HOLDER CONTINUITY OF DIRICHLET
SOLUTION FOR A GENERAL DOMAIN

HIROAKI AIKAWA

Talk based on HA [Aik02].

Let "E ¢ R, n>2.

A.(E): a-Holder continuous functions on E,
where 0 < a < 1.

Define the norm of f € A,(E):

Note f € A,(E) extends to E; f € A,(E).

Let D be a domain.

2 (D): all harmonic functions on D.
Let 57,(D) = 57(D) N A,(D).

Hp f: the Dirichlet solution of f over D,
where f is a function on dD.

» If Dis regular, then Hp maps C(dD) to 27 (D)n
Cc(D).

Investigate conditions for Hp to map A,(dD) to

(D). In other words, ||Hpl|, < c?where

» Hinkkanen [Hin88] considered this problem
mainly for finitely connected planar regions.
» Sugawa [Sug99] also treated planar regions

w(-, E,U): harmonic measure over open U of
E c oU.

Obs. w(-, E,U) = Hy(xg)-

Let 6p(X) = dist(x, dD).

B(x, r): open ball with center x, radius r,
S(x,r): sphere with center at X, radius r.
M stands for a positive constant.

One might think ||Hp|l, < 0 = D:regular.

Let B' = B(0,1) \ {0} be a punctured ball. 0 is

vcy<l.

irregular and yet ||Hg||, < oo for 0 <
This strange phenomenon is caused by an iso-

lated boundary point.

Definition 1
¢ € dD is a trivial boundary point —

I > ost. B(&,r) \ D is polar.

Proposition 1
Let E be the set of all trivial boundary
points of D. Then

(i) Eis polar.
(i) D = DUE is a domain without trivial
boundary points.
(iii) 4D c aD.
(iv) Hof = Hzf on D, where f = f|,5.

Theorem 1
If D has no trivial boundary point, then

IHpll < oo for Ja > 0
= D s regular.




3. Lipschitz continuity cannot be
preserved by Hp

Let D = B(0,1) c R? and f(£) = f(1,&2) = |4,
a Lipschitz continuous function on dD.

However, the Dirichlet solution:
2

1-x 1+x
Hp f (X1, 0) = ml log 1_)(1

is not Lipschitz continuous.

Lipschitz continuity of Hp f breaks down near
(£1,0). (Sugawa [Sug99, Example 6.1])

A similar example applies to the higher dimen-

sional case.

More strongly we have

Theorem 2
(There is no domain for which ||Hp||; < . }

4. Characterization in terms of harmonic
measure

According to Sugawa [Sug99], we introduce Lo-
cal Harmonic Measure Decay property (LHMD)
and Global Harmonic Measure Decay property
(GHMD).

LHMD with a: =y and 3ro depending only on
D and a s.t.

w(X,DNS(ar),DNnBar) <M ('Xr & )”

for xe DN B(a,r),
wheneverae gD and 0 <r < rg.
GHMD with a:

w(X, 6D\ B(a,r),D) <M (X; a|)“

forxe DN B(ar),

wheneverae gD and 0 <r < rg.

)

w=0

LHMD.

Obviously, LHMD — GHMD by the maxi-
mum principle.

LHMD and GHMD are related to [|Hp|,.
Define ¢, for a € dD by

Pao(§) = min{l¢ —a*, 1} for & € 4D.
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Theorem 3 ~N

Let D be regular, 0 < a < 1.
Consider the following conditions:

(i) [Hplle < oo.

(i) Howao(X) < Mix— @l for Ya e dD.

(i) D satisfies LHMD with «.

(iv) D satisfies GHMD with a.
Then

() = (i) = (i) = (iv).
Moreover, if (iii) holds with Ha’ > «, then (i)
holds.
\_

J




5. More geometric characterization

Define the Green capacity Cap(E) for E c U
by

Capy(E) = sup{u(E) : Guu <lonU, uison E}.

Definition 2
0D satisfies the capacity density condition
(CDC) = 38 and 3ro s.t.

Capg2r)(B(a,r) N dD) ae dD,
: >g for v
Capg.n(B(ar)) 0<'r<ro.
- J

v

Definition 3
0D is uniformly perfect (UP) < 0 <
3c <1, 3r1 > 0s.t.
dDNA(a,cr,r) £0 for aedD, 0< 'r <14
where A(x,r,R) = B(x,R) \ B(x,r).

v

» If n=2, then CDC < UP.

