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Arrangements

@ An arrangement [of hyperplanes] A is a finite collection of
(¢ — 1)-dimensional vector subspaces in an ¢-dimensional
vector space V over a field K:

ﬂ: {Hl,---,Hn}
defined by H; = ker(a;) with ¢; € V*(1 <i < n).
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space V

e ay e V*: ker(@y) =HforH e A
e S:= §V*): the symmetric algebra of the dual space V*
e Define a graded S'module

D(A) :={6| 6 is an R-linear derivation with
O(ay) € apSfor all H € AJ.

H. Terao (Hokkaido University) 2015.09.08 645



Free Arrangements and their Exponents

e A: an arrangement of hyperplanes in an ¢-dimensional vector
space V

e ay e V*: ker(@y) =HforH e A
e S:= §V*): the symmetric algebra of the dual space V*
e Define a graded S'module

D(A) :={6| 6 is an R-linear derivation with
O(ay) € apSfor all H € AJ.

e Ais said to be a free arrangement if D(A) is a free S module.

H. Terao (Hokkaido University) 2015.09.08 645



Free Arrangements and their Exponents

e A: an arrangement of hyperplanes in an ¢-dimensional vector
space V

e ay e V*: ker(@y) =HforH e A
e S:= §V*): the symmetric algebra of the dual space V*
e Define a graded S'module

D(A) :={6| 6 is an R-linear derivation with
O(ay) € apSfor all H € AJ.

e Ais said to be a free arrangement if D(A) is a free S module.

e When A is free, then 36, 6,, ..., 6,: homogeneous basis with
degd; = d;. The nonnegative integers dy, d,, ..., d, are called
the exponents of A.
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Example.
(the braid arrangement (Weyl arrangement of type Ag) )

A=tkerk —x)|1<i<j<4}
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Free Arrangements and their Exponents

Example.
(the braid arrangement (Weyl arrangement of type Ag) )

A=tkerk —x)|1<i<j<4}

7

A

The exponents are
(0,1,2,3)

because ...
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Free Arrangements and their Exponents

Example.

(the braid arrangement (Weyl arrangement of type Ag) )

A=tkerk —x)|1<i<j<4}
The Smodule D(A) is a free module with a basis

6o = (0/0%1) + (0/0%2) + (0/0%3) + (0 0%a)
01 = X1(0/0X%1) + X2(0/0%2) + X3(0/0X3) + X4(O/IX4)
By = X2(0/0%1) + X5(0/%2) + X5(0/IX3) + X5(0/OXs)

O3 = X3(0/0%1) + X3(0/I%2) + X3(0/I%3) + X3(D/IXa).

H. Terao (Hokkaido University)
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Free Arrangements and their Exponents

Example.
(the braid arrangement (Weyl arrangement of type Ag) )

A=tkerk —x)|1<i<j<4}
The Smodule D(A) is a free module with a basis

6o = (0/0%1) + (0/0%2) + (0/0%3) + (0 0%a)

01 = X1(0/0X%1) + X2(0/0%2) + X3(0]0X3) + X4(0/IX4)

By = X2(0/0%1) + X5(0/%2) + X5(0/IX3) + X5(0/OXs)

O3 = X3(0/0%1) + X3(0/I%2) + X3(0/I%3) + X3(D/IXa).
Thus the exponents are:

(degbo, degb,, degb,, degds) = (0, 1, 2, 3).
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Weyl Arrangements and their Exponents

Dynkin diagrams (root systems) and exponents
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Weyl Arrangements and their Exponents

Dynkin diagrams (root systems) and exponents

A o ° ® o (L2,...,0)
ay 0%} Q-1 Qy
B o ° o——oe (1,3,5...,20-1)
a1 0%} -1 ay
Co oo . o—@o (1,35,...,20-1)
ay a3 Qe-1 ay
[ J
De: o . .ﬁ‘f—l (1,3,5,...,20 -3, - 1)
ai (07) Q-2
[}
ay
Es: o ° ° ° o (1,4,57,811)
ai as a4 Qs (073

