v] € Gf i, hence £ - (0, [v]) are all distinct
for £ € Aut.(Gp). This proves (1) by Equality (5).

Next we prove (2). Let k be any field over On and we prove sqap, (k)
is injective. Suppose sqap(o x [v]) = sqap(o’ x [v]) for some o = (P, ¢, 1),
o = (P¢,7") e S goﬁc(k) and [v] € Dy (k). By Lemma 4.8, there
exists £ € Aut.(Gy) such that (¢/,7") ~ (¢(&),7(£)) and p(&)* = A(E).
It follows that [¢*p(&)*(v)] = [¢p*v], hence [A(§)(v)] = [v] because ¢* is
injective. Hence v is an eigenvector of A(§). Since v € Dy i C Gy i, we
have A(§) =idy,,. It follows that sqap, (k) is injective.

In order to prove that sqap, is a closed immersion, it suffices to prove

saap, (R) : SQu K (R) x {v} — APy n(R)
is injective for R an Artin local k-ring, I the maximal ideal of R with I = 0,
R/I = k. Sig the set of all R-deformations of a given o € SQ;?EC(k:) (resp.
sqap,(0) € APy n(k)) with R/I = k admits a k-vector space structure, it
suffices to prove that if o € S Q;?QC(R) and if 59apy (o) is trivial in AP, n(R),
then o is trivial. Let o = (P, L,¢,7) € SQRE(R). Suppose sqap, (o) is
trivial in APy n(R). Then (P,L£) = (Py, Lo) x Spec R. By Lemma 4.9, o

is trivial. This proves the injectivity of sqap,(R), hence sqap, is a closed
immersion. U

Corollary 4.15. SQB‘”{iC ~ AP, ;.

Proof. We note that SQ;‘TC is the reduced-coarse-moduli of (P, L, ¢, 7) with
¢ and 7 trivial. By Lemma 4.13 (2), (AutLO(PO), Py, Lo, div ¢*(vp)) is semi-
abelic if (Pp, Lo) is any k(0)-TSQAS with K = {1} and vy the generator
of Vi = V{13 =~ k(0). Hence sqap : SQ;?{iC — AP, is a birational mor-
phism defined everywhere. Let T be any scheme and (P, L) € SQ;‘?{E(T)
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any T-TSQAS. Hence h°(Ps, L) = 1 for any geometric point s € T. There-
fore sqap(P, £) = (Aut'®(P), P, £, ©) is a semiabelic T-pair where © is the
divisor defined by a unique generator of the invertible sheaf m,(L). Since
sqap : Ag1 — AP, is an isomorphism and SQ;‘?FC is proper, sqap is surjec-
tive. Hence if (G, P, £, ©) is a semi-abelic T-pair, then (P, L) is a T-TSQAS.
Hence the forgetful map (G, P, L,0) — (P, L) is the inverse of sqap. Since
EQJ is the closure of a reduced scheme AP 1, it is reduced. SQ;?{iC is also

reduced by the same reason. This proves S QZ‘?{E o~ EQJ. O

5. THE ONE-DIMENSIONAL CASE

We use the notation in Subsec. 2.1 and 4.4. Let H = p3 ~ Z/3Z, H" =
Z/3Z, K = K(H) = H® H" and O == Z[(3,1/3] . Let eo € H, fo € HY
be a standard basis of Ky with ex (e, fo) = (3. Let C'(u) be a Hesse cubic

x% + x:{’ + x% — 3uxpxrize = 0.

Let ¢ : C(n) — P(Vu) be ¢*(vu(Bfo)) = xp and 7 = Uy. Then o :=
(C(u), ¢, ) is arigid-Gg TSQAS of dimension one and conversely. By abuse
of notation we use the same symbol ¢ ad 7 for any C(u).

