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1 Examples

Result 1. Let

X X% + Ay \
f/\ : = .
Y Syl -y),
There exist Ay € [0.9305,0.9335] such that f;,
has a connecting orbit from (0,0) to (1,0).




Result 2. For the Hénon family
X

( [a — x% + by]
= J
J *

there exist ¢ > 0 such that for every b €

[-0.3 — ¢,—-0.3 + €], there exista € [1.313,1.316]
such that H,;, has a homoclinic tangency with
respect to the lower left saddle fixed point.

Ha,b .







2 Definition of the Conley index for maps

The homology Conley index for an isolated
iInvariant set S is the shift equivalent class of
the pair

CH.(S) = H.(N/L,[L]) and
1(S) : CH.(S) — CH.(S)

where (N, L) Is an index pair for S and x(S) Is
the homomorphism induced from f.
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(N, L) is said to be an index pair for S if
e N \ L is an isolating neighborhood of S
e [ IS an neighborhood of the exit set w.r.t N

e f(L)yNCcI(N\L)=10
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f: X — Xandg:Y — Yis said to be shift
equivalent if thereism e Z-pands: X — Y,
r: Y — X such that

x s x x-Lx

| |: rl /

Y — Y — Y
8 8

IS commutative and ros = ¢", sor = f™.
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3 Find a connecting orbit

Theorem 3. Let N1, N, and N be isolating
neighborhoods such that N = N; LI N».

If f(N) "N; =0 and
Con.(Inv(N)) # Con.(Inv(N7)) & Con.(Inv(N>)),

then there exists a connecting orbit from
Inv(N7) to Inv(Ny).



Proof. Since f(N;) N N7 = 0,
Inv(N) = Inv(N7)UInv(N,)UC(Inv(N7), Inv(N)»)).
Thus, if C(Inv(N;7), Inv(N>)) = 0 then

Con.(Inv(N)) = Con.(Inv(N7)) & Con.(Inv(N>))

by the additivity of the Conley index.




3.1 Example

f(No)
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Since

( ( 1)
1 0 O ( 7
Cony(S)=|ZoZeZ,|]1 0 0]|| =|ZeZ,
shlft\ \O 1}
\ 0 -1 -1),
( (1 O\\
COnz(Sl)@COnz(Sz) ~ | Z D2, ;
shift\ \0 1)}

Theorem imply that there exists a connecting
orbit form S; to S».

11




Since

r 10 o)
Cony(S) =|Z®ZSZ|1 0 0| =
\ 0 -1 =),

(

Cony(51) ® Cony(S») %ﬁ Z.®Z,
Sni
\

Theorem imply that there exists a connecting

orbit form S; to S».

\

1 0

\01

orbits can be found by this theorem.
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Remark: Only structurally stable connecting




4 One-parameter families
fa: X=X, AeA

F(x,A) = (fa(x),A) : X XA - X XA

S51(A), So(A) € S(A): isolated invariant sets

L, S(A) Is an isolated invariant set w.r.t. F.
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4 One-parameter families
fa: X=X, AeA

F(x,A) = (fa(x),A) : X XA - X XA
S51(A), So(A) € S(A): isolated invariant sets

L, S(A) Is an isolated invariant set w.r.t. F.

C(UJ, S1(A), U, S2(A); F) # 0 implies that there is
Ao such that C(Sl(/\o), 52(/\0),‘ f/\o) = 0.
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Remark: Simple application of the theorem to
F is not sufficient
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Remark: Simple application of the theorem to
F is not sufficient

AN

| nt ersecti on
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5 Suspension

Setting: N, N1, N,: iso. nbds for | J, S(A), etc.
N =N;UN;and F(N,)NN; =0
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5 Suspension

Setting: N, Ny, N»: iso. nbds for | J, S(A), etc.
N = N; U N, and F(Nz)ﬂNl =0

F(x, 1) = (fa(x), A +g(A)) x€N;
(fa(x),A —g(A)) x €N

N

A

N
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Let S| = Inv(Ny, F'), 55 = Inv(N», F).

