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31 Hecke symmetry on modular varieties
Unramified PEL data (B, *,Og,V,Vz,,(-,"),h):

e B — afinite dim. semisimple (Q-algebra

unramified at p,
e (Dp — amaximal order of B maximal at p,
e x — a positive involution on B preserving Op,
e |/ — a B-module of finite dimension over Q,

e (-,-) — a(Q-valued nondegen. alternating form

on V' compatible with (B, ),

o V7, — aself-dual Z,-lattice in Vg, stable

under Op

e h:C — Endp,(Vr), a*-homomorphism s.t.
(U, w) — <?}, h( \ —1)’LU>

is a pos. definite symmetric form on Vg



MODULAR VARIETIES OF PEL TYPE

Given an unramified PEL data ~~
e G = unitary group attached to (Endg(V'), %),

o M = (/\/le ) a tower of modular varieties over

[F indexed by the set of all compact open
subgroups K of G(A%), where

_ AP :HQ#er

- M, classifies abelian varieties with
endomorphisms by Opg, plus prime-to-p
polarization and level structure, whose Hj is

modeled on the given PEL datum.



HECKE SYMMETRIES

(1) The group G(A];) operates on the projective
system M.

(2) If a level subgroup K is fixed, then on ng the

remnant from the action of G(A?) takes the form of a
family of finite étale algebraic correspondences on

./\/le ; they are known as Hecke correspondences.
0

(3) Given a point & € /\/lKg (IF), let = be a lift of x in

—~—

M(IF). Define the prime-to-p Hecke orbit HP - = of
T to be the image in MKg (F) ofthe G((A';)-orbit of

Z: it is a countable set.



EXAMPLE. Siegel modular varieties Ay , ,
(n,p)=1,n2>3

® Ag,n classifies g-dimensional principally
polarized abelian varieties (A, \) with a

symplectic level-n structure 1.

e Two [F-points [(A17)\17771)]1 [(AQ, )\2,772)] In
Ag,n are in the same prime-to-p Hecke orbit iff

a prime-to-p quasi-isogeny (3 (=“(5 o 51_1”)
ﬁ . A1 ﬁ Ag & A2

defined by prime-to-p isogenies (31 and (39 s.t.

(3 respects the principal polarizations A1 and Ao,
ie. 87 (A1) = G5(A2).

PEL datum:
B =Q, V=2g-dim.vs.over Q, G = Spy,.



ExAMPLE. Hilbert modular varieties Mg 4.,

Fi, ..., F,.: totally real number fields,
E=FXx---xF, Op=0p x---x O,
d,n > 1,integers, ged(dn,p) = 1.

Hilbert modular variety Mg 4., over F:

classifies quadruples (A — S, ¢, \, 1), where

e A — S is an abelian scheme,

dim(A — §) = |[F : Q),
e .: Op — End(A) is aring homomorphism,
e \isan Og-linear polarization on A of degree d,
® 1) is alevel-n structure.

PEL datum:;
B = FE .,V =free E-module of rank two,



M = MKg’ a modular variety of PEL type over [F

zo = [(Ao, Ao, to,M0)] € M(IF)

DEF 1. The leaf Caq(xg) in M passing through x
is the reduced locally closed subscheme of M

smooth over IF such that Cq(xg)(IF) consists of all
points x = (A, A, ¢,n)] € Caq(x0)(F) sit.

(A7 A, l’) [poo]) - (A07 A0 LO) [poo] ;

where (A, A, ¢)[p™°] is the Op-linear polarized
p-divisible group attached to (A, A, ¢).



OORT’S HECKE ORBIT CONJECTURE

CONJ 1 (HO). Every prime-to-p Hecke orbit in a
modular variety of PEL type M over F is dense in

the leaf in M containing it.

CONJ (HO¢¢). The closure of any prime-to-p Hecke
orbit in the leaf C containing it is an open-and-closed
subset of C, i.e. it is a union of irreducible components

of the smooth variety C .

CONJ (HOg.). Every prime-to-p Hecke orbit in a leaf

C meets every irreducible component of C .

Clearly HO <= HOt + HOg4c.



Evidence of HO: Known for Siegel modular varieties
(F. Oort, C.-F. Yu and CLC).

Need new ideas for the general case of HO.

Question 2. (B. Poonen) Let o € M(C,) be a
Cp-point of M, where C,, is the completion of @p. IS
the Hecke orbit of zp nowhere dense in M(C,)?

We discuss two topics related to Hecke symmetry
e monodromy
e CM-lifting

The first is closely related to the Conj. HO.



32. Monodromy
2A. ¢-adic monodromy

Let Z(xg) be the Zariski closure of the prime-to-p
Hecke orbit of xo for the group G%.,. in the leaf
C(xg) .