Let £ € Aut.(Gg). Then o(&) := (C(u),d(§),7(£)) is another Hesse cu-
bic (C(u'), $,7), and the action of H" on o is transformed into the action
of &(HY) on o(&), which is just the action of HY on (C(i'),¢,7) by Sub-
sec. 4.4 Eq.(3)

5.1. The case 7n1(ep) = —fo and n1(fo) = ep. Let & € Aut.(Gr) be
{1(w(eo)) = w(—fo), &(w(fo)) == w(eo).

Let A(&) = (ag) and w(B) = v (& (Bfo)). Then since w(—fo) - w(B) =
ng(ﬁ), w(eg) - w(B) = w(B + 1) by Subsec. 4.4 Eq.(3), we see A(&1) =
a00(¢Y7). Let P = C(u) and let (P,¢,7) = (C(n), ¢, 7). Let yg :=
¢(&1)" (va (Bfo)) = 3., apxy. Then (P, ¢(&1),7(£1)) is a Hesse cubic

(k=15 + 5 +v3) — 3(u+ 2)yoy1y2 = 0.

5.2. The case 12(eg) = eg and n2(fo) = eg + fo. Let & € Aut.(Gy) be
&a(w(eo)) = wleo), 52(w(f0)) = Gaw(eo)w(fo) = GGw(eo + fo).

Since €x(w(en) - w(B) = Cfw(d 9, () w(F) = (3 + 1), we s

A(&2) = ay1 diag((s,1,1). Let ( ,7) == (C(n), ¢, 7) as before, and z3 :=
?(&2)* (v (Bfo)). Then (P, ¢(&2), ( 2)) is a Hesse cubic
3
0

(z5 + {’ ) — 3(3202122 = 0.
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5.3. The group Aut(K,ex). Let SQ13:= SQ1 x ~ SQE‘}’}F. SQ13 is the
reduced-fine-moduli scheme over O of Hesse cubics (C'(u), ¢, 7).
Let bo = [O, 1, —1], b1 = [0, 1, —C3]7 b2 = [—1,0, 1] Hence —b2 = [1, —1,0].
We define g; € PGL(3,O03) by
g1 :=A(&) 1 (xo, 1, 22) = (Y0, Y1, Y2),
92+ = A(&) : (Yo, y1,y2) = (20, 21, 22),

where

) 1 1 1 o 20 Cg 0 0 Yo

n|=|1 G G| (], [a]=[0 1 0] |wm

Y2 1 G G) \= 29 0 0 1) \w

Each g¢; induces a transformation on the group of 3-torsions C'(u)[3] :

91(bo) = bo, g2(bo) = bo,
91(b1) = —bs, g2(b1) = b,
g91(b2) = by 92(b2) = b1 + bo.

We note that g7 = inve(,) = A(¢(—idk)) is 3 times the permutation of
r1 and m2. Aut(K, e) is generated by g1 and go with g% regaded as trivial,
whence Aut(K,er) ~ PSL(2,F3) ~ As. Let P! = SQi; :=the coarse
moduli of one-pointed smooth cubics and a one-pointed nodal cubic. Then
Aut(K, ef) is the Galois group of SQi 3 over P! = SQ;; under the map

(C(M)7 ¢a 7—) = (C(M)7 bO)

5.4. The subset Gy k. Let K = (Z/3Z)%2. Let v; = vy (ifo). Let G1 k be
the union of all eigenvectors of nontrivial A(§) € PGL(Vy) for £ € Aut.(Gr)
and F i the hypersurface of P(V}}) of degree 12

Fi g :agarar H (a0 + (a1 + CFaz) = 0.
jk€Z/3Z

The above gy has eigenvectors ajv; + agve with a; arbitrary. This im-
plies that G x contains the hypersurface ap = 0. Since Gy i is Aut.(Gu)-
invariant, G g contains Fi g = Aut.(Gy) - {ap = 0}. The eigenvectors of
g1 are wg := v1 — ve and wy = (1£+/3)vg + v1 + va, where wy € Fy . Let
HLK = GI,K \ FLK = Autc(gH){’LUi}. Hence

Hi g = {[(1 £ V3)vi + Guir1 + Gvigal;i, j, k € Z/3Z}.
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