» CDC — UP; the converse is not true for
n>3.

» GHMD with Yo >0 = UP.

» LHMD with 3@ > 0 &= CDC
(Ancona [Anc86]).
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Corollary 1
Let D be a bounded regular domain. Then

[[Hpll, < o Hw >0 < 9D satisfies CDC;
if furthermore n = 2, then

— 0D is UP.
_ J

The sufficiency is more or less well-known; the
necessity part is new.
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6. GHMD = LHMD

Lemma 1l
(GHMD — UP of gD. )

Proof. Suppose n > 3. Find 0 < 3 < 1 with
1
w(x,dD \ B(a,r),D) < 3 for x e D N B(a, «r).

Let c = 2Y@ ¢ < x < 1. Suppose D N
A(a,cr,r) = 0 for 3a € 0D and 0 < 3r < ryq.
Then A(a, cr,r) c D and

2-n
w(x,0D\ B(a,r),D) = 1— ('X_ a')

cr
for x € A(a, cr,r) c D.

oD
A(a,cr,r)
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If we let [Xx—a| T «r, then GHMD vyields
2-n
1 o1 (Kr) 1

3° cr 2’
a contradiction. Thus the lemma follows for n >
3. O
Lemma 2
(GHMD with « = LHMD with «. )

7. GHMD — UPof gD for n=2

Proof of GHMD — UP of 9D forn = 2. We may
assume D c B = B(0, 1). Suppose 0 € 4D and
A(O,r,R) c Dwith 0 <r < R< 1. It suffices to
show R/r < M. Let

w(,6D N B(O,r),D) on D,
v=<1 on B(O,r)\ D,

0 on B\ (B(O,r) U D).
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Then

Vv = Ggu — Ggv

with measures ;> 0on 9D N B(0,r) and v > 0
on 0D \ B(O,R). Let o, be the unit measure
uniformly distributed on S(0,p) for 0 < p < 1.
Then

1 1
(1) Ggo,(X) = min{log X log—} onB
:U
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(See [AGO1, p.104]). Letp becloseto 1, D
B(0, p) c B. Thenv = Ggu—Ggv = 0on S(0, p).
Fubini’s theorem implies

2 llll = 1Vl

By definition 0 < v = Ggu —Ggvy < 1on B. In
particular, Ggu(0) — Ggv(0) < 1. Since p and v
are measures on D N B(0,r) and dD \ B(0, R)
respectively,

1 1
Ggu(0) = [|ulllog I Gev(0) < Ivlllog R
Hence by (2)

R
(©)) log — < —-.
r il

Give a lower bound of ||u|| in terms of the Dirich-
let integral of v. Since AGg(-,y) = —216, v=1
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g.e. on suppu and v=0q.e. on suppv,
(4) f|Vv|2dx = 27vad(y —v) = 2a|ull.
B B

We may assume that Ja e S(0,R) N dD. Then
v<w(-,0D\ B(a, R-r),D) onD.
GHMD implies
1
V< 3 on D N B(a, kx(R-r)).

Note w(-,dDNB(0,r), D) = w(-,dDN B(0, R), D)
from A(O,r,R) c D. Hence

V= 1-w(-,D\B(O,R),D) > = on DNB(0,R).

wInN

R+r
Let & = Z—Jl;a, B* = B(a,i(R-r)). Then

B c A(0,,R) c Dand x Jy e Ba, L£(R-1))
s.t. v(X) < 1/3, v(y) > 2/3.
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By the Harnack inequality and a suitable coor-

dinate we find a square Q = | x J ¢ B* s.t.
=1 ~R
4 .
v < = onthe left side of Q,
9
5
V> 5 on the right side of Q.
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Then

ol o

% 1
é < va(xl. Xo)|dx;, < (f|VV|2dX1) K
| |

sz € J. Hence

J
f|Vv| dxdx, = [dxz j|Vv dx; > I\/I|||— > M’
Hence (3) and (4) yield
R 1 2n 2n
g —<—=—=————Xx .
=Tl JoIVviPdx — M’
Thus R/r is bounded.
—~18—
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