THM 1. Assume that the prime-to-p Hecke orbit of x
with respect to every simple factor of G, is infinite.
Then Z(xg) is irreducible, and the Zariski closure of
the ¢-adic monodromy group of Z(xg) is Gger(Qy)

for every prime number £ #£ p.

Note. Irreducibility of Z(z¢) uses: G%,_.(Qg) has

no proper subgroup of finite index.



We restrict to the Siegel modular case. Let

Z C C = C(xp) be an irreducible smooth subvariety
contained in a leaf C C .Ag,n, stable under all
prime-to-p Hecke correspondences. Write

zo = [(Ao, Ao, M0)] € Agn(F). The p-adic

monodromy for Z is a homomorphism
pZao : T1(Z',20) — Aut((Ag, Ao)[p™])

Let Uy, be the unitary group attached to
(End’(Ayp), *0), and denote by H., the subgroup
consisting of all Uy, (Q,,) which preserves the lattice
End(A4p) ® Z, in End(A4p) @ Q.

THM 2. The image of pz7 ., contains the image of

on N Aut((Ao, Ao)[poo])
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B: a simple algebra over Q, Og: an order of B.
kDIF,, k= k8

DEF 2. (i) An O p-linear abelian variety (A, ¢) over k
is B-hypersymmetric, or hypersymmetric for short, if

the canonical map
Endo (A) ®z Z, — Endo_ (A[p™])
IS an isomorphism.

COR 3. Let xg be a hypersymmetric point in a leaf C,
and let Z C C(xg) be an irreducible smooth
subvariety containing xy and stable under all
prime-to-p Hecke correspondences. Then the image of

the p-adic monodromy for Z is equal to

Aut(Aog[p™], Ao [p™]).
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33. CM-lifting

Let I, be a finite field of size g, and let B be an abelian
variety of dimension g > O over [;,. Assume that B is
isotypic over Fq. Consider the following four assertions

concerning the existence of a CM-lifting of 5.

(CMLR) CM-lifting after finite residue field extension:
a local domain R with char. 0 and finite residue field

k D [F,, an abelian scheme A over R of rel. dim. g
plus an action with [K : Q] = 2g, and an isom.

¢+ A Xgpee(Rr) SPEC(K) = By over k.

(CMLI) CM-lifting up to isogeny: 3 a local domain R
with char. O and residue field IFq, an abelian scheme A
over R with rel. dim. g plus an action by a CM field K
with [K : Q] = 2g, and an isogeny

A Xgpec(r) Spec(lFy) ~ B over Fy.
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(CMLNI) CM-lifting to normal domains up to isogeny:
a normal local domain R with char. 0 and residue field
IF; such that (CMLI) is satisfied for B using R.

(CMLNIR) CM-lifting to normal domains up to isogeny
after finite residue field extension: 4 a normal local
domain [? with char. 0 and finite residue field x O I,
such that (CMLR) is satisfied for B using R except that
@ is only required to be an isogeny over x rather than

an isomorphism.
KNOWN: (CMLNIR) is true, (CMLR) is false.

Will explain an obstruction to (CMLNI). This obstruction

can be non-trivial, but it is the only obstruction.
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RESIDUAL REFLEX CONDITION: If (CMLNI) holds for a
g-dimensional abelian variety B over IF, then there is
a CM subfield K C Endp_(B) with [K : Q] = 2g
and a p-adic CM type & C Homyig (K, Q,) sit.

(i) The slopes of B are given in terms of (K, ®) by

the Shimura—Taniyama formula

ordU(FrB,q) _ H#{pEDP: ¢ induces v on K}
ordy(q) [Kv:Qp]

for every place v of K above p.

(i) Let B C @p be the reflex field attached to
(K, ®), and let w be the induced p-adic place of
E. The residue field k,, of O ,, can be realized

as a subfield of ]Fq.
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THM 4. (F. Oort, B. Conrad, CLC) Let B be an abelian
variety of dimension g > 0 over IF, and let

K C Endg_(B) be a CM field with [K : Q] = 2g.
Let & C Homying (K, @p) be a p-adic CM type on
K,andlet E C Qp be the associated reflex field.
Assume that (K, ) satisfies the residual reflex

condition.

There exists a finite extension £’ / E inside of @p, a
g-dimensional abelian variety A over E’ with good
reduction at the p-adic place w’ on E’ induced by @p,
and an inclusion K < End%, (A) with associated
p-adic CM-type P such that the reduction of A at w' is
K -linearly isogenous to B over an isomorphism of
finite fields .,y ~ I¥,. In particular, B satisfies
(CMLNI) using a lifting of the /K -action over a p-adic

integer ring with residue field Fq.
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Remark. An analog of Thm. 4 holds for modular
varieties of PEL-type: a suitable residual reflex
condition is both necessary and sufficient for the
existence of CM lifting over normal domains up to

Hecke correspondence.

Question 3. Does (CMLI) hold for every isotypic

abelian variety over a finite field?

No counter-example is known for (CMLNI).
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