POTENTIAL THEORETIC
CHARACTERIZATIONS OF NONSMOOTH
DOMAINS

—Converse of the boundary Harnack principle—

Hiroaki Aikawa

1. Introduction

Potential theory for nonsmooth domains, e.g.

» Lipschitz domains,
» NTA domains,

» uniform domains,
» John domains,

» Holder domains,

since Carleson (1962) and Hunt-Wheeden (1968)
for Lipschitz domains.
Boundary Harnack principle (BHP) is crucial.

Geometry = Potential Properties '

| Domain Topics | Authors

Half space Carleson Esti- | Carleson (61)
mates

Lipschitz Martin bound- | Hunt-Wheeden
ary (70)

Lipschitz Harmonic Dahlberg (77)
analysis

Lipschitz Uniform elliptic | Ancona (78)
equation

Lipschitz Harmonic Wu (78)
measure

NTA Harmonic Jerison-Kenig
analysis (82)

Holder, John Probability, No | Bass-Burdzy (91)
exterior

Uniformly John | CDC, Internal | Balogh-Volberg
metric (96)

Uniform No CDC, Uni- | HA (00)
form

Inner Uniform | CDC, Gromov | Bonk-Heinonen-
hyperbolic Koskela (01)

Uniformly John | No CDC, Inter- | HA-Lundh-
nal metric Mizutani (03)
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C2
J7 » CE
» Martin
Lipschitz/vb BHP Hardy Ineq.
NTA [™ CDC [ Holder cont.
|
v
Uniform Uniform [ BHP+(«)
uJb UJD [T BHP+(@)
John John == (@)
QHB

Consider the opposite direction.

Potential Properties =— Geometry '

Necessary and Sufficient condition,
provided the capacity density condition (CDC).

Notation: D c R"withn > 2, §p(X) = dist(x, dD).

B(X, r): open ball center at x and radius r;
S(x,r): sphere center at x and radius r.

/John domain ~

303 > 0: John constant and

on € D: John center s.t.
vx € D can be joined to Xy by y with

(1) on(y) = cit(y(x.Y))
(X, ¥): subarc of y connecting x and y;

£(y(x,y)): length.
ky y,

forally € v;

Ingeneral, 0 < c; < 1.
Visualized as a twisted cone condition.




twisted cone

y(%

oD
Uniform domain

Vx,y € D can be joined by y c D s.t.
{(y) < AlX -] (Bounded Turning) and

(2 min{t(y(x,2). {(y(z )} < Ado(9)

v

for "z € y (Cigar condition).

cigar condition
oD [y y
Remark 1

Uniform + corkscrew for D¢ =— NTA
(Jerison-Kenig (1982)).

Define the internal metric pp(X, y) by

po(x.y) = inf{diam(y)}; >7’X>7

» infis over y connecting X and yin D.
» diam(y) is the diameter of y.

> [X=Yl < pp(X.Y).
Uniformly John domain (UJD)

vx,y € D can be connected by y c D with
{(y) < App(X,y) (Weak BT) and Cigar.

Bonk-Heinonen-Koskela (2001),

Vaisala (1998)

» Lipschitz & NTA & uniform ¢ UJD &
John.

» UJD = inner uniform.

e (uniform) BHP N

EiAo, A; > 1, ro > O depending only on D:
> £e€edD,0<r <rg,

» U,V > 0are harmonic on D N B(&, Agr),
> u=Vv=00ndDn B, Ad),

then
@ UOMY)

<Aiforx,ye DN B(,r).
) = A ferxy (€.n)

Theorem A
[Uniform domain = BHP. HA (2001). )

Sensitive about the boundary. Additional as-
sumption on the boundary, capacity density con-
dition (CDC). Define

Capy(E) = sup{u(E) : Guu < lon U, uison E}.

e Capacity density condition (CDC)
3A> 1,ro>0s.t.
Capg (B, 1) \ D) ~ E
Capgeon(BE. 1) A
wheneveré e gD and 0 <r < rq.

CDC <= Harmonic Measure Decay:

5§@f

w(X,DNSE,r),DNBE,r)) < A(

forxe DN B(,r/3),£€0D,0<r1 <.
Hardy’s inequality. Ancona (1986).