[ Yo%)

H. Terao (Hokkaido University)
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Weyl Arrangements and their Exponents

Dynkin diagrams (root systems) and exponents

E7: (19 59 73 9’ 1:L 135 17) [ ] [ ] [ [ ] [ ] [ ]

a1 as 4 0As5 ae (0%

Ee: (1,7,11,13 17,19 23 29)

[ ] [ [ ] [ [ ] [ [ ]
a7 a3 4 QA5 (07 (044 ag
[ N0 %]
F4: [ ] oO————© [ ] (17 57 7’ 11)
a1 a2 [0%:] (07}
GZ: (=] (l’ 5)
a1 (0%

(from http://www.ms.u-tokyo.ac.jp/ abenori/tex/tex7.html )
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Every Weyl arrangement is free

(K. Saito 1976 et al.) The Weyl arrangement (A is a free
arrangement. The exponents of the Weyl arrangement (A coincide
with the exponents of the corresponding root system.
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with the exponents of the corresponding root system.
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Every Weyl arrangement is free

(K. Saito 1976 et al.) The Weyl arrangement (A is a free
arrangement. The exponents of the Weyl arrangement (A coincide
with the exponents of the corresponding root system.

Example. (Weyl arrangement of type By)
O ={ay =X — Xo, @ 1= Xo, 1 + @2 = X, @1 + 205 = X1 + Xo}
The Smodule D(Ag) is a free module with a basis

01 = X1(0/0%1) + %2(0/0%2), 62 = X3(0/I%1) + X3(0/0X%2),

The exponents are

dl = deg@l =1, d2 = dGQGZ =3

H. Terao (Hokkaido University) 2015.09.08 1145
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Exponents and Betti Numbers

Theorem
(H. T.(1981)) Assume that A is a free arrangement in the complex
space V = C’ with exponents (di, ..., d,). Define the complement
of A by

M(A) ::V\UH.

HeA

Then the Poincaré polynomial (with its coefficients equal to the Betti
numbers ) of the topological space M(A) splits as

4
PoINM(A), t) = ﬂ(l + dit).
i=1

H. Terao (Hokkaido University) 2015.09.08 1245
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A Triple (A, A, A")
Fix H € A. Define a triple (A, A’, A”) by

A =A\{H}, A" ={HNK|KeA} (an arrangement in H).
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A Triple (A, A, A")

Fix H € A. Define a triple (A, A’, A”) by

A =A\{H}, A" ={HNK|KeA} (an arrangement in H).

AN
7T =
A=A\ {H} A A

_ braid arrangement Az
In this case we have:

exp(A’) =(0,1,2,2), exp(A) =(0,1,2,3), exp(A”) =(0,1,2).
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A Triple (A, A, A")

Fix H € A. Define a triple (A, A’, A”) by

A =A\{H}, A" ={HNK|KeA} (an arrangement in H).

AN
7T =
A=A\ {H} A A

_ braid arrangement Az
In this case we have:

exp(A’) =(0,1,2,2), exp(A) =(0,1,2,3), exp(A”) =(0,1,2).

This example is generalized into the Addition Theorem (AT) ....
2015.09.08

1345
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Addition Theorem (AT)

(H. T.(1980)) For a triple (A, A’, A”), suppose that A’ is free with
exp(A’) = (di,dy, ...,d,1,d;) and A” is free with

exp(A”’) = (di, da, ..., d,_1). Then A is also free with

exp(A) = (dy, d, ..., d, + 1).
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Addition Theorem (AT)

(H. T.(1980)) For a triple (A, A’, A”), suppose that A’ is free with
exp(A’) = (di,dy, ...,d,1,d;) and A” is free with

exp(A”’) = (di, da, ..., d,_1). Then A is also free with

exp(A) = (dy, d, ..., d, + 1).

Recall that, for the braid arranegemnt (the Weyl arrangement of
type As,

exp(A’) =(0,1,2,2), exp(A”) =(0,1,2), exp(A)=(0,1,2,3).

Remark. Inthe AT, d; is not necessarily the maximum exponent in

exp(A’).

H. Terao (Hokkaido University) 2015.09.08 1445
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Multiple Addition Theorem (MAT)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.
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Multiple Addition Theorem (MAT)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X ¢ Unew H, and

@A~ =d(=1....9)
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Multiple Addition Theorem (MAT)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X & Upenr H, and

@) A=A 1=d([=1,...,q) (Remark: <always holds true) .
Then (a) g<p and (b) A= A'U{H4,...,Hg} is free with
exponents (di, ..., d,_q, (d + 1)9).

H. Terao (Hokkaido University) 2015.09.08 1645
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Addition Theorem (AT)

H> Hi

N

A A= AU {Hy, Ho)
(O’ 1’ 1" l‘) (O’ 1’ g’ 2)
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Addition Theorem (AT)

AN A

A add H, addH, A:= ﬂ U {Hl, Ha}

011y o (011)A—> 0,1,2,2)

PN

0,1,1) (0,1,2)
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Multiple Addition Theorem (MAT)

Ho Hiy

A A= AU {Hy, Ho)
(O’ 1’ 1" l‘) (O’ 1’ g’ 2)

H. Terao (Hokkaido University) 2015.09.08 1845



Multiple Addition Theorem (MAT)
H> Hi
add 2 hyperplanes
"
MAT

A A= AU {Hy, Ho)
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Multiple Addition Theorem (MAT)
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add 2 hyperplanes
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Multiple Addition Theorem (MAT)

H> Hi
add 2 hyperplanes
"
MAT 1N H,
A A= AU (Hi Hy)
(O’ 1’ 1-’ l—) (O’ 19 g’ 2)
Hi  Hp
A AT
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Multiple Addition Theorem (MAT)

H> Hi
add 2 hyperplanes
—
MAT 1N H,
A A= AU (Hi Hy)
(O’ 1’ 1-’ l—) (O’ 19 g’ 2)

Hi  Hy A - A =3-2=1

A - A =3-2=1

A AT
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Multiple Addition Theorem (MAT)

ﬂ/
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Multiple Addition Theorem (MAT)

S

A A=A U{Hq}

H. Terao (Hokkaido University) 2015.09.08 1945
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Multiple Addition Theorem (MAT)

A7 N~ AT

A A=A U(Hy) A

A’ is free with exponents (1,2,2), d = 2 (the max exponent).
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Multiple Addition Theorem (MAT)

A7 N~ AT

A A=A U(Hy) A

A’ is free with exponents (1,2,2), d = 2 (the max exponent).
Al =HNHy|He A}, |A/|=3and |[A'| - [A/|=5-3 =2
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Multiple Addition Theorem (MAT)

A7 N~ AT

A A=A U(Hy) A

A’ is free with exponents (1,2,2), d = 2 (the max exponent).
A ={HNHy|HeA}, A/l =3and [A| - |A]|=5-3 =2
Thus A = A’ U {H1} with exponents (1, 2, 3)

H. Terao (Hokkaido University) 2015.09.08 1945



Multiple Addition Theorem (MAT)
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Multiple Addition Theorem (MAT)

Remark. The multiple addition theorem (MAT) does not
generalize the addition theorem (AT).
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Multiple Addition Theorem (MAT)

Remark. The multiple addition theorem (MAT) does not
generalize the addition theorem (AT).

The MAT is a theorem which is applicable to a relatively
narrow class of arrangements because the only
maximum exponents can increase.
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Multiple Addition Theorem (MAT)

Remark. The multiple addition theorem (MAT) does not
generalize the addition theorem (AT).

The MAT is a theorem which is applicable to a relatively
narrow class of arrangements because the only
maximum exponents can increase.

So it is natural to ask the following
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Multiple Addition Theorem (MAT)

Remark. The multiple addition theorem (MAT) does not
generalize the addition theorem (AT).

The MAT is a theorem which is applicable to a relatively
narrow class of arrangements because the only
maximum exponents can increase.

So it is natural to ask the following

Question. Is there any significant application of MAT?

H. Terao (Hokkaido University) 2015.09.08 2045
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What are Dual Partitions?

36=1+4+5+7+8+11

T Dual Partitions
36=1+1+1+2+3+34+4+5+5+5+6

H. Terao (Hokkaido University) 2015.09.08
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What are Dual Partitions?
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What are Dual Partitions?
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What are Dual Partitions?
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What are these numbers?

36=1+4+5+7+8+11

T Dual Partitions
36=1+1+1+2+3+34+4+5+5+5+6

H. Terao (Hokkaido University) 2015.09.08
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What are these numbers?

(1,4,5,7,8,11)is the exponents of the root
system of the type Eg

T Dual Partitions

(1,1,1,2,3,3,4,5,5,5,6) is the height
distribution of the positive roots of the type Eg

2015.09.08 2745



the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald
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the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald

(The dual-partition formula by Shapiro, Steinberg, Kostant (1959),
Macdonald (1972) )
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the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald

(The dual-partition formula by Shapiro, Steinberg, Kostant (1959),
Macdonald (1972) )

The exponents of an irreducible root system and the height
distribution of positive roots are dual partitions to each other.
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the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald

(The dual-partition formula by Shapiro, Steinberg, Kostant (1959),
Macdonald (1972) )

The exponents of an irreducible root system and the height
distribution of positive roots are dual partitions to each other.

Remark
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the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald

(The dual-partition formula by Shapiro, Steinberg, Kostant (1959),
Macdonald (1972) )

The exponents of an irreducible root system and the height
distribution of positive roots are dual partitions to each other.

Remark

(1) This theorem can be (was) regarded as a method to “reading
off” the exponents from the root structure.
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the dual-partition formula by Shapiro, Steinberg,
Kostant, Macdonald

(The dual-partition formula by Shapiro, Steinberg, Kostant (1959),
Macdonald (1972) )

The exponents of an irreducible root system and the height
distribution of positive roots are dual partitions to each other.

Remark

(1) This theorem can be (was) regarded as a method to “reading

off” the exponents from the root structure.

(2) The other methods to find the exponents include: (a) from the
degrees of basic invariants, (b) from the eigenvalues of a Coxeter
transformation, etc.

H. Terao (Hokkaido University) 2015.09.08 2845



Height of positive roots
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Height of positive roots

o @ : anirreducible root system of rank £
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Height of positive roots

o @ : anirreducible root system of rank £
o A ={a,...,ap}: asimple system of ®
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Height of positive roots
o @ : anirreducible root system of rank £

o A ={a,...,ap}: asimple system of ®
o @ the set of positive roots
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Height of positive roots

o @ : anirreducible root system of rank £

o A ={a,...,ap}: asimple system of ®

o @ the set of positive roots

o ht(a) := XI_, ¢ (height) for a positive root
a =Y, Cai (G € Zs)
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Height of positive roots

o @ : anirreducible root system of rank £

o A ={a,...,ap}: asimple system of ®

o @ the set of positive roots

o ht(a) := XI_, ¢ (height) for a positive root
a =Y, Cai (G € Zs)

o The height distribution in ®* is a sequence
of positive integers (i, o, ..., im), where
j = cd® |ht(@) =j}| (1<]j<m)
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Height of positive roots (Eg)
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Height of positive roots (Eg)

[ Yo%)
Exponents: (1,4,5,7,8,11)

List of positive roots:
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Height of positive roots (Eg)

EG: o ° ) ° )
(041 as Q4 Qs (073

[ Yo%)
Exponents: (1,4,5,7,8,11)
List of positive roots:
height 1: a, a0, a3 a4, a5, a4
height 2 a1+ a3, @+ @, a3 + @4, @4 + a5, a5 + Qg
height 3: a1 + a3+ a4, a2 + a3 + gy, ...
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Height of positive roots (Eg)

EG: o ° ) ° )
(041 as Q4 Qs (073

[ Yo%)
Exponents: (1,4,5,7,8,11)
List of positive roots:
height 1: a, a0, a3 a4, a5, a4
height 2 a1+ a3, @+ @, a3 + @4, @4 + a5, a5 + Qg
height 3: a1 + a3+ a4, a2 + a3 + gy, ...
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Height of positive roots (Eg)

[ Yo%)
Exponents: (1,4,5,7,8,11)

List of positive roots:

height 1: a, a0, a3 a4, a5, a4

hEight 2 a1+ a3, @+ @, a3 + @4, @4 + a5, a5 + Qg
height 3: a1 + a3+ a4, a2 + a3 + gy, ...

height 11: @ = a1 + 2a, + 2a3 + 3a4 + 2as5 + ag (the highest root)
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Height of positive roots Eg)

ht=11 a
ht=10 °
ht=9 °
ht=8 ° °

% ht=7 ° ° °

%) ht=6 ° ° °

CT.) ht=5 [} [ ° °

= ht=4 ° ° ° e o
ht=3 ° ° ° e o
ht=2 a1+a3 ar+as az+aqs o o
ht=1 ay ay a3 s @5 Qg

a = a1 + 2a + 2a3 + 3aa + 205 + ag,

H. Terao (Hokkaido University)

ht(@) = 11 (the highest root)
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Height Distribution ( Eg )
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Exponents Esg)
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The Dual-Partition Formula ( Eg)

11 e

11 e

11 e
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11 (8|7 (5|4 1] exponents
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History of the Dual-Partition Formula
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History of the Dual-Partition Formula

THE PRINCIPAL THREE-DIMENSIONAL SUBGROUP AND THE
BETTI NUMBERS OF A COMPLEX SIMPLE LIE GROUP.*1!

By BerTrAM KOSTANT.

...... we shall presently describe, of “reading off” the exponents from the root structure of g was
discovered by Arnold Shapiro. ...... However, even though one verifies that the numbers produced
by this procedure agree with the exponents ...... the important question of proving that this
“agreement” is more than just a coincidence remained open.

@ (1959) A. Shapiro (empirical proof using the classification)
@ (1959) R. Steinberg (empirical proof using the classification)
@ (1959) B. Kostant (1st proof without using the classification)

@ (1972) I. G. Macdonald (2nd proof: generating functions)
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History of the Dual-Partition Formula

THE PRINCIPAL THREE-DIMENSIONAL SUBGROUP AND THE
BETTI NUMBERS OF A COMPLEX SIMPLE LIE GROUP.*1!

By BerTrAM KOSTANT.

...... we shall presently describe, of “reading off” the exponents from the root structure of g was
discovered by Arnold Shapiro. ...... However, even though one verifies that the numbers produced
by this procedure agree with the exponents ...... the important question of proving that this
“agreement” is more than just a coincidence remained open.

@ (1959) A. Shapiro (empirical proof using the classification)
@ (1959) R. Steinberg (empirical proof using the classification)
@ (1959) B. Kostant (1st proof without using the classification)
@ (1972) I. G. Macdonald (2nd proof: generating functions)

@ (20167?) ABCHT ( for ideal subarr.: using free arrangements)
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Subarrangements of a Weyl arrangement
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Subarrangements of a Weyl arrangement

e @7 : the set of positive roots
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Subarrangements of a Weyl arrangement

e @7 : the set of positive roots
e For any subset | of ®*, let

A(l) = {ker(@) | a € |}
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the root poset and ideals
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the root poset and ideals

Introduce a partial order > into the set ®* of positive roots by
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the root poset and ideals

Definition
Introduce a partial order > into the set ®* of positive roots by

¢
Pr=zBre—=pB1—-p2€ Zzzoai-
=

The poset is called the (positive) root poset.
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the root poset and ideals

Definition
Introduce a partial order > into the set ®* of positive roots by

¢
Pr=zBre—=pB1—-p2€ Zzzoai-
=

The poset is called the (positive) root poset.
A subset | of ®@* is called an ideal if, for {81, 82} C ®*,

B1=pB2 Brel = Borel.
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the root poset and ideals

Definition
Introduce a partial order > into the set ®* of positive roots by

¢
Pr=zBre—=pB1—-p2€ Zzzoai-
=

The poset is called the (positive) root poset.
A subset | of ®@* is called an ideal if, for {81, 82} C ®*,

B1=pB2 Brel = Borel.

Definition

When | is an ideal of ®* the arrangement A(l) := {kera | a € |} is
called an ideal subarrangement of ‘A.

H. Terao (Hokkaido University) 2015.09.08 3845



Examples of idealgnon-ideals of the root poset ofAs

ay (0%) as

0" = {1, @z, a3, a1 + @2, @2 + @3, a1 + a2 + a3}

H. Terao (Hokkaido University) 2015.09.08 3945



Examples of idealgnon-ideals of the root poset ofAs

A3: ) ) )
0%} az as

0" = {1, @z, a3, a1 + @2, @2 + @3, a1 + a2 + a3}

IA

%] ay+arx < ap+ax + as,

IA

ar) a1 +ax < a+ a2+ as,

IA

ar Zar+ a3 < ay+ a2+ as,

IA

az3<artaz<a;t+ar+as
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Examples of idealgnon-ideals of the root poset ofAs

A3: o ° )
a1 (0%) as

0" = {1, @z, a3, a1 + @2, @2 + @3, a1 + a2 + a3}

IA

%] ay+arx < ap+ax + as,

IA

ar) a1 +ax < a+ a2+ as,

IA

ar Zar+ a3 < ay+ a2+ as,

IA

az3<artaz<a;t+ar+as

Thus {a1, @z, as, @1 + @2, @z + a3} is an ideal, while
{a1, @y, a3, a1 + @z + as} is not.

H. Terao (Hokkaido University) 2015.09.08 3945



Examples of idealgnon-ideals of the root poset ofAs

A3: o ° )
a1 (0%) as

0" = {1, @z, a3, a1 + @2, @2 + @3, a1 + a2 + a3}

IA

%] ay+arx < ap+ax + as,

IA

ar) a1 +ax < a+ a2+ as,

IA

ar Zar+ a3 < ay+ a2+ as,

IA

az3<artaz<a;t+ar+as

Thus {a1, @z, as, @1 + @2, @z + a3} is an ideal, while
{a1, @y, a3, a1 + @z + as} is not.

Note that the entire set @™ is always an ideal.

H. Terao (Hokkaido University) 2015.09.08 3945



Main Theorem
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Main Theorem

If

e @ : anirreducible root system of rank ¢
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Main Theorem

If

e @ : anirreducible root system of rank ¢
o | : anideal of ®7,
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Main Theorem

Theorem
If

e @ : anirreducible root system of rank ¢
o | : anideal of ®7,

then
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Main Theorem

Theorem
If

e @ : anirreducible root system of rank ¢
o | : anideal of ®7,

then
(1) A(l) is free, and
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Main Theorem

Theorem
If

e @ : anirreducible root system of rank ¢
o | : anideal of ®*,

then

(1) A(l) is free, and

(2) the exponents of A(l) and the height distribution of
the positive roots in | are dual partitions to each other.
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Main Theorem

Theorem
If

e @ : anirreducible root system of rank ¢
o | : anideal of ®7,

then
(1) A(l) is free, and

(2) the exponents of A(l) and the height distribution of
the positive roots in | are dual partitions to each other.

This positively settles a conjecture by Sommers-Tymoczko (2006).

H. Terao (Hokkaido University) 2015.09.08 4045



Main Corollary
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Main Corollary

In particular, when the ideal | is equal to the entire ®*, our main
theorem yields:
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Main Corollary

In particular, when the ideal | is equal to the entire ®*, our main
theorem yields:

(The dual-partition formula by Shapiro, Steinberg, Kostant,
Macdonald )
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Main Corollary

In particular, when the ideal | is equal to the entire ®*, our main
theorem yields:

(The dual-partition formula by Shapiro, Steinberg, Kostant,
Macdonald )

The exponents of the entire ® and the height distribution of the
entire positive roots are dual partitions to each other.

H. Terao (Hokkaido University) 2015.09.08 4145



Multiple Addition Theorem (MAT) (Revisited)
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X ¢ Unew H, and
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X ¢ Unew H, and

@A~ =d(=1....9)
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X & Upenr H, and

@) A=A 1=d([=1,...,q) (Remark: <always holds true) .
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X & Upenr H, and

@) A=A 1=d([=1,...,q) (Remark: <always holds true) .
Then(a) g<p
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Multiple Addition Theorem (MAT) (Revisited)

Theorem

(ABCHT(20167?)) Let A’ be a free arrangement with exponents
(dg,...,d;) (dy <---<dy)and 1< p < ¢the multiplicity of the
maximum exponent d.

Let Hq,...,Hy be (new) hyperplanes.

Define A" :={HNH [He A} (=1,...,0).

Assume

(1) X:=Hyn---NHgis g-codimensional,

(2) X & Upenr H, and

@) A=A 1=d([=1,...,q) (Remark: <always holds true) .
Then (a) g<p and (b) A= A'U{H4,...,Hg} is free with
exponents (di, ..., d,_q, (d + 1)9).

H. Terao (Hokkaido University) 2015.09.08 4245



Inductive use of MAT (Eg) : | = O]
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Inductive use of MAT (Eg) : | = @g
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Inductive use of MAT (Eg) : | = @7

0
0
0
0
EO
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D0
©
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e
2 0
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1({1]1212|1]|1(1]|exponents

H. Terao (Hokkaido University) 2015.09.08 4345



Inductive use of MAT (Eg) : | = @3

0
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Inductive use of MAT (Eg) : | = @3

0
0
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0
go
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Inductive use of MAT (Eg) : | = @}

0
0
0
0
go
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©
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Inductive use of MAT (Eg) : | = @

o

olojo| o] | O|O| OO O

height distribution
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Inductive use of MAT (Eg) : | = @g

o

olojo| o] B~|lWO| OO O

height distribution
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Inductive use of MAT (Eg) : | = @3

o

oloo| O] AW W|O|O| O

height distribution

~N|oe|lo o 0|0 0|0
~Nj oo | o0 0 0|0
~Nj oo | o |00 0|0
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Inductive use of MAT (Eg) : | = @3

o
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height distribution
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Inductive use of MAT (Eg) : | = Og

o

height distribution
OO O] O DWW WIN]F]O
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Inductive use of MAT (Es) : | = ®F,

(@)

height distribution
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The Dual-Partition Formula ( Eg) (again)

11 e

11 e

11 e

21 o | @
.53000
S 3] e |e]| e
€4oooo
D 5 e |e|e|e]|e
©
— 5] e |e|e]| e ] e
L
D) 5] e |e|e|e| e
(D)
= 6] o |oe|oe|oe|e]|e

11 (8|7 (5|4 1] exponents

H. Terao (Hokkaido University) 2015.09.08 4345



Summary
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Summary

@ We have a theorem (Multiple Addition Theorem
(MAT)) in the theory of free arrangements.
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Summary

@ We have a theorem (Multiple Addition Theorem
(MAT)) in the theory of free arrangements.

@ Although the MAT is similar to the old addition
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Summary

@ We have a theorem (Multiple Addition Theorem
(MAT)) in the theory of free arrangements.

@ Although the MAT is similar to the old addition
theorem (AT) (1980), it does not generalize the AT .

@ As an application of the MAT, we may give a new
classification-free proof of the celebrated
dual-partition formula for a root system by
Shapiro-Steinberg-Kostant-Macdonald.
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Summary

@ We have a theorem (Multiple Addition Theorem
(MAT)) in the theory of free arrangements.

@ Although the MAT is similar to the old addition
theorem (AT) (1980), it does not generalize the AT .

@ As an application of the MAT, we may give a new
classification-free proof of the celebrated
dual-partition formula for a root system by
Shapiro-Steinberg-Kostant-Macdonald.

@ Moreover, we have the dual-partion formula for any
ideal subarrangements.
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