Then by suspension isomorphism theorem and
homotopy invariance of the Conley index,

COH*(S/,F’) — COI’I*_l(Sl, F)

Con.(S,, F’) = Con.(S,, F).
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6 Numerical Example

fax, y) = (" + Ay, 5y(1 —y))

Simple numerical computation suggests that
there should be a connecting orbit from (0, 0) to
(1,1) when A is close to 0.93.

Sl(/\) — (O/ O)/ 52(/\) — (1/ O)
A =[0.75,1.15], A" =10.85,1.05]

16



6.1

Steps of Computation
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6.1 Steps of Computation

Step 1. Construct initial guesses for N, Ny, N>

Step 2. Modify the initial guesses so that it
become true isolating neighborhoods

Step 3. Construct index pairs for 5/, S/, 57
Step 4. Compute the Conley indices
Step 5. Show that S| = (0,0), S = (1,0)
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6.3 Step 1: Initial Guess

-0.05
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6.4 Step 2: Modify the initial guess

Algorithm (O. Junge)
7 = make isolated (J)

I :=Inv(Z,F)
while o(7) ¢ T

7 :=o(])

I :=Inv(Z,F)

if 7| C int|o(J)| return 1
else return ()
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1.05

A 0.95 '

0.9

0.85 .
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6.5 Step 3: Construct the Index pair

Apply A. Szymczak’s algorithm. Namely,
(Q1, Qo) = (IdB) N F(B) U B, [(d(B) N F(B)))

is our index pair for S” where B = Inv(Z, F).

22



6.6 Step4

Applying the program homcubes written by P.
Pilarczyk, we get

0 If « #+ 2

H.(Q1/Qo) = « |
7/ ifx=2

23



l

0O 0 0 O
0 O
1
0O 0 0 0 0 O
1
1 0 0 O

O 0 0 0 0 0 -1
1

0 1

0O 0 0 0 -1
0O 0 0 0 O
1

0O 0 0 0 O
0 0 O

x2(5")

24



0O 0 0 0 O
0O 0 0 0 O

1
1

0 0 O

0 0 O
1

1
0O 0 0 0 O

0O 0 0 O

0

0
1

0
o 0 0 0 0 0 O

1

0O 0 0 0 0 O

25



6.7 Step 5

This step Iis an easy exercise Iin this example.
In general cases, one can the
Hartman-Grobman theorem for this step.
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7 Tangencies
Let f : M — M be a diffeomorphism.

PM = ]_[ P.M
xeM

Pf(o]) :=[df(®)], O0#veTM

dflranm

TM\ M > TM\ M
nl J/ﬂ

PM — PM




Let p € M: f be a hyperbolic fixed point,
T,M = E; ®E},.

E; = n(E; \ (0))
Bl = (B4 \ (0))

(These are iso. inv. set w.r.t. Pf)

Theorem 5. Let p, g be hyperbolic fixed points
of f such that

dim W"(p) + dim W*(g) < n.
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If there exists a connecting orbit from E, to E;
with respect to Pf, then W"(p) and W*(g) have
a tangency.

H,u(x,y) = (a — x* + by, x)
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If there exists a connecting orbit from E, to E;
with respect to Pf, then W"(p) and W*(g) have
a tangency.

H,u(x,y) = (a — x* + by, x)

It seems that there exists a homoclinic
tangency around a = 1.3, b = —0.3.

29
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We fix b and consider H,;, as a one-parameter
family with parameter a.

Now M = R?, PM = R?* x $'. The fixed of our
interest is p(a, b) located at

Our goal is to show the existence of connecting

orbit form EY := EZ(a,—o.B) to E; := EZ 0-03)"
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1.33

1.325

1.32 -

a1.315 -]

1.31 -]

1.305
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15F

0.5

-1.51

33



1.34

1.335

1.33

1.325

1.32

1.315

1.31

1.305

1.3

1.295
-2
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