CDC < Dirichlet solutions are Holder
continuous. HA (2002).




Theorem 1
Assume CDC. Then
John Ha > 0s.t.

(@) w(x,DNS(&,r1),DNB(,T)) > %\(dDr(X) )z,,

forxe DNB(&,r/A), 6 €edDand 0 <1 < ro.

Remark 2
In general, 0 < 8 < 1 < a. If D is smooth,
thenwe may leta =8 = 1.

Theorem 2
Assume CDC. Then
uniform < BHP + (a).

A ball wrt the internal metric is a connected
component of D N B(¢, r).

s BHP wrt the internal metric —
Ip,, FAg > 1 such that
> £€dD,0<r <y,
» U: connected compopent D N B(&, r),
» V > U: connected comp. D N B(¢&, Agr),
» u,v > 0are harmoniconV, u=v =20

on oD NV,
then
u(x)/u(y)
2 Ay forxye U
L W) S TS )

Theorem 3
Assume CDC. Then
UJD < BHPwrtl. M. + ().
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Remark 3
[UJD = BHP wrt |. M. (ALM (2002)). ]

Remark 4
Finitely connected (FC) planar domains
without singleton boundary satisfy CDC.

(i) John = ().
(ii) uniform < BHP + («).

Corollary 1
Let D c R? be bdd. FC. Then
(iii) UID & BHP wrt IM + (a).

Smith-Stegenga-Ullrich  (1995):  Holder
domain, satisfying the quasihyperbolic

Remark 5
Jones (1980): BMO, Sobolev extensions.
boundary condition.
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2. Proof of Theorem 1
Define the quasihyperbolic metric kp(X, y) by
. ds(2)
kpo(X,y) = inf .
o(xy) = in f 5502

where y c D connects x to y. Observe

Length of Harnack chain ~ kp(X, ).

Hence E|A4 depending only on n such that

% < exp(Adko(x.))

for harmonic function vh > 0on D.

(4) exp(—Adkp(X,y)) <

Proof of Theorem 1. Necessity. John = («).
Leté € dD,0<r <rp, and

Q=w(-,DNSE,r),DNBE,r)).

Take x € D N B(&,r/As) with As > 1. Then Ty
joining X, Xo s.t. dp(y) = c;é(y(x,y)) for Vy €.
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Let X* € y N S(&,r). Then
5p(X) = c3(1 - Ah)r,
ko(x, X) < Alog(r/dp(X)) + A.

Let X € y(x X) N B(X", dp(X)/2) Nn B4, (1 —
ADr). Then Q(X) ~ 1, and (4) gives

Q(x) ro\
< Kongern (X X)) < A
k) = exp(Askpnsen (X, X)) < ((S’D(X))
with @ > 0 depending on D. Hence () follows.
O

For the sufficiency we prepare
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Lemma 1 ~
Assume CDC. If ¢ € 0D, 0 <1 <1, Q =
w(-, DN S(,r), DN B(E,r)), then

op(X)

B
Q(x) < ?"A( ) for x e DNB(&, r/3).

N J

Lemma A
Define the capacitary width w,(U) by

Capgy.2r)(B(x, 1) \ U) > v
Capgyon(B(x, 1))
for0 < n < 1. Then, for xe U, R> 0,

inf{lr > 0: e U}

L w(X UNS(x,R),UNB(x, R)) < exp(2— Wﬁi )j

OO0 0000

14—

Proof of Theorem 1. Sufficiency. (&) = John.

Sufficient to show EIAG > 2. Let x € D and
£edDbest [xX—¢&| =6p(X) <ro/2. Then

» y e D N B(g, Asdin(X)) with 6o(y) = 260(X),
> 3)'(”y connecting X and y in D N B(&, Asdp(X))
s.t. 60(2) = 6o(X)/As for Tz e 5.

Let Q = w(-, DNS(¢, 3As0p(X)), DNB(£, 3As0p(X)))
with Ag > 2. Then (a) gives

1( 6o \" 1( 1)\ _
2092 3 (sannta) = alsw) =

Let U be the connected component of
{ze DN B, Asop(X)) - Q(2) > &}

containing X. Observe h=(Q - ¢)/(1-¢) is

» harmonic on U,
» 0<h<lonU,
» h=00n U N B(£, Asop(X)).
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Hence, the maximum principle yields
h(X) < w(x,U N S(X, (As — 1)op(X)),
U N B(x, (As — 1)6p(X))).

Claim Jy e U with 6p(y) > 265(x), provided Ag
is large. Suppose, to the contrary,

dp(y) < 26p(x) for Vy e U.

Then CDC implies w,(U) < 46p(x) for 317 > 0,
so that Lemma A yields that
(As — 1)optx)

h(x) < exp(2- A =

).
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Hence

(As— 1)

h(x) <exp(2-A 7

).

On the other hand
:Q(X)_SZ e 1(1 .
3As

1-¢ 1-¢~ 2A
Hence, Ag cannot be so large. Claim follows.

h(x)

> Jy e D B(E Asdo(X) with 6o(y) > 260(X),

> 3>'<'y connecting x and y in D N B(¢, Asdp(X))
s.t. 5p(2) > 6p(X)/Ae for Y2¢ Xy.

Since U is connected, 3)'('y c U connecting x

andy. Let ze Xy. Then by Lemma 1

. 5@ Y
e< Q2 < A(m) )

s0 that 6p(2) > 6p(X)/A for A > 1, o
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3. Proof of Theorem 2

~ Carleson estimate (CE) ~

3A7 such that
> £e€dD,0<r <y,
» ye DNB(,r), 6p(y) = erwithO< e < 1,
» u> 0is harmonic in D N B(¢, Arr),
» u=00ndD n B, Arr),
then
u(x) < A.u(y) for xe DN B(,r).
N J

Lemma 2
(BHP + (@) = CE. ]
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Repeated application of the mean value prop-
erty = upper estimate of the Green function.

Lemma 3
CE+CDC =
G(x,y)

< Amin{p(X), 6p(y)}>™"

exp(-7ko(X, Y))
for [x—y| > 3 min{6p(X), 5o(y)}, where 7 > 0.

D n B(¢,r) may be disconnected; yet it is
included in one connected component of
D N B(¢, Agr) with large Ag by BHP.

~ Lemma 4 (modified BHP) —

» 0<e<1/2,é€0D,0<r <1y,

» % € DN B(E 1) with 6p(x°) = 2er,

» U is a connected component of D N
B(&, 1) containing X,

» U,V > 0 are harmonic on D N B(£, 2r) \
{x},

» u=v=00ndDn B(,2r),

then

u(x)/u(y) -
k(5) m < A(L; XY € U \ B(X ,{:r). )
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Uniform
(6)
kp(x,y) < Alog

Sp(X) + op(y) + X -V
min{dp(X), op(y)}
whenever X,y € D.

+ A

Proof of Theorem 2. BHP+(a) = uniform.
Let us prove (6). May assume p(y) < dp(X)
small.

X =Y < 36p(X)
Xy c B(x, 6p(X)) connects x and y. So,
ko(x,y) < Aand (6) follows.

Suppose then r =[x — y| > $5p(X).

Take & € 9D with 6p(X) = |X — €.

Note X,y € D N B(£, 3r). By BHP, X,y are in the
same conn. comp. of D N B(&, 3Aqr).

John domain is OK (Theorem 1).

Hence Ix ¢ v N B(&,4A0r) s.t. dp(X") > CiAr
and X, y, X* altogether belong to the same conn.
comp. U of D N B(¢, 4Aqr).
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Apply Lemma4tou=G(x",-)andv=w(,Dn
S(£,2R), D N B(£, 2R)) with e = ¢;/8 and R =
4Aqr in place of r. We obtain

G(x*, X)

S X/ X) A for x € S(X. CyAor /2).

Hence, (@), Lemmas 2 and 3 yield

M~ G(X,X) < A\\//({();))G(x”. X)

2R " - -n .
SA(O‘D(X)) 5p(X)? " exp(—7kp (X, X)).

Since R = r, it follows that

n-2+a r
ko(X, X*) < I A
o(x.X) T 95 "
The same inequality holds for y in place of X,
and hence (6) follows